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Resumen

El objetivo de esta tesis es desarrollar y analizar herramientas numéricas eficientes para resolver
problemas acoplados que involucran estructuras elasticas y fluidos acusticos disipativos. Con
este fin, en particular consideraremos problemas de vibraciones para una viga de Timoshenko
empotrada con seccién transversal variable, el problema espectral para las ecuaciones de elastici-
dad lineal, un problema de interaccién entre dos fluidos disipativos heterogéneos y un problema
de elastoacustica disipativa. Para aproximar las soluciones de los problemas mencionados, uti-
lizamos métodos numéricos basados en el clésico método de elementos finitos (FEM) y el método
de Galerkin discontinuo (DG).

En la primera parte de este trabajo estudiaremos un método de elementos finitos de bajo
orden para aproximar las frecuencias mas bajas del problema de vibraciones de una viga mode-
lada con las ecuaciones de Timoshenko. La formulaciéon que estudiaremos incorpora el momento
flector como incégnita adicional. Demostraremos orden 6ptimo de convergencia para el desplaza-
miento, la rotacién, el momento flector y el esfuerzo de corte de los modos de vibracién, como
también orden doble de convergencia para las frecuencias de vibracion. Las constantes de las
estimaciones demostradas son independientes del pardmetro de espesor de la viga, por lo que
el modelo resulta libre de bloqueo numérico. Se mostrara que el desplazamiento y la rotacion
pueden ser eliminados, para obtener un problema matricial generalizado de valores propios con
menor costo computacional, similar al de las formulaciones cldsicas. Presentamos experimentos
numéricos que confirman los resultados teéricos obtenidos.

En la segunda parte de esta tesis, abordamos el problema de interacciéon de dos fluidos
heterogéneos viscosos. La viscocidad produce el efecto de disipacién, el cual, nos llevara a estu-
diar un problema de valores propios cuadratico. En esta parte proponemos un riguroso analisis
matematico del problema espectral para establecer una caracterizacién espectral del operador
solucion asociado al problema de valores propios, mostrando que el operador soluciéon admite
un espectro esencial. Para la aproximacién numérica, implementaremos un método de elemen-
tos finitos basado en los elementos de Raviart-Thomas de primer orden, que usaremos para
discretizar el problema todo el dominio. Notamos que la presencia de viscosidad en nuestra
formulacion conlleva a nuevas dificultades, debido a que el operador solucién resulta ser no
regularizante y por lo tanto no compacto. Por este motivo, y para demostrar las propiedades
de aproximacién espectral, debemos emplear nuevas técnicas. Mostraremos que nuestro método
es convergente, que no introduce modos espurios, y que las correspondientes autofunciones y

valores propios convergen con el orden tedricamente esperado. Corroboraremos nuestro analisis
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con ejemplos numéricos.

En la tercera parte de este trabajo, consideramos una formulacién dual mixta para el prob-
lema de elasticidad lineal, la cual estd escrita en términos del tensor de esfuerzo y del tensor
antisimétrico de rotaciones. La idea central de esta tercera parte es definir una discretizacion
usando un método de Galerkin discontinuo (DG), para aproximar con polinomios de grado k el
tensor de esfuerzos, y polinomios de grado k — 1 el tensor de rotaciones. Adaptamos la teoria
de operadores no compactos para estas nuevas normas dependientes de la malla, demostrando
que las estimaciones son independientes de la malla y que el método numérico no introduce
frecuencias de vibracién espurias. Se realizaran diversos experimentos numéricos con el fin de
estudiar el comportamiento del método en relacion al parametro de estabilizacién, el tamano de
las mallas y el grado polinomial.

Finalmente, presentamos un problema de elastoacustica donde consideramos un fluido vis-
coso contenido en una cavidad rigida. La presencia de viscosidad nos lleva en este caso particular
a un problema de elastoacustica disipativa. El fluido serd modelado con las ecuaciones de Stokes,
considerando el término disipativo y el sélido con las ecuaciones de elasticidad lineal. Se pre-
sentard una formulacién continua escrita en términos de los desplazamientos del fluido y del
solido para el problema de valores propios, el cual resulta ser cuadratico debido a la presencia
de disipacién en el fluido. Se estudiard el buen planetamiento del problema continuo, y una
caracterizacion espectral del operador solucién asociado. Se introducira un método de elementos
finitos no conforme, donde el dominio del sélido es discretizado con elementos para H' y el fluido
con elementos para H(div). Demostraremos que el método es convergente y no introduce modos
espurios, utilizando las herramientas empleadas en la segunda parte de esta tesis. Presentaremos
algunos experimentos numéricos que corroboran los resultados tedricos obtenidos.



Abstract

The goal of this dissertation is to develop and analyze efficient numerical tools to deal with
vibration problems for coupled systems involving elastic structures and dissipative fluids. We will
consider the vibration problem of a clamped Timoshenko beam with variable cross section, an
elasticity eigenproblem, an interaction problem between two heterogeneous dissipative fluids and
a dissipative elastoacustic problem. In order to approximate the solutions of these problems, we
use numerical methods based on the classical finite element method (FEM) and the discontinuous
Galerkin method (DG).

In the first part of this dissertation, we analyze a low-order finite element method to approxi-
mate the natural frequencies and the vibration modes of a non-homogeneous Timoshenko beam.
We consider a formulation in which the bending moment is introduced as an additional unknown
for the source problem. Optimal order error estimates are proved for displacements, rotations,
shear stress and bending moment of the vibration modes, as well a double order of convergence
for the vibration frequencies. These estimates are independent of the beam thickness, which
leads us to the conclusion that the method is locking free with respect to this parameter. For
the implementation of the numerical method, we show that the elimination of the displacements
and rotations leads to a well posed generalized matrix eigenvalue problem whose solutions are
comparable to the one obtained with other classical formulations in terms of computational cost.
Some numerical experiments are presented to assess the performance of the method.

In the second chapter, we address the interaction problem between two dissipative fluids.
The presence of dissipation leads us to the study of a quadratic eigenvalue problem. A rigorous
mathematical analysis of the spectral problem is performed to establish a spectral characteriza-
tion of the associated solution operator. We prove that the solution operator admits an essential
spectrum that is well separated from the physical spectrum. We use the lowest order Raviart-
Thomas elements to discretize the problem. We observe that the presence of viscosity leads to
new difficulties, since the solution operator is non-regularizing and therefore non compact. We
prove that our proposed method is convergent and spurious modes free and that the correspond-
ing eigenfunctions and eigenvalues converge with the expected order. The theoretical results are
validated with some numerical experiments.

In the third part we consider the dual mixed formulation for the elasticity equations written
in terms of the stress and the rotation tensors. Our aim is to use a DG method to compute
the lowest frequencies of the resulting mixed spectral problem. To this end, we approximate
the stress tensor with polynomials of degree k£ and the rotations with polynomials of degree

vil
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k — 1. We endow the DG spaces with their natural mesh dependent norms and adapt the non-
compact operator theory to prove that our DG method does not introduce spurious modes for
a small enough meshsize and a large enough stabilization parameter. We report some numerical
examples to assess the performance of the method in relation with the stabilisation parameter,
the meshsize and the polynomial degree.

Finally, we present an elastoacustic problem, where a dissipative fluid contained in a rigid
cavity is considered. The presence of dissipation leads to a quadratic eigenvalue problem. As in
the previous chapters, the fluid is modeled with the Stokes equations and the solid with the linear
elasticity equations. A continuous spectral formulation written in terms of the displacements
of the fluid and the solid is presented and analyzed. The solution operator associated to the
eigenvalue problem is introduced and its spectrum is characterized. A finite element method is
introduced, where the displacement of the fluid is approximated with H(div) elements and the
solid displacement with H! elements. This particular choice of finite element spaces leads to a
non-conforming method. The analysis of convergence, error estimates and spurious free results
are obtained as in the second part of this dissertation. Some numerical experiments are presented
to asses the performance of the method.
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Chapter 1

Introduccion.

1.1 Vibraciones y actustica disipativa

El fenémeno de vibracién ha sido ampliamente estudiado por los ingenieros desde hace muchos
anos. Las estrcuturas sufren vibraciones debido a fuerzas externas, asi como también fluidos
con propiedades acusticas y por supuesto, la interaccion de fluidos y estructuras cuando ciertas
fuerzas perturban dichos sistemas. Este ultimo fenémeno se conoce como elastoactstica. Las
propiedades fisicas de los fluidos inciden en como se manifiestan los modos de vibraciéon. Una de
estas propiedades de gran interés es la viscosidad.

La presencia de viscosidad produce el fenémeno de disipacion. Existen dos tipos de disipacién:
la disipacion acustica interna dentro de una cavidad debido a la viscosidad y conduccién térmica
de un fluido, y la disipacién generada dentro de la capa limite de una pared viscoeldstica. Mayores
detalles sobre estos fendmenos se pueden encontrar, por ejemplo, en [76]. En particular, a lo largo
de nuestro trabajo, nos restringiremos al estudio de la disipacién acustica interior.

Los fenémenos anteriormente descritos son de vital importancia para la construccién de
puentes, edificios, automoviles, barcos, etc., ya que la estabilidad de ciertas estructuras o la
interaccion de éstas con ciertos fluidos involucran necesidades de diseno, costos, aspectos ambi-
entales, etc.

Los modelos numéricos son una poderosa herramienta para tomar decisiones con respecto a
dichas necesidades, ya que no es posible encontrar soluciones exactas a los sistemas de ecuaciones
diferenciales que aparecen.

Los problemas de valores propios, en el contexto de las ecuaciones diferenciales parciales, y
en particular en el andlisis numérico de dichas ecuaciones, han motivado la formalizacién del
estudio de los operadores asociados a estos problemas espectrales en el caso de ser compactos,
no compactos y también en el caso de problemas espectrales en formulaciones primales, mixtas,
etc. Una sintesis de como estas herramientas han ido desarrolldndose a través de los anos se
puede encontrar en [20, 25].

Dentro de los métodos numeéricos para resolver ecuaciones diferenciales parciales estdn el
clésico método de elementos finitos (FEM) y el método de Galerkin discontinuo (DG), intro-
ducido en los anos setenta para resolver numéricamente problemas hiperbdlicos. En los anos
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noventa, método DG se comenzo a aplicar para problemas elipticos, basandonse en el articulo
de Arnold et. al. [5] donde se analiza un marco apropiado para la aplicacién de éste método
a estos problemas, siendo numerosas las aplicaciones a partir del ano 2000 en adelante. Para
revisar el estado del arte y aplicaciones se puede ver [38] y las referencias en él.

Nuesto objetivo principal es resolver numéricamente un problema de interaccién entre un
fluido disipativo y una estructura modelada por las cldsicas ecuaciones de elasticidad lineal.
Articulos como [12, 14, 16, 17, 70] estudian problemas de elastoactstica y analizan modelos
numéricos empleando elementos finitos, demostrando convergencia y obteniendo estimaciones
del error. Sin embargo, estos modelos elastoactisticos no consideran fluidos viscosos.

Un modelo de acustica disipativa que acopla las ecuaciones de Stokes con la ecuacion del
calor es el estudiado en [18]. En este articulo se asume que, para pequenos desplazamientos, el
fluido es irrotacional. Esto implica que si U es el desplazamiento del fluido, curl U= 0, donde
el punto representa la derivada temporal de primer orden. Esto implica que en la siguiente
identidad AU = V(div U ) — curl(curl U), la parte rotacional desaparece. Esta suposicién de
irrotacionalidad del fluido es 1til para nosotros, ya que las ecuaciones de Stokes se simplifican.

El modelo de elastoacustica que queremos analizar, considera un fluido disipativo irrotacional
modelado con las ecuaciones de Stokes, y una estructura elastica, donde las ecuaciones que

modelan el fenémeno son las siguientes:

pU —2v;V(divU) + VP =0 in Q; x (0,T),
P+ppc®divU =0 inQp x (0,7),
psW —div(e(W)) =0 inQ, x (0,T
o(W) = Agtr(e(W))I —2use(W) =0 in Q, x (0
Un-W-n=0 inl'tx[0,T
oc(Wn—(P+2vdivU)n=0 inltx[0,T
oc(W)=0 inI'y x|[0
W =0 inTp x [0,T],

donde W es el desplazamiento del sélido, P es la presion del fluido, o es el tensor de esfuerzos
de Cauchy, (-) es el tensor de deformacién lineal definido por (W) := S[VW + (VW)*], p;
y ps son las densidades del fluido y del sélido, respectivamente, ¢ es la velocidad acustica del
fluido, vy es la viscosidad del fluido, As y s son las contantes de Lamé asociadas al material de
la estructura, €2y y €2, son los dominios ocupados por el fluido y el sélido, respectivamente, I'1 es
la interfaz de contacto entre el sélido y el fluido, I'p y I'y son las fronteras Dirichlet y Neumann,
respectivamente, y n es el vector normal unitario exterior a la frontera I'. Si introducimos los
siguientes espacios

H = L2(Qp)" x L*(Q,)?, X = H(div; Q) x Hp_ (2s)?,

Vi={(u,w) e X : u-n=w-n},
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donde H%D(QS)Q es el subespacio de funciones de H'(€)? que se anulan sobre I'p y consid-
Mu(z,t) y
W (x,t) = eMw(x,t), una formulacién variacional del problema elastoactstico disipativo, es-

eramos que las frecuencias de vibraciéon del problema tienen la forma U(x,t) = e

crito en el dominio de la frecuencia y en términos de los desplazamientos del fluido y del solido
es:

Problem 1.1.1 Hallar A € C y (0,0) # (u,w) € V tal que

/\2</ pfu-v—i—/ psw-7>+2)\/ vdivudivo
Q Qs Qy

+/ prc? divudivv+/ o(w):e(T) =0 V(v,7)e.
Qf S
(1.1.9)

donde la presion ha sido eliminada gracias a la condicién de compresibilidad P + pf02 divu = 0.

La presencia de viscosidad en este modelo conlleva a nuevas dificultades. Por este motivo,
para resolver numéricamente el problema de aproximar las frecuencias de vibracién complejas de
este problema de elastoacustica disipativa, primero resolveremos algunos problemas espectrales
para fluidos y sélidos de forma separada.

Esta tesis tiene como objetivo desarrollar y analizar métodos numéricos para problemas
espectrales en dos ejes principales. El primero serd el problema de vibraciones de estructuras.
Dentro de este tema consideraremos estructuras delgadas, particularmente vigas y las ecuaciones
de elasticidad lineal. El segundo tema de interés es la acustica disipativa, donde estudiaremos
los modos de vibracién de fluidos con propiedades viscosas interactuando entre si.

A continuacién daremos una breve descripcién del marco de trabajo.

Acustica disipativa

Los modelos descritos anteriormente consideran fluidos no viscosos, por lo tanto, no incorporan
disipacién en el fenémeno fisico a analizar. La disipacion deberia ser un fenémeno considerado
siempre al trabajar en acustica, ya que en estricto rigor, la disipacién estd presente en toda la
naturaleza, y mas aun en la ingenieria.

El estudio de la actstica disipativa permite, entre otras cosas, poder desarrollar técnicas de
reduccion de ruido. El ruido es una de las formas de contaminacién ambiental y es importante
mantenerlo controlado.

Si en el problema (1.1.1)—(1.1.8) consideramos vy = 0 y eliminamos el desplazamiento W
del sélido, las ecuaciones (1.1.3), (1.1.4), (1.1.7) y (1.1.8) son eliminadas y las condiciones de
transmisién (1.1.5) y (1.1.6) son modificadas. Més atn, si reemplazamamos la condicién (1.1.6)
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por una condicién de amortiguamiento, obtenemos el siguiente problema modelo

pfa;l2]+VP—0 en €, (1.1.10)
P=—pic*divU en Q, (1.1.11)

P = (aU-n%—B%Ij-n) enly, (1.1.12)
U-n=0 enlg, (1.1.13)

Las ecuaciones anteriores corresponden al problema disipativo de un fluido contenido en
una cavidad rigida con paredes absorbentes, las cuales son capaces de disipar energia acustica.
Este problema fue estudiado rigurosamente en [13], donde Q C R%, con d = 2,3 es un dominio
poligonal o poliédrico, U es el desplazamiento del fluido, P es la presién, o y 5 son los coeficientes
asociados a la impedancia del fluido, n es el vector normal unitario exterior, I'4 es la frontera
asociada a la pared absorbente y I'p es la parte de la frontera rigida.

Si las soluciones arménicas del sistema de ecuaciones anterior son de la forma U (x,t) :=
eMu(x) y P(x,t) := eMp(x), escribiendo (1.1.10)—(1.1.13) en el dominio de la frecuencia, ten-
emos el siguiente problema de valores propios cuadréatico: Hallar A €e C,u : Q > C"y ¢ : Q — C,
ambas funciones no nulas, tal que

pN2u+Vp=0 enQ,

p=—pc?divu en Q,
U
p:(aU-n—i—ﬂaatu-n) en I'y,
u-n=0 enlp,.

Una formulacién variacional para este problema espectral, estudiada en [13], escrita en
términos del desplazamiento del fluido, donde la presién es eliminada convenientemente usando
la condicién de compresibilidad, es la siguiente:

Hallar A € C y 0 # u € Hy(div, 2) tal que

)\Z/pfu~v+)\ 5u-n’u-n+/ au-nv-v+/pf02divudivv—0 Vo € Ho(div; Q).
Q YA 'y Q

Se observa la no linealidad del problema en A. Este problema se linearizé incorporando una
variable auxiliar % := Au. De esta forma se obtiene el siguiente sistema de doble tamano: Hallar
A€ Cy (0,0) # (u,u) € Hy(div; Q) x L2(Q)? tal que

/prQdivudivv—i—/ au~nv-n:)\<— 5u~nv-n—/pfﬂ~v> Yo € Hoy(div; ),
Q I'a Fa Q

/pf’l/],‘i)\:/\/pf’u-a V@ELQ(Q)d.
Q Q
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Vibraciones elasticas

En nuestros problemas de vibraciones consideraremos, por un lado. las clasicas ecuaciones de
elasticidad y por otro estructuras delgadas. Dentro de las estructuras moderadamente delgadas
se encuentran las placas y las vigas, siendo estas tltimas nuestro objeto de interés. En particular,
consideraremos el modelo de vigas de Timoshenko. Este modelo, introducido a principios del siglo
XX, permitié dar mas realismo a la modelacién de una viga comparado con el modelo de Bernard
Euler, donde la rotacion de las fibras no se mantienen perpendiculares al centroide de la viga,
como ocurre con el modelo de Euler-Bernoulli. Por otro lado, el espesor de la viga era despreciable
con respecto a las demds dimensiones de la estructura en el modelo de Euler. El modelo de
Timoshenko en cambio considera el espesor dentro de la modelacién, por lo que la estructura
yva depende de este pardametro. Desde el punto de vista del analisis numérico, la consideraciéon
del espesor dentro del modelo llevé a que los modelos numéricos experimentaran el fenémeno
conocido como bloqueo numérico, donde las técnicas de integracién reducida pudieron evitar esta
dificultad. Sin embargo, en 1981, Arnold en el articulo [4] demuestra que una formulacién mixta
que incorpora el esfuerzo de corte de la viga como nueva variable también evita el efecto de
bloqueo. Esto llevo a estudiar nuevas formulaciones mixtas para el modelo de Timoshenko, con
el objetivo de introducir métodos numéricos libres de bloqueo.

Por otro lado, las ecuaciones de elasticidad lineal describen la relacion lineal que existe entre
las tensiones y las deformaciones de sélidos generalmente isotrépicos, las cuales son abordadas
ampliamente por la mecénica de medios continuos. La ecuacién constitutiva que relaciona el
desplazamiento de la estructura con el esfuezo es

o =Ce(w) en (),

donde w representa el desplazamiento y Q € R? algiin dominio acotado, con d = 2, 3. Finalmente,
C es el operador de elasticidad dado por la ley de Hooke definido como

Ct := Xs(tr )T + 2T,

donde As y us son los coeficientes de Lamé asociados al material.
Si en el problema (1.1.1)—(1.1.8) ahora consideramos el desplazamiento U del fluido igual a

At

cero y consideramos que el desplazamiento W del sélido es de la forma W (x,t) = eMw(x,t),

obtenemos el siguiente problema espectral de elasticidad

o =Ce(w) inQ,
dive +w?psw =0 in Q,
on=0 onlp,

w=0 onlpg,

donde VA = w > 0 son las frecuencias, T'p es la parte de la frontera que estd fija y I'r la
parte libre de la frontera. Introduciendo la rotacién como 7 := [Vw — (Vw)*] de modo que
C! = e(w) = Vw — r, y eliminando el desplazamiento con la condicién div o + w?p,w = 0,
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podemos llegar al siguiente problema espectral variacional, escrito en una formulacién dual mixta
estudiada rigurosamente en [69] : Hallar A\ € Ry 0 # (o, r) € W x Q tal que

/pgldiv-diVT:)\</C_la:T+/T:'r) VT eWw,
Q Q Q

)\/0':7-:0 Vs € Q,
Q
donde
W:={rcH(div;Q: 1n=0 enlp} vy Q:={scl?Q)™": s°=_—s}.

A continuacién describiremos los aportes de este trabajo.

1.1.1 Vibracion de una viga de Timoshenko empotrada y de seccion transver-
sal variable.

En ingenieria estructural, para la construccion y disefio de puentes, aeronaves, automoviles
etc., es muy frecuente considerar estructuras delgadas tales como vigas o placas que sean tanto
de geometria continua, como también geometrias que consideren discontinuidades. También
podemos encontrar estructuras que posean propiedades fisicas diferentes en su forma, es decir,
podemos considerar por ejemplo una viga que este hecha de cobre y de acero, lo que implica que
cantidades fisicas como el médulo de Young, el radio de Poisson o el esfuerzo de corte, ya no
seran continuas en la viga. Debido a esto, es importante conocer las vibraciones de estructuras
bajo estas condiciones.

La teoria de Timoshenko es una de las més usadas para estudiar la deformacién de una viga
elastica moderadamente delgada. En algunos métodos de elementos finitos ocurre que, cuando
el pardmetro de grosor disminuye, se produce el efecto de bloqueo o locking en los métodos
numéricos. Uno de los métodos clasicos para evitar este bloqueo es usar técnicas de integracion
reducida como la presentada en [4], o también considerar formulaciones mixtas. En particular,
nos centraremos en la formulacién mixta unidimensional estudiada en [60] que introduce como
variables auxiliares el esfuerzo de corte y el momento flector. Introducimos un operador solucién
cuyos valores propios son los reciprocos del cuadrado de las frecuencias de vibracién escaladas con
respecto al parametro de espesor. Los elementos finitos que usaremos para aproximar el momento
flector y el esfuerzo de corte seran funciones lineales a trozos y para la rotacién y desplazamiento
de la viga usaremos constantes a trozos. El operador solucién resultard ser compacto en virtud
de la inclusién compacta de H'(2) en L2(£2). Sin embargo, usaremos la teorfa de aproximacién
para operadores no compactos de [36, 37| para estudiar la aproximacién entre los operadores
solucion continuo y discreto, aproximacién de espacios propios y para demostrar estimaciones
del error, donde las constantes que se obtienen son independientes del espesor. Por otro lado,
estudiamos el problema de vibraciones para el caso en que el espesor tiende a cero, demostrando
que la solucion del problema de vibraciones de Timoshenko converge al problema de vibraciones
de Euler-Bernoulli. Mostramos experimentos numéricos que confirman los resultados tedricos.
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Los resultados obtenidos contenidos en este capitulo se pueden encontrar en el siguiente
articulo:

» F. LEPE, D. MORA AND R. RODRIGUEZ: Finite element analysis of a bending moment
formulation for the vibration problem of a non-homogeneous Timoshenko beam, Journal of
Scientific Computing, 66 (2016) 825-848.

1.1.2 Vibracion acistica entre fluidos disipativos.

La disipacién actstica es un tema de gran relevancia en la ingenieria. En los ltimos anos se
han desarrollado diversos trabajos en este dmbito como [12, 13, 14, 16, 17, 70, 76] en los que
se consideran discretizaciones con elementos de Raviart-Thomas para los fluidos y funciones
lineales a trozos y continuas en el sélido. Sin embargo, la disipaciéon no es una propiedad con-
siderada frecuentemente en los estudios de acustica. En [12] estudiaron un problema de actstica
disipativa para un fluido dentro de una cavidad con paredes absorbentes. Conocer los modos de
vibracién acustica de un sistema disipativo como éste permite, por ejemplo, desarrollar técnicas
de reduccién de ruido. En el capitulo 3 de esta tesis consideraremos el problema de aproximacién
numérica de los modos complejos de vibraciéon de un sistema de dos fluidos disipativos dentro de
una cavidad rigida. La presencia de disipacién, hace que nuestro sistema se escriba como un prob-
lema de valores propios cuadratico, transformado en lineal considerando un sistema ampliado
obtenido por la introduccién de una incégnita auxiliar apropiada. Asumiremos que los fluidos del
sistema son irrotacionales, como fue propuesto en [18] para un modelo disipativo similar. Para
analizar el problema espectral, usaremos la teoria desarrollada en [55]. El método de elementos
finitos que proponemos se basa en elementos de Raviart-Thomas de priomer orden y adaptamos
la teoria de operadoes no compactos desarrollada en [36, 37] para demostrar que el espectro es
aproximado correctamente y para obtener estimaciones del error. Finalmente mostramos experi-
mentos numéricos para una geometria bidimensional que permite obtener una solucién analitica
y comparar los resultados obtenidos por el método de elementos finitos propuesto.
Los resultados obtenidos de capitulo se pueden encontrar en el siguiente articulo:

» F. LEPE, S. MEDDAHI, D. MORA AND R. RODRIGUEZ: Acoustic vibration problem for
dissipative fluids, Mathematics of Computation (en prensa).

1.1.3 Problema espectral de elasticidad.

El problema de elasticidad es un problema clasico en ingenieria, de gran interés para el desarrollo
de distintos métodos numéricos, no solo para estudiar el comportamiento de un cierto solido
cuando una fuerza externa lo perturba, sino también en distintos problemas de interaccion de una
estructura eldstica con un fluido, por ejemplo. En este contexto, las formulaciones mixtas han sido
relevantes, ya que evitan el fenémeno de bloqueo para el caso de materiales casi incompresibles.

Existen diversos trabajos que estudian el problema espectral de elasticidad. Articulos re-
cientes como [69] hacen estudio de una formulacién dual mixta del problema espectral, donde
introducen el tensor de Cauchy y la rotacién como incégnitas, eliminando asi el desplazamiento,
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que puede ser recuperado mediante un post proceso, e imponiendo la simetria débilmente,
como un multiplicador de Lagrange. Dentro de los métodos numéricos existentes para resolver
numéricamente este tipo de problemas, el método de Galerkin discontinuo basado en una penal-
izacién interior (IPDG) ha tomado relevancia. Trabajos como [1] para el problema espectral de
Laplace dan el primer paso en la forma de analizar los métodos DG para problemas de valores
propios, donde las principales herramientas del anélisis se basan en una desigualdad de Poincaré
y estimaciones a priori del error en normas dependientes de la malla, de modo que la conver-
gencia espectral, la no polucién del espectro y el orden de convergencia se pueden demostrar,
adaptando los resultados de [36, 37]

Recientemente en [68] se ha considerado el problema de elasticidad lineal con régimen
armonico, considerando una formulacién dual-mixta como la estudiada en [69], proponiendo
un método DG para aproximar sus soluciones, demostrando la convergencia del método, y veri-
ficando mediante ensayos numéricos la flexibilidad el método para distintos grados polinomiales
en mallas uniformes.

En este trabajo consideraremos el problema espectral de elasticidad asociado a la formulacion
discreta estudiada en [68], para caracterizar el espectro del operador solucién. Introducimos
espacios de polinomios discontinuos, de modo de aproximar con polinomios de grado k el tensor
de esfuerzo, y polinomios de grado k — 1 las rotaciones, con k£ > 1. Analizaremos de qué modo
afectan el grado polinomial, la malla y el parametro de estabilizacion del método en la apariciéon
de modos espurios. Mostramos experimentos numéricos para observar el desempenio del método.

Los resultados obtenidos en este capitulo se pueden encontrar en la siguiente pre-publicacion:

» F. LEPE, S. MEDDAHI, D. MORA AND R. RODRIGUEZ: Mized Discontinuous Galerkin
approximation of the elasticity eigenproblem, PREPRINT DIM 2017, UNIVERSIDAD DE
CoNCEPCION, CONCEPCION, 2017.

1.1.4 Problema disipativo de elastoactstica.

El problema de interacciéon entre un fluido y una estructura es uno de los fenémenos mas estu-
diados por los ingenieros, debido al gran ntimero de aplicaciones que existen en la industria y en
la construccién y disenio de puentes, barcos, motores, etc., donde conocer los modos de vibracién
elastoacusticos de esta interaccion son muy importantes.

Desde el enfoque del anélisis numérico, el problema de elastoacistica ha sido muy estudiado,
donde los métodos numéricos son una herramienta relevante para la aproximacién de los modos
de vibracién fisicos de éstos problemas de interaccién. Articulos como [12, 14, 16, 17, 18] han
estudiado rigurosamente el problema de elastoacustica, tanto a nivel continuo, caracterizando el
espectro del operador solucién asociado al problema espectral y también a nivel discreto, donde
la principal herramienta han sido los métodos de elementos finitos. Por ejemplo, para discretizar
el fluido han sido implementados elementos de Raviart-Thomas y para el sélido funciones lineales
a trozos y continuas, los cuales son convergentes en las normas correspondientes y ademdas no
introducen modos de vibracién espurios. Sin embargo, la presencia de disipacién, tanto en el
fluido como la estructura, no ha sido considerada de forma recurrente al estudiar el problema
de elastoacustica. Recientemente en [62] se ha estudiado un método de elementos finitos para
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aproximar los modos de vibracién de un problema de interaccién entre dos fluidos disipativos.
La disipacién lleva al estudio de un problema de valores propios cuadrético, el cual se linealiza
introduciendo una incégnita auxiliar adecuada.

Nuestro objetivo es estudiar el problema elastoacistico considerando como punto de par-
tida solo disipacién en el fluido. Introducimos el problema modelo, del cual deducimos una
formulacion variacional para el problema espectral. Dado que el problema de valores propios es
cuadratico, introducimos incégnitas adicionales en el fluido y en el sélido de modo de obtener
un problema de valores propios lineal de doble tamano. Demostramos que el problema continuo
esta bien planteado e introducimos el operador solucidon correspondiente, cuya caracterizacion
espectral es estudiada rigurosamente. Introducimos un método de elementos finitos donde dis-
cretizamos el fluido con elementos de Raviart-Thomas de bajo orden y funciones lineales a
trozos para la estructura. Esto nos conduce a un método no conforme, para el cual adaptamos
la teorfa de operadores no compactos de [36, 37] para estudiar la convergencia del especto y
para obtener estimaciones de error. Mostramos algunos experimentos numéricos que muestran
el buen comportamiento del método.

Estos resultados preliminares estdn contenidos en el siguiente trabajo en desarrollo

» . LEPE, S. MEDDAHI, D. MORA AND R. RODRIGUEZ: Quadratic eigenvalue problem for
a dissipative fluid-structure system, (En desarrollo).

Introduction

1.2 Vibrations and dissipative acoustics

The vibration phenomenon is an important subject of study for engineers. Many structures,
from a guitar string to plates or beams, experiment vibrations due to external forces. Another
example could be fluids with acoustic properties and naturally, the interaction between fluids
and structures. This last phenomenon is called elastoacustic. The physical properties of fluids
are relevant for the analysis of the vibration modes of a system. One of the most interesting
properties is viscosity.

Viscosity produces a phenomenon known as dissipation. There exists two types of dissipation:
the internal acoustic dissipation inside a cavity due to the presence of viscosity and internal heat
conduction of a fluid and boundary by wall boundary layers of acoustical isolating material.
Details of these definitions can be found in [76]. Through this dissertation, we only consider the
first type of dissipation.

The phenomenons previously described are of vital importance to build bridges, buildings,
cars, ships etc., since the stability of certain structures or their interaction with fluids involve
specific requirements of design, economical costs or environmental aspects among others. For
these reasons, numerical methods are a powerful tool to make decisions, since in practice it is
not possible to compute exactly the solutions of some systems of partial differential equations
(PDEs).
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Eigenvalue problems, in the context of PDEs and particularly the numerical analysis of this
type of equations, motivated mathematicians to formalize the study of the operators associated
to this spectral problems for primal and mixed formulations. For a view of the state of art of
these tools, see [20, 25].

For the numerical resolution of PDEs there exist several methods. In this dissertation we will
implement two of them. On one hand, we have the classic finite element method (FEM) which
has been used for elliptic problems; on the other we have the Discontinuous Galerkin method
(DG) introduced in the seventies by engineers as a tool to solve numerically hyperbolic problems.
In the ninetys, the DG method starts to be used for elliptic problems. This leads to the article
by Arnold et. al. [5] which gives an appropriate mathematical framework for the application of
the DG method to elliptic problems; see [38] and references therein for more details about the
applications of the DG method.

Our main goal is to solve numerically an interaction problem between a dissipative fluid and
a structure modelled with the classical elasticity equations. Articles like [12, 14, 16, 17, 70] study
the elastoacustic problem and analyse numerical methods implementing finite elements, proving
convergence of the method and error estimates. However, these elastoacustic models neglect the
presence of viscosity.

A dissipative acoustic model that couples the Stokes equtions with the heat equation is
the one studied in [18]. In this paper is assumed that for small displacements, the fluid is
irrotational. This fact implies that, if U is the displacement of the fluid, then curl U = 0, where
the dot represents the firs order temporal derivative. This implies that, in the following identity
AU = V(divU) — curl(curl U) the rotational part vanishes. This assumption is useful for us,
since the Stokes equations are simplified.

The elastoacustic model that we will analyze, consider the interaction between a dissipative
irrotational fluid modelled with the Stokes equations and the classical linear elasticity equations.
The model problem is the following:

psU =20, AU + VP =0 in Qf x (
P+ppc®divU =0 in Qf x (
psW —div(e(W)) =0 in€Q, x (0,T

o(W) = Agtr(e(W))I —2use(W) =0 in Qg x (0
Un—-W-n=0 inlyx[0,T
0,7

1.2.18)
1.2.19)
1.2.20)
1.2.21)
)
)
)
)

0 (
0 (
(
(
: (1.2.22
(
(
(

7T)

oc(W)n—(P+2vdivU)n =0 inI} x[0,T], 1.2.23
o(W)=0 inTy x [0,T], 1.2.24
W =0 inTp x [0,7], 1.2.25

where U is the displacement of the fluid, W is the displacement of the solid, P is the pressure
of the fluid, o is the Cauchy stress tensor, €(-) is the linear strain tensor defined by e(W) :=
%[VW + (VW)*], py and p, are the densities of the fluid and the solid, respectively, ¢ is the
acoustic speed of the fluid, v; is the viscosity of the fluid, A\s; and p, are the Lammé coefficients
associated to the material of the structure, Qy and €, are the domains occupied by the fluid
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and the solid, respectively, I'1 is the interface between the solid and the fluid, I'p and I'y are
the Dirichlet and Neumann parts of the boundary of the solid, respectively, n is the outward
unit vector to I'y.

Introducing the following spaces

H=L%(Qp)" x L*(Q,)?, X := H(div; Q) x Hp_ (Qs)?,
V={(u,w)e X : u-n=w-n},

where H%D (€25)? is the subspace of H!'(£25)? of functions that vanishes in I'p and assuming that
the solutions are of the form U (z,t) = eMu(x,t) and W (x,t) = eMw(x,t), A € C, a variational
formulation of the dissipative elastoacustic problem written in the frequency domain and in
terms of the displacements of the fluid and the solid reads as follows:

Problem 1.2.1 Find A € C and (0,0) # (u,w) € V such that

A2 (/ pfu-v+/ psw-7'>+2)\/ vdivudivo
Qf Qs Qf

—|—/ pf02 divudivv+/ o(w):e(T) =0 V(v,T) e V.
Q, Qs
(1.2.26)

where the pressure is eliminated by using the compressibility condition P + p fc2 divU = 0.

The presence of viscosity in this model leads to new difficulties. For this reason, first we will
solve some subproblems for acoustics fluids and vibration of structures, separately.

In particular, we develop and analyze numerical methods for two kind of spectral problems:
the dissipative acoustic problem, where we study the approximation of the vibration modes of
dissipative fluids, and the analysis of vibration problems for structures, particularly beams and
the linear elasticity equations.

1.2.1 Dissipative acoustics

Several models for acoustic fluids do not incorporate viscosity in their model equations, which
means that the dissipation does not take part of the physical phenomena in the analysis. Nev-
ertheless, dissipation is present in the whole nature, and of course in engineering, and should be
considered for the acoustics problem in the context that corresponds.

For example, noise is one of the most frequent sources of contamination for the population and
it is very important to keep it under control. The acoustic dissipative analysis allows developing
noise reduction techniques for cars or public transport vehicles and for people who work in the
construction of roads, buildings, etc. and need adequate equipment for their activities.

If in problem (1.2.18)—(1.2.25) we consider vy = 0 and we neglect the displacement of the
structure, this leads to eliminate equations (1.2.20), (1.2.21), (1.2.24) and (1.2.25). Moreover, if
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we replace condition (1.2.23) by a damping condition we obtain the following problem

pfa;ngVP:o in Q, (1.2.27)
P=—pitdivU inQ, (1.2.28)

pP= (aU-n—kﬁi;tJ-n) on I'4, (1.2.29)
U-n=0 onlpg (1.2.30)

The equations above corresponds to a dissipative problem of a fluid contained in a rigid
cavity with absorbing walls, which are able to dissipate acoustic energy. This problems was
studied in [13], where Q C R?, with d = 2, 3 is a polygonal /polyhedral domain, U represents the
fluid displacement, P the fluid pressure, o and (8 are coeflicients associated to the impedance of
the fluid, I" 4 is the part of the boundary associated to the absorbing wall and I'g represents the
rigid part of the boundary.

If the damped solutions of the previous system are of the form U(x,t) := eMu(z) and
P(z,t) := eMp(x), by substituting these solutions into the system (1.2.27)-(1.2.30) to write the
problem in the frequency domain, we arrive at the following quadratic eigenvalue problem: Find

AeC,u:Q— C"and p: Q — C, both non-zero functions, such that

piNu+Vp=0 inQ, (1.2.31)
p=—ppctdive in Q, (1.2.32)

ou
p= (au~n+ﬁa-n) on I'4, (1.2.33)
u-n=0 onlg,. (1.2.34)

A variational formulation of this non-linear eigenvalue problem, which has been studied in
[13], is written in terms of the displacement of the fluid (eliminating the pressure using the
compressibility condition) and reads as follows: Find A € C and 0 # u € Hy(div, 2) such that

)\2/pfu"v+/\/ Bu-nv-n—l—/ au-nv~v+/pfc2divudivv:0 Vv € Ho(div; ).
o VA s Q

(1.2.35)

Since the problem is quadratic in A, the analysis is not direct, and we need to linearize

equation (1.2.35). With this purpose, we introduce the auxiliary unknown u := Au in order to

obtain a linear double size problem which reads as follows: Find A € C and (0,0) # (u,u) €
Ho(div; Q) x L2(2)? such that

/prQdivudivv—i—/ au~nv-n:)\<— 5u~nv-n—/pfﬂ~v> Yo € Hoy(div; ),
Q T4 Q

Ca
oo
Q

Q)

:A/pfu-a Vo € L2(Q)<.
Q
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Elastic vibrations

The vibration problems considered in this dissertation are focused in two type of problems.
On one hand, we consider the classic linear elasticity equations, and on the other we study
the vibration problem for thin structures, in particular, a beam modelled with the well known
Timoshenko equations. The Timoshenko beam model (TBM) was introduced in the beginning
of the XX century, and the main differences with the Euler-Bernoulli model are, on one hand,
the incorporation of the rotation of the bending effects, this means that the plane sections no
longer remain plane and perpendicular to the neutral axis during bending as the Euler-Bernoulli
model describes. On the other hand, the TBM considers the thickness of the beam, and how the
other dimension of the structure depends on the measure of the thickness. With this fact, the
TBM becomes a parameter dependent problem. From the numerical analysis point of view, the
thickness parameter of the TBM carry the numerical models to the so-called locking effect, where
the reduced integration techniques avoid this difficulty. Nevertheless, in 1981, Arnold proves in
[4] that a mixed-formulation of the TBM introducing the shear stress as an additional unknown,
also avoid the numerical locking.

The linear elasticity equations describe the relation between the stress and deformation of
isotropic solids. The constitutive equation that relates the displacement field and the stress is
given by

o =Ce(w) in Q,
where  C R? is a certain bounded domain with d = 2, 3. Moreover, the elasticity operator C~!
is given by
Ct:= Xs(tr )T + 2T,
where \s and ug are the Lamé coefficients associated to the material.
If in Problem (1.2.18)—(1.2.25) once again we consider vy = 0 but now eliminating the

displacement of the fluid U and considering that W is of the form W (x,t) = eMw(x,t), we
obtain the following spectral elasticity problem:

o =Ce(w) inQ,
dive +w?psw =0 in Q,
on=0 onlp,

w=0 onlpg,

where VA = w > 0 are the frequencies, I'p the fixed part of the boundary and I'p the free
part. Introducing the rotation r := [Vw — (Vw)*] and eliminating the displacement with
the condition dive + w?psw = 0, we obtain the following dual-mixed formulation, analyzed
rigorously in [69]: Find A € R and 0 # (o, r) € W x Q such that

/psldiV‘diVT:)\(/C10’:T—|—/T:T> VreWw,
Q Q Q

)\/0:7'20 Vs € Q,
Q
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where
W:={rcH(div;Q): 7v=0 onTp} and Q:={secL?Q)"": s*=—s}.

In what follows, we will describe the contributions of the present dissertation.

1.2.2 Vibration of a Timoshenko beam.

In structural engineering, for the design and construction of bridges, aircrafts, cars, etc., it
is frequent to consider thin structures as beams or plates with continuous or discontinuous
geometries. It is also very typical to consider structures with discontinuous physical properties,
for instance, a beam made of steel and iron along the axis for which some physical quantities
like Young’s modulus, Poisson ratio or shear stress among others, would not be continuous along
the axis. Taking all that in consideration , it is important to know the vibration modes of these
structures In particular, we will focus on the study on beams.

Timoshenko beam theory is one of the most popular models to study the deformation of
a moderately thin elastic beam. When we reduce the thickness parameter, it produces the so
called locking phenomenon is obtained, when we use standard finite elements. One of the technics
to avoid this problem, is using reduced integration, studied by Arnold (see [4]), or considering
mixed formulations. In this work, we will consider a unidimesional mixed formulation, as the
one studied in [60], where the shear stress and the bending moment are introduced as additional
unknowns. The eigenvalues of the solution operator correspond to the reciprocals of the square of
the scaled vibration frequencies with respect to the thickness parameter. Moreover, the solution
operator is compact due the compact embedding of H'(£2) in L?(2) . Piecewise linear elements
are implemented to approximate both the bending moments and the shear stress, and piecewise
constants for the rotation and the displacement. Despite the compactness of the solution oper-
ator, the approximation properties and error estimates are analyzed by using the non-compact
theory on [36] and [37] respectively, where the constants of the estimates are independent of the
thickness. We also study the vibration problem when the thickness ¢ vanishes, proving that the
solution of the Timoshenko vibration problem converge to the Euler-Bernoulli solution. Some
numerical experiments will be presented to reinforce the theoretical results presented.

The results of this chapter are contained in the following published article

» . LEPE, D. MORA, R. RODRIGUEZ: Finite element analysis of a bending moment

formulation for the vibration problem of a non-homogeneous Timoshenko beam, Journal of
Scientific Computing, 66 (2016) 825-848.

1.2.3 Acoustic vibration for dissipative fluids.

The acoustic vibration problem is a classical engineering problem. Several articles studying
numerical methods to approximate the vibration modes of acoustic inviscid fluids contained in
rigid containers and their interaction with solid structures are, for instance, [12, 13, 14, 16, 17,
70, 76] of particular interest is [13] where the authors study the problem of an acoustic inviscid
fluid contained in a cavity with absorbing walls, which dissipates acoustic energy. This problem
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leads to a quadratic eigenvalue problem, numerically analyzed with Raviart-Thomas elements.
However, the previously mentioned articles consider in all cases inviscid fluid in the models.

In Chapter 3 we study the acoustic vibration problem of the interaction between two viscous
fluids contained in a rigid cavity, which is the first step to analyze more complex systems,
as the viscous fluid-structure problems. The main difficulty here is to formulate a well posed
discrete problem. For this reason, we consider in our model that the fluid is irrotational, as in
[18]. To analyze the spectral problem we use the theory of [55]. We characterize rigorously the
spectrum of the solution operator according to Weyl’s theorem (see [83]). The numerical method
consider Raviart-Thomas elements for the discretization of the domain for both fluids. For the
approximation properties we adapt the theory of [36] and for the error estimates the results
of [37] as it was studied in [13]. Numerical results to show the performance of the method are
presented. The results of this chapter can be seen in the following pre-print:

» F. LEPE, S. MEDDAHI, D. MORA, R. RODRIGUEZ: Acoustic vibration problem for dis-
sipative fluids, Mathematics of Computation (in press).

1.2.4 Elasticity spectral problem.

The elasticity problem is one of the classic problems in engineering, and has been of great
interest for the development of different numerical methods to study the behaviour of certain
solids when external forces are applied, and also when on interaction problems between fluids
an elastic structures. In this context, mixed formulations have become really important, since
they avoid the locking phenomenon for nearly incompressible materials.

Many papers in the literature deal with the elasticity eigenvalue problem. Recent papers,
like [69], consider a dual-mixed formulation where the unknowns are the Cauchy stress tensor
and the rotation tensor, thus eliminating the displacement which can be recovered through a
post-process. Moreover, in this formulation the symmetry is imposed weakly as a Lagrange
multiplier.

The interior penalty method for discontinuous Galerkin methods (IPDG) has been exten-
sively used in the past years to solve spectral problem, due to the flexibility on the choice of
the polynomial degrees for the approximation. Articles like [1] deal with the Laplace eigenvalue
problem, and give the first steps for the approximation of eigenvalues and eigenfunctions with
the DG method. The main tools for the analysis are a Poincaré inequality for the broken H'
space and a priori error estimates with mesh dependent norms. Moreover, the spectral conver-
gence, the non-pollution of the spectrum and the convergence orders can be proven by adapting
the results of [36, 37].

Recently, in [68] a DG method for the elasticity equation for the harmonic regime has been
analyzed, considering a dual-mixed formulation, like the studied in [69]. Error estimates are
obtained for the method, and different numerical experiments are reported to assess the flexibility
of the method for different polynomial degrees.

Our contribution is the application of the DG method for the spectral elasticity problem,
considering the dual-mixed formulation studied in [69] and a IPDG method like the one used
in [68]. We introduce the discontinuous polynomial spaces in order to approximate the Cauchy
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tensor with polynomials of degree k, and the rotation with polynomials of degree k — 1, where

k > 1. In order to obtain spectral correctness, approximation results and error estimates, we

adapt the theory of [36, 37|, proving that the constants are independent of the size of the mesh.
The results of this chapter are available in the following pre-print:

» F. LEPE, S. MEDDAHI, D. MORA AND R. RODRIGUEZ: Mized Discontinuous Galerkin
approximation of the elasticity eigenproblem, PREPRINT DIM 2017, UNIVERSIDAD DE
CONCEPCION, CONCEPCION, 2017.

1.2.5 Dissipative elastoacustic problem.

The interaction problem between fluids and structures is one of the most studied subject for
engineers, due the several applications in industry, construction and design of bridges, ships, cars,
motors, etc., where knowing the vibration modes of this type of interaction is very important.

The elastoacustic problem has been plenty studied from the numerical analysis point of
view, since numerical methods allow to approximate the vibration modes of these interaction
problem. Articles like [12, 14, 16, 17, 18] studied rigorously the elastoacustic problem in the
continuous level, proving the well posedness of the problem and characterizing the spectrum of
the corresponding solution operator. For the discrete problem, the finite element method was
the main tool, implementing lowest order Raviart-Thomas element in the fluid, and continuous
piecewise linear functions in the solid, proving convergence, error estimates and that the analyzed
methods does not introduce spurious modes. Nevertheless, the previous articles neglect the
presence of dissipation, both the in fluid and the solid for the analysis of the elastoacustic
problem.

Recently in [62] a finite element method was proposed to approximate the vibration modes
of the interaction problem between two dissipative fluids. The presence of viscosity in the fluids
leads to a quadratic eigenvalue problem, which is linearised by the introduction of an additional
unknown, obtaining a double-size linear eigenvalue problem.

Our goal is to study the elastoacustic problem incorporating the dissipation in the model.
For instance, we will consider dissipation only in the fluid. We introduce the model problem,
deducing a variational formulation for the spectral problem. Since the problem is quadratic,
we introduce additional unknowns for the fluid and the solid, obtaining a double-size linear
eigenvalue problem. We prove that the continuous problem is well posed, and we introduce
the corresponding solution operator. We give a rigorous characterization of the spectrum of
the solution operator. We introduce a finite element method based in the implementation of
Raviart-Thomas elements in the fluid and piecewise linear functions in the solid, leading to a
non-conforming method. We adapt the non-compact spectral theory of [36] to prove convergence.
Moreover, we prove that the method does not introduce spurious modes and error estimates for
the eigenfunctions and eigenvalues by adapting the theory of [37].

These preliminary results are contained in the following ongoing paper

» F. LEPE, S. MEDDAHI, D. MORA AND R. RODRIGUEZ: Quadratic eigenvalue problem for
a dissipative fluid-structure system, (In process).



Chapter 2

Finite element analysis of a bending
moment formulation for the
vibration problem of a
non-homogeneous Timoshenko beam

2.1 Introduction

This paper deals with the analysis of a finite element method to compute the vibration modes
of an elastic non-homogeneous beam modeled by Timoshenko equations. Structural components
with continuous and discontinuous variations of the geometry and of the physical parameters
are common in buildings and bridges as well as in aircraft, cars, ships, etc. For that reason, it is
important to know the vibration frequencies and modes of this kind of structures. This problem
can be formulated as a spectral problem whose eigenvalues and eigenfunctions are related with
the vibration frequencies and modes, respectively.

The Timoshenko theory to date is one of the most used models to approximate the deforma-
tion of a thin or moderately thick elastic beam [10, 26, 33, 44, 49, 75, 89]). It is well understood
that standard finite elements applied to this model lead to wrong results when the thickness
of the beam is small due to the so called locking phenomenon. To avoid locking, the most used
techniques since long ago are based on reduced integration or mixed formulations (see [4]).

In this paper, we present a rigorous analysis of a low-order finite element method to compute
the vibration frequencies and modes of a non-homogeneous Timoshenko beam, by means of a
mixed bending moment formulation. A similar method was recently introduced and analyzed
for load problems in [60].

One advantage of such a formulation is that the bending moment and the shear stress are
computed directly and not by means of a post-process, which might produce loss of accuracy.
Moreover, the fact that these two quantities appear explicitly in the formulation could be useful
to apply it to coupled problems in which the coupling involve these quantities. Another motiva-
tion for considering this one-dimensional problem is that it constitutes a stepping stone towards

17
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the more challenging goal of devising finite element spectral approximations for Reissner—-Mindlin
plates based on bending moments formulations. Let us remark that this kind of formulations
have been recently proposed and analyzed in different frameworks for instance in the following
references [2, 9, 11, 30, 32].

Numerical analysis of eigenvalue problems arising from the computation of the vibration
modes for thin structures are not too many; among them we mention [39, 40, 41, 64, 65],
where MITC-like methods for computing the vibration and buckling modes of beams and plates
were analyzed. One reason for this is that the extension of mathematical results from load to
vibration problems is not quite straightforward for mixed methods. In fact, Boffi et al. [23, 24]
showed that eigenvalue problems for mixed formulations show peculiar features that make them
substantially different from the same methods applied to the corresponding source problems. In
particular, they showed that the standard inf-sup and ellipticity in the kernel conditions, which
ensure convergence for the mixed formulation of source problems, are not enough to attain the
same goal in the corresponding eigenvalue problem. Among the existing techniques to solve
the vibration problem of Timoshenko beams, we can mention [50] where a mixed formulation in
terms of displacement, rotation and shear stress has been proposed and analyzed for Timoshenko
rods (which are of course applicable to Timoshenko beams).

In this paper, we consider the vibration problem for an elastic beam. We follow the approach
proposed in [60] for the load problem. We introduce the bending moment together with the shear
stress as new unknowns in the model (we note that the former usually represents a quantity of
major interest in engineering applications), which together with the rotation and the transverse
displacement lead us to a mixed variational formulation. Then, we introduce a solution operator
whose eigenvalues are the reciprocals of the scaled squares of the vibration frequencies of the
beam. For the numerical approximation, we use piecewise linear and continuous finite elements
for the bending moments and shear stress and piecewise constants for the transverse displacement
and the rotations. To study the convergence of the proposed method and obtain error estimates,
we adapt the classical theory developed for non-compact operators in [36, 37]. We obtain optimal
order error estimates in terms of the mesh size h for the approximation of the vibration modes
and a double order for the vibration frequencies. These estimates are fully independent of the
beam thickness, which allows us to conclude that the method is locking-free. Moreover, it is
shown that the corresponding limit discrete problem that results from taking the thickness
parameter t = 0 is well posed and that its solutions converge to those of the Euler-Bernoulli
beam vibration problem with optimal order in terms of A, too.

Since we have included as additional variables the bending moment and the shear stress, one
could think at first sight that the resulting method will be significantly more expensive than
the classical ones, which are based only in displacement and rotation variables. However, we
show that these last two variables can be eliminated in the resulting discrete problem without
additional cost, which leads to an eigenvalue problem of the same size and sparseness as those
of the classical methods.

The outline of the paper is as follows. In Section 2.2, we recall the vibration problem for
a Timoshenko beam. In Section 2.3 we develop the mathematical analysis of the vibration
problem. With this aim, we introduce a linear operator whose spectrum is related with the
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solution of the vibration problem. The resulting spectral problem is shown to be well posed.
Its eigenvalues and eigenfunctions are proved to converge to the corresponding ones of the limit
problem as the thickness of the plate goes to zero, which corresponds to a an Euler-Bernoulli
beam model. We also prove in this section a regularity result for the eigenfunctions. In Section 2.4
we introduce the finite element discretization of the spectral problem and the discrete solution
operator and prove some auxiliary results. In Section 2.5 we prove that the proposed numerical
scheme provides a correct spectral approximation. We also establish error estimates for the
eigenvalues and eigenfunctions. In Section 2.6 we show how the analysis can be adapted to the
Euler-Bernoulli beam vibration problem. Finally, in Section 2.7, we discuss some implementation
details and present a set of numerical experiments to assess the performance of the method, in
order to confirm that the experimental rates of convergence are in accordance with the theory
and to show that the method is completely locking-free. We also show in this section how the
displacement and the rotation variables can be eliminated from the discrete eigenvalue problem,
reducing its dimension to one half without affecting the sparseness, symmetry and positive
definiteness of the matrices.

We use standard notations for Sobolev spaces, norms and seminorms. For [ > 0 and I an
open interval, || - ||; 1 stands for the norm of the Hilbertian Sobolev space H!(I), with the conven-
tion HO(I) := L2(I). Moreover, D(I) denotes the space of infinitely differentiable functions with
compact support contained in I. Additionally, we will denote with C' a generic positive constant,
possibly different at different occurrences, but always independent of the beam thickness ¢ and
the mesh parameter A which will be introduced in the next sections.

Finally, given a linear bounded operator T' : X — X, defined on a Hilbert space X, we
denote its spectrum by sp(T") := {z € C: (2I —T) is not invertible} and by p(T') := C \ sp(T)
the resolvent set of 7. Moreover, for any z € p(T), R,(T) := (21 = T)"' : X — X denotes the
resolvent operator of T' corresponding to z.

2.2 Timoshenko beam model

Let us consider an elastic beam which satisfies the Timoshenko hypotheses for the admissible
displacements. We assume that the geometry and the physical parameters of the beam may
change along the axial direction. The deformation of the beam is described in terms of the
transverse displacement w and the rotation of the transverse fibers g.

The equations for the vibration problem of a clamped Timoshenko beam reads as follows
(see [82, 86, 87]):

Find w > 0 and 0 # (B, w) € H{(I) x H{(I) such that

/I EI6' + /1 GAk(B —w)(n - v') = ( /I pAwy + /I pwn) o)
V(,v) € HY(T) x HY(D),

where I := (0, L), L being the length of the beam, w is the angular vibration frequency, F is the
Young modulus, I the moment of inertia of the cross-section, A the area of the cross-section,
p the mass density, G := E/(2(1 + v)) the shear modulus, with v being the Poisson ratio, and



2.2 Timoshenko beam model 20

k. a correction factor. We consider that E, I, A, p, k. and v are piecewise smooth functions of
the axial coordinate x € I, the most usual case being when all those coefficients are piecewise
constant. Moreover, primes denote derivatives with respect to the axial coordinate zx.

It is well known that standard finite element procedures, used in formulations such as (2.2.1)
for very thin structures, are subject to numerical locking, a phenomenon induced by the difference
of magnitude between the coefficients in front of the different terms (see [4]). The appropriate
framework for analyzing this is obtained by rescaling formulation (2.2.1) so as to identify a
family of problems with a well-posed limit as the thickness becomes infinitely small. With this
aim, we introduce the following non-dimensional parameter, characteristic of the thickness of

the beam:
t2'—1/]1dx (2.2.2)
L ALY -
which we assume may take values in the range (0, tmax]-
We define ) y
)\::w—, ]AI::E7 and fl::—,
t2 t3 t

and assume that I and A are bounded above and below far from zero by constants independent
of the parameter t. Let us remark that, for instance, for a beam of rectangular section b x d with b
being a fixed length and d the thickness of the beam, these values are constant and independent
of d: A =2+/3bL and T = 2v/3bL3.

We also define

E:=El, k:=GAk,, J:=pl and P :=pA,

so that provided the physical coefficients E,v and p are bounded above and below far from
zero, we immediately obtain that there exist strictly positive constants E,E, %, x, P,P,J and J
independent of ¢t such that

E>E>E>0 Vzel,
> K> I
E_H_ﬁ>0 Vo €1, (2.2.3)
P>P>P>0 Vo €1,
J>J>J>0 Vo el

Then, problem (2.2.1) can be equivalently written as follows:
Find X > 0 and 0 # (8, w) € H§(I) x Hy(1) such that

/IEB/n’ - %2 /Ifi(ﬁ —w')(n—v) = A (/IP“’” + /I‘w"> (2.2.4)

V(n,v) € HY(I) x HY(D).

It is easy to check that, as a consequence of (2.2.3), for each ¢ > 0, the bilinear form on the left
hand side of (2.2.4) is elliptic with an ellipticity constant independent of t.

Furthermore, because of the assumption on the physical and geometrical parameters, we have
that E, k, P and J are piecewise smooth. More precisely, we assume that there exists a partition
0 =350 < -+ < sy, = L of the interval I, with s1,...,s,-1 being the points of discontinuity
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of E, k, P or J, such that if we denote by S; := (s;_1,s;), then, E; := E|g, € W1>(S)),
Ki = /{|Si € Wl’OO(SZ‘), P; = P‘Si S WLOO(Si) and J; := J‘Si € Wl’OO(SZ'), 1= 1, e,

In this paper we will consider a bending moment formulation of the spectral problem (2.2.4).
With this end, we introduce the scaled bending moment o := EA’ and shear stress y := ¢~ 2x(3 —
w') as new unknowns in the model and test (2.2.4) with n,v € D(I) to obtain that —o’+v = A\t2J3
and v = APw.

Thus, problem (2.2.4) can be equivalently written as follows:

o =Ep in 1,
—o' +~v=\?JB in 1,

=t"2k(8 — w') in I, (2.2.5)
v = APw in I,

w(0) = 5(0) = w(L) = B(L) = 0.
We introduce the following spaces that will be used in the sequel:
H:=H'I) x HY(I) and Q:=L*I) x L*(I).

We endow each space as well as H x Q with the corresponding product norm.

Testing the equations in (2.2.5) with adequate functions and integrating by parts, we obtain
the following variational formulation of this problem:

Find A >0 and 0 # ((0,7), (B,w)) € H x Q such that

/IUE;F—FtQ/Vf—i-/ﬁ(T,—{)—/wg,:O V(r,€) e H, (2.2.6)
/In(a -v) = / ==\ <t2/Jﬁn+/Pwu> V(n,v) € Q. (2.2.7)

We write this mixed problem in a more compact form as follows:
Find A >0 and 0 # ((0,7), (B,w)) € H x Q such that

a((o,7), (1,€)) + b((7,£), (B,w)) =0 V(1,¢) € H, (2.2.8)
b((a’ ’7)7 (77’”)) = _)‘T((ﬁ7w)v (7]7 U)) V(n,v) €Q, (2'2'9)

where the bilinear forms a : HxH —- R, b: Hx Q > R and r : Q x Q — R are defined by

a((0,7), (1,€)) :Z/IUET +t2/1f (2.2.10)
(). () = [0l =€) = [ve (2.211)

and

r((B,w), (n,v)) := (tQ/J577+/Pwv>, (2.2.12)

for all (0,7), (1,€) € H and (8, w), (n,v) € Q.
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It is easy to check that the so called continuous kernel

K:={(r,§) e H: b((7,£),(n,v)) =0 V(n,v) € Q},

is given in this case by
K={(r,7):7eP:i(I)}.

The following lemmas, which have been proved in [60, Lemmas 2.1 and 2.2] show that the
ellipticity in the kernel and inf-sup classical conditions of mixed problems holds true for (2.2.8)—
(2.2.9).

Lemma 2.2.1 There exists a > 0 independent of t such that

a((1,9),(1.)) Z oll(r. )7~ V(r.€) €K
Lemma 2.2.2 There exists C' > 0 independent of t such that

wp M. (.0)

>C ’ v ) .
ot T w2 Il Vo€

Remark 2.2.1 We note that the eigenvalues of problem (2.2.8)—(2.2.9) are strictly positive.
Indeed, it is easy to check that

a0, 07)
A (B, (Bow) =

moreover A = 0 implies (o,v) = 0, so that from (2.2.8) and Lemma 2.2.2, we have that (5, w) =
0.

The goal of this paper is to propose and analyze a finite element method to solve the spectral
problem (2.2.8)—(2.2.9) and to obtain accurate approximations of the eigenvalues A (from which
we obtain the angular vibration frequencies w of the beam) and the associated eigenfunctions.

2.3 Analysis of the spectral problem

Before introducing the numerical method, we define the linear operator corresponding to the
source problem associated with the spectral problem (2.2.8)—(2.2.9) and prove some properties
that will be useful for the subsequent convergence analysis:

Given (g, f) € Q, find ((5,%), (B,ID)) € H x Q such that

a((6,4), (1,€)) +b((7,€), (8,0)) =0 V(1,€) € H, (2.3.13)
b((6,9), (n,v)) = =r((g, f), (n,v)) ~ V(n,v) € Q. (2.3.14)

As a consequence of Lemmas 2.2.1 and 2.2.2, this problem is well posed (see, for instance,
[46, Section II.1.1]) and there exists a constant C' > 0, independent of ¢, such that

[+ 19l < C(# g

o1+ |lo o1+ [ fllon) < Cll(g, f)llo-

[@flo.xr + 1151
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Thus, we are able to introduce the following bounded linear operator, which is called the
solution operator:

Tt : Q — Qa
(9, f) = (B, ).

It is easy to check that (u, (5, w)), with u # 0, is an eigenpair of T} (i.e., Tx(5, w) = u(B,w))
if and only if there exist (o,7) € H such that, for A = 1/u, (A, (0,7),(8,w)) is a solution of
problem (2.2.8)—(2.2.9). We recall that these eigenvalues are strictly positive (cf. Remark 2.2.1).
Our aim is to approximate the smallest eigenvalues of problem (2.2.8)—(2.2.9), which correspond
to the largest eigenvalues of the operator T;.

This operator is self-adjoint with respect to the inner product 7(-,-) in Q. In fact, given
(9, 1), (3, ) € Q,let ((6,4), (B,%)),((5,7), (B, ®)) € HxQ be the solutions to problem (2.3.13)~

(2.3.14), with right hand side (g, f) and (g, f), respectively, so that Ti(g, f) = (B,zb) and
T,(g, f) = (B, ). Then, using the symmetry of the bilinear forms a(-,-) and r(-,-), we have

T((gaf)th(g7f)) :T((gvf)7 (Bvﬁ)))

The operator T} is also compact. To prove this we resort to the following additional regularity
result, which has been proved in [60, Proposition 2.1].

Proposition 2.3.1 Given (g, f) € Q. Let ((6,7), (3,%)) € H x Q be the unique solution to
problem (2.3.13)—(2.3.14). Then, there exists a constant C' > 0 independent of t, g and f such
that

L Bl + ol + 13l < Cli(g, Hllo-

I

Hence, as a consequence of the compact inclusion H!(I) < L2(I), T} is a compact operator.
Then, we know that the spectrum of T} satisfies sp(73) = {0} U {u, : n € N}, where {up tnen
is a sequence of positive eigenvalues which converges to zero, the multiplicity of each non-
zero eigenvalue being finite. Moreover, additional regularity of the eigenfunctions holds as a
consequence of the following improved form of Proposition 2.3.1, which has been proved in [60,
Remark 2.1].

Proposition 2.3.2 Let ((6,7), (3,%)) € H x Q be the solution of problem (2.3.13)~(2.3.14). If
gls;, fls, € HY(S:),i = 1,...,n, then, there exists C > 0 independent of t such that

1/2 n 1/2
3,51-) + 130+ (Z H’AY”H(Q),SJ
i=1

n 1/2
<o (ng 2 1R+ S (12, + \asg) |
=1

[@flr+ 115

n
[+ 1ol + (Z 16”1
i=1
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As a consequence of this result and Proposition 2.3.1, we easily obtain the following additional
regularity for the eigenfunctions of problem (2.2.8)—(2.2.9).

Corollary 2.3.1 Let (X, (0,7, 8,w)) be a solution of problem (2.2.8)—(2.2.9). Then, there exists
C > 0 independent of t such that

n 1/2 n 1/2
lwllvr + 118l + ol + (Z HU”H%,Si) + vl + (ZIIV”II%,sJ

=1 =1

< CAMI(8, w)lo-

The remainder of this section is devoted to prove the convergence of the operator T; as t
goes to zero to the analogous operator Ty corresponding to the Euler-Bernoulli beam. For this
purpose, we consider problem (2.3.13)—(2.3.14) with the thickness parameter ¢ = 0, which reads
as follows:

Given f € L2(1), find ((c0,7%), (Bo,wo)) € H x Q such that

/”UT /50 - /w0§ =0 Y(r,¢)eH, (2.3.15)
[ntch=0)= [ == [Pro Vv e (2.3.16)

By arguments similar to those that will be used below to derive (2.3.21), it can be seen that
this is a mixed formulation of the load problem for an Euler-Bernoulli clamped beam. Repeating
the arguments used in the proof of [60, Theorem 2.3|, we have that problem (2.3.15)—(2.3.16) is
well posed. Moreover, the proof of Proposition 2.3.1 holds for ¢t = 0, too. Thus, the solution of
problem (2.3.15)—(2.3.16) satisfies the following regularity result: There exists a constant C' > 0
independent of f such that

lwoll1,r + [[Boll11 + 17011 + lloollir < Clfllo1- (2.3.17)

Now, let Ty be the bounded linear operator defined by

TO:Q%Qa
(gaf) = (,80,11}0).

Notice that Ty actually does not depend on g but only on f. However, we define it in this way

(2.3.18)

so that T be a map from one space into itself, which is necessary for its spectral analysis. In
fact, Ty can be seen as the solution operator of the following mixed eigenvalue problem:
Find Ao > 0 and 0 # ((00,7%), (Bo,wo)) € H x Q such that

/UOT /50 T8 - /“’05'20 V(r, &) € H, (2.3.19)

/In(oé—%)—/l = —Ao/Pwov V(n,v) € Q. (2.3.20)
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As usual (12, (Bo, wo)), with u® # 0, is an eigenpair of Ty (i.e., To(Bo, wo) = p°(Bo, wo)) if and
only if there exist (09,v9) € H such that, for \g = 1/u%, (Ao, (60,70), (8o, wo)) is a solution of
problem (2.3.19)—(2.3.20). Moreover, A is positive. In fact, by taking appropriate test functions,
it is easy to check that any solution of (2.3.19)—(2.3.20) satisfies

gy = Eﬂé in I,
ah =0 in I,
Bo = wp in I,
Y0 = AoPwo in I,

wo(O) = ﬂo(O) = wo(L> = ,Bo(L) =0.

From these, we derive the classical fourth order differential equation of the Euler-Bernoulli
clamped beam vibration problem,

A/ :
{ (Ewg)" = XoPwy in I, (2.3.21)

wo(0) = wo(L) = w(0) = wh(L) =0,

whose corresponding variational formulation reads
2 . nono__ 2
wo € H5(I) : /Ewov =X /Pwov Vv € Hy(I).
I I

Therefore,
_ JiB(wg)?

 JiPug

We note that, because of (2.3.17), Ty is a compact operator. So, its spectrum is given by

Y > 0.

sp(Tp) = {0YU{ul : n € N}, where {12 },.cn is a sequence of positive eigenvalues which converges
to zero, the multiplicity of each non-zero eigenvalue being finite.
The following lemma states the convergence in norm of 7; to Tj.

Lemma 2.3.1 There exists a positive constant C' independent of t such that

(T = To) (g, flle < Ctli(g, fllo-

Proof. Subtracting (2.3.15)—(2.3.16) from (2.3.13)—(2.3.14), we obtain

/I((}_EJO)T+/I<5—»5’0)(7/—€)—/I(w—wo)f’z—tz/j ¥(r,€) € H,

R

AMW—%%%%wm—lwy~m=—ﬁlhnVWWGQ

Testing the system above with 7 =6 —0¢, £ =5 —79,n = B—Bg and v = w —wo and subtracting
the resulting equations, we obtain

/IQ_EUO)Q_tQ/IJg(B—,BO)_ﬁ/I’WH—W_
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Thus, by using (2.2.3), Proposition 2.3.1 and (2.3.17), we have
16— o0ll§s < CE(llglloxll B = Bollox + IAllo1l1% = ~ollox)
< 2 (lighoa(lBllo + 1ollox) + I llox(¥llox + Ivollr))
< C*|l(g, NG
Now, we use Lemma 2.2.2, (2.3.13), (2.3.15), (2.2.3) and the above inequality, to derive

1B, ) — (Boywo)llg <C  sup  2UT:8): (B = o, b = wo))

0 (7,6)€H (7, )llm
_/(6—00)7 _tQ/’yf
E K
=C sup I I
0#£(T,£)eH H(va)”H
< Ct[[(9, Nl

which allows us to complete the proof. O
As a consequence of this lemma, standard properties of separation of isolated parts of the
spectrum (see, for instance [53]) yield the following result.

Lemma 2.3.2 Let u° > 0 be an eigenvalue of Ty of multiplicity m. Let D be any disc in the
complex plane centered at pi° and containing no other element of the spectrum of Ty. Then, for
t small enough, D contains exactly m eigenvalues of Ty (repeated according to their respective
multiplicities). Consequently, each eigenvalue u° > 0 of Ty is a limit of eigenvalues p of Ty, as

t goes to zero.

2.4 Spectral approximation

We will study in this section, the numerical approximation of the eigenvalue problem (2.2.8)—
(2.2.9). With this aim, first we consider a family of partitions of I,

Th:0=xy<---<zxny=1L,

which are all refinements of the initial partition 0 = sg < --- < s, = L. Recall that s1,...,s,-1
are the points of discontinuity of any of the coefficients, E, x, P or J. We denote I; := (-1, z;),
j=1,...,N, and the largest subinterval length is denoted h := maxi<j<n(x; — x;—1). Notice
that for any mesh 73, each I; is contained in one of the subinterval S;, ¢ = 1,...,n, where the
physical coefficients are smooth.

We consider the space of piecewise linear continuous finite elements:

Wy ={& e H'(T) : &, €Pi(I)), j=1,...,N}
For ¢ € HY(I) let £,£ € W}, be its Lagrange interpolant. We recall that
1/2

N
1€ = Lagllir < Ch [ D115, Vel € HA(L), j=1,...,N. (2.4.22)
j=1
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We will also consider the space of piecewise constant functions:
Zp = {vp € L) : vy, € Po(I)), j=1,...,N},
and the L2-projector onto Z:
Pp : L2 (1) — Zy,
v Ppu € 7y /I(U—th)qh:O Yqn € Zy,.
It is well known that
v —Prollog < Chlvir Yo € HYI). (2.4.23)

Defining Hj, := W, x Wy, and Qp, := Zj, x Zp,, the discretization of problem (2.2.8)—(2.2.9)
reads as follows:
Find \p, > 0 and 0 75 ((Uh,’m), (ﬂh,wh)) € Hj, x Qp, such that

a((ons )y (Thy §n)) + 0((Th, €n)s (Brywn)) =0 (74, &n) € Hp, (2.4.24)
b((on, )y (Mhsvn)) = = A ((Br, wn), (Mnsvn))  Y(nn, vn) € Qp. (2.4.25)

As in the continuous case, we introduce for the analysis the discrete solution operator

Tin: Q—Q
(g7f) — (Bhvwh)a

where ((61,4n), (Bn, wr)) € Hy x Qp is the solution of the corresponding discrete source problem:

a((6h,4n), (Thy €0)) + 0((Thy €8, (Bro ) =0 Y(7, &) € Hy, (2.4.26)
b((Gn,An)s (M, vn)) = =r((g, ), (s vn)) — Y(n,vn) € Qa. (2.4.27)

It is easy to check that the discrete kernel

Ky == {(7h,&n) € Hp : b((7h: &)y (Mnyvn)) =0 Y(0h, vn) € Qu}s

coincides with the continuous one K = {(7,7’) : 7 € P1(I)} . Therefore, the ellipticity estimate
from Lemma 2.2.1 holds true for (,&,) € Kp, with the same constant « independent of ¢ and
h. Moreover, the discrete inf-sup condition

s b((7h, §n), (M, vn)) > Cllimon)lla Y(mmon) € Qn (2.4.28)

0% (h,En) €H, | (7h, &) ||m

holds true with a positive constant C' independent of ¢ and h (see [60, Lemma 3.2]). Consequently,
the discrete mixed problem (2.4.26)—(2.4.27) has a unique solution and there holds

16, An) ez + 11(Brs @) e < Cll(g: )l (2.4.29)

once more with a positive constant C' independent of ¢t and h. Hence, Ti; is a well defined
bounded linear operator.
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Remark 2.4.1 The above estimate can be improved as follows:

16 A% + 1| B i)l < C (# R P|f|2> , (2.4.30)
1 1

always with a positive constant C' independent of t and h. In fact, this follows easily from taking
into account the particular form of the right hand side of problem (2.4.26)—(2.4.27) and using,
for instance, [46, Remark 11.1.3].

As in the continuous case, (up, (Br,wp)), with pp # 0, is an eigenpair of Ty, if and only
if there exists (op,7,) € Hp such that, for A\, = 1/pup, (An, (0h, Yh, Br, wp)) is a solution of
problem (2.4.24)—(2.4.25). Moreover, the same arguments used for 7} allow us to show that the
operator Ty, is self-adjoint with respect to the inner product r(-, ).

Our next goal is to obtain a spectral characterization for problem (2.4.24)—(2.4.25):

Lemma 2.4.1 The variational problem (2.4.24)-(2.4.25) has ezactly dim Qy, eigenvalues, re-
peated according to their respective multiplicities. All of them are real and positive.

Proof. Taking particular bases of the discrete spaces, problem (2.4.24)—(2.4.25) can be written

in matrix form as follows:

A 0 E 0 gy, 0O 0 0 O o
0 C -D -—-E| |75 00 0 0|~
. LA ol (2.4.31)
E' -D' 0 0| |8, 00 P 0|3,
0 —-E' 0 0 wy, 0 0 0 Q| |w,

where &'y, Yy, Bh and wj, denote the vectors whose entries are the components in those basis
of on, Yu, Br and wy, respectively.
Now we define the following matrices

A0 'E o0 P o
= = T :=
R [O Cl|’ S -D —E] ’ [0 Q] ’

and vectors

to rewrite (3.5) as follows:

i 0 o] [a,
— A . 2.4.32

The system above is equivalent to solve

R, + Sv;, =0

Sty = — \T0p,.
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Since A, C, P and @ are scaled mass matrices, it is easy to check that all of them, as well as R
and T, are symmetric and positive definite (although not uniformly in t) and hence invertible.

Thus, from the first equation above we have that i, = —R 'S4, and substituting this into the
second equation we obtain:

(S*'R™18)%), = \,T%. (2.4.33)
Conversely, if (A, ¥5) is an eigenpair of the above problem, by defining i), := —R 'S}, we

have that (A, (dn,vp)) is an eigenpair of (5.3.23).

The eigenvalue problem (2.4.33) is well posed because T is symmetric and positive definite.
The same holds true for S'R™!S. In fact, this matrix is clearly symmetric and positive semi-
definite. Moreover, it is positive definite because S¥; = 0 implies ¥;, = 0, as a consequence
of (2.4.28). Then, the generalized eigenvalue problem is well posed and all its eigenvalues are
real and positive. Therefore, the number of eigenvalues of problem (3.5) equals the number of
eigenvalues of this problem, namely dim Qj, and we complete the proof. 01

In order to prove that the solutions of the discrete problem (2.4.26)—(2.4.27) converge to those
of the continuous problem (2.3.13)—(2.3.14), the standard procedure would be to show that Ty,
converges in norm to 73 as h goes to zero. However, such a proof does not seem straightforward
in our case. In fact, |[(T; — Ti4)(9g, f)|lq is bounded for g and f piecewise smooth as follows:

n 1/2
I(T: = Tin)(g, llg < Ch <||9||3,1 115+ > (191185, + 11/ 3,51)) )
=1

but the last terms above are not bounded in general by ||(g, f)|lg. To circumvent this drawback,
we will resort instead to the spectral theory from [36] and [37]. In spite of the fact that the main
use of this theory is when 7} is a non compact operator, it can also be applied to compact T}
and we will show that in our case it works.

The remainder of this section is devoted to prove the following properties which will be used

in the next section:

Ty — T,
P1. H]‘Vt N Eh”h — sup ||( t th)(ghyfh))HQ

—0 as h—0.
0% (g, fn)€Qn 1(gn, fn)llo

P2. Y(n,v) € Q, inf ||(n,v) — (Mn,vn)llo =0 as h — 0.
(h,vr)EQp,
Property P2 is a consequence of the fact that piecewise constant functions are dense in L2(I).
Regarding property P1, we have the following result.

Lemma 2.4.2 Property P1 holds true; moreover, there exists a constant C > 0 independent of
t and h such that
|7 — Tinlln < Ch.

Proof. Given (gn, fa) € Qu, let ((6,4), (8,®)) € H x Q and ((6n,4n), (Bn,n) € Hy x Qp be
the solutions of problems (2.3.13)—(2.3.14) and (2.4.26)—(2.4.27), respectively, in both cases with

(g, f) = (gn, fn)- Therefore, (3,0) = Ti(gn, fn) and (By, wn) = Tin(gn, fn)-
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The same arguments used in the proof of Proposition 2.3.2 (see [60, Remark 2.1]) allow us
to show that there exists a constant C' > 0, independent of ¢, g and f3, such that

1/2 1/2
I ll11 + 18]l + 18]]1 + EQW’ + Al + XN”%@ (2.4.34)
< C(gn, fn)llos
where we have also used that g|;; = f;l1; = 0, because g5 and f, are piecewise constant.

On the other hand, since problem (2.4.26)—(2.4.27) is just the finite element discretization of
problem (2.3.13)—(2.3.14), using again the results from [60] (in particular, Theorem 3.3), we have
that

(T2 = Tin) (gns fdllo <N((629), (B @) = ((6ns An)s (Bns n))llizxa
inf (e, ’V) (B @)) = ((7h,&n), (Mm, vn))[ExQ

((Th-En), (N on)) EHR X Qp
<C[((,4), (B, @) — ((Lxd, L1A), (PrB, Puid))|[mxa
<Chl/(gn, fn)llQ

where, for the last inequality we have used the error estimates (2.4.22) and (2.4.23) together with
the additional regularity result (2.4.34). Thus, the proof follows from the definition of |73 — Ty ||n
and the above estimate. O

2.5 Convergence and error estimates.

In this section we will adapt the arguments from [36, 37] to prove convergence of our spec-
tral approximation as well as to obtain error estimates for the approximate eigenvalues and
eigenfunctions. With this end, we will use the following results.

Lemma 2.5.1 Let F C C be a closed set such that F Nsp(Ty) = 0. Then, there exist strictly
positive constants ty and C such that, Vt < to, F Nsp(T;) =0 and

IRAT)|| == sup | R.(T)(n,v)

le <C VzeF
0#£(n,v)eQ H (7% U) HQ

Proof. We consider the mapping z — ||(2I — Tp)~!||, which is continuous for all z € p(Tp). It is
clear that this mapping goes to zero as |z| — oco. Hence, if F' C p(Tp) is a closed subset, then
the mapping above attains its maximum. Let C := max,¢p ||(2I — Tp)~!||; there holds

1
I =T 0)lle = Zlmo)la V(nv) €Q Ve P
Next, we observe that

11 = To)(n, v)llo < [I[(z = Ti)(n,v)llg + (Tt = To) (0, v)lo-
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Moreover, according to Lemma 2.3.1, there exists ty > 0 such that, for all ¢t < tg,

1
20

I(T: = To)(n,v)llo < —=ll(m,v)lle V(n,v) €Q.

Therefore, for all (n,v) € Q, for all z € F' and for all ¢ < o,

1
20

11 = Ti)(n,v)llo = (21 = To)(n,v)ll@ = (T = To)(n, v)lla = = (n;v)llo-

Consequently, z is not an eigenvalue of T;. Moreover, z # 0, because 0 ¢ p(7Tp). Hence, since the
spectrum of T} consists of eigenvalues and p = 0, we have that z ¢ sp(73), so that (zI — T}) is
invertible for all ¢ < ty and for all z € F'. Moreover, from the above inequality, we have that

IRA(T)|l = (=1 = T1)™"|| < 2C

and we conclude the proof. O

The following result shows that R,(Ti|qg,) is bounded on any closed subset of the complex
plane not intersecting sp(7p), provided ¢ and h are small enough. Here and thereafter, hy and
to denote small positive constants, not necessarily the same at each occurrence.

Lemma 2.5.2 Let F C C be a closed set such that F Nsp(Ty) = 0. Then, there exist strictly
positive constants hg, tg and C such that, Vh < hg and Vt < to, F Nsp(Ty,) =0 and

|R.(Tin)|ln < C Vz € F.

Proof. Let F' be a closed set such that F' N sp(7p) = 0. As an immediate consequence of
Lemma 2.5.1, we have that for all (n,v) € Q, for all z € F and for all ¢t < ¢y,

1(n,v)llg < Cll(zI = Ti)(n,v)lo-

Now, from Lemma 2.4.2, we have that there exists hg > 0 such that for all A < hg

1
T2 = Ten) s vn) e < 5511 (msvn)lle V(0m, vn) € Q.

Then, for (np,v,) € Qp and z € F, we have

1
(21 = Tin) (i, vn) llo > (21 — T3) (ks vn)ll@ — [[(Tr — Tin) (hs vn) @ > %H(Uh,vh)“@

Since Q, is finite dimensional, we deduce that (zI — Ty,) is invertible and, hence, z ¢ sp(T},).
Moreover
IR (Tin)lln = | (21 = Tin)Hln <2C Vze F

and we complete the proof. O
An equivalent form of the first assertion of this theorem is that any open set of the complex
plane containing sp(Tp), also contains sp(73p,) for h and ¢ small enough.
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The eigenvalues p of Ty are typically simple and converges to simple eigenvalues Tj as t tends
to zero. Because of this, we state our results only for eigenvalues of T; converging to a simple
eigenvalue of T as t goes to zero.

Let 1¥ # 0 be an eigenvalue of Ty with multiplicity m = 1. Let D be a closed disk centered
at u¥ with boundary I' such that 0 ¢ D and D Nsp(Tp) = {uo}. Let {9 > 0 be small enough so
that, for all £ < ¢y, D contains only one eigenvalue p of T;, which we already know is simple (cf.
Lemma 2.3.2). Let £ be the eigenspace of T} corresponding to .

According to Lemma 2.5.2 there exist tg > 0 and hg > 0 such that Vi < tg and Vh < hy,
I' C p(Ti). Moreover, proceeding as in [36, Section 2|, from properties P1 and P2 it follows
that for A small enough Ti; has exactly one eigenvalue up € D. Let &, be the eigenspace of
Ty, associated to pp,. The theory in [37] could be adapted too, to prove error estimates for the
eigenvalues and eigenfunctions of Ty, to those of Ty as h and t go to zero. However, our goal is
not this one, but to prove that uj converges to p as h goes to zero, with ¢ < tg fixed, and to
provide the corresponding error estimates for eigenvalues and eigenfunctions. With this aim, we
will modify accordingly the theory from [37].

Let II, : Q@ — Q be defined for all (n,v) € Q by l(n,v) = (Prn, Prv) € Qp, with Py,
being the L2-projector defined in the previous section. The properties of P}, lead to analogous
properties for IIj; for instance, IIj, is bounded uniformly on A, namely, ||II5(n, v)|lo < ||(1,v)||q-
Moreover, the error estimate (2.4.23) holds for II;, too:

M (n,v) = (n,v)lle < Ch(nlir + |vfir)  V(n,v) € H. (2.5.35)

Next, we define
By =Tyl : Q = Q,
We observe that By, and T, have the same non-zero eigenvalues and corresponding eigenfunc-

tions. Furthermore, we have the following result analogous to [37, Lemma 1].

Lemma 2.5.3 There exist strictly positive constants hg, to and C such that
HRZ(Bth>H <C Vh < hg, Vt<ty, Vzel.

Proof. It is essentially identical to that of Lemma 5.2 from [64]. O
Next, we introduce

o I, : Q — Q, the spectral projector of T3 corresponding to the isolated eigenvalue p,

namely,

1
By = — L (T3) dz;
tT omi FR(t)Z

o Iy : Q — Q, the spectral projector of By, corresponding to the eigenvalue up, namely,

1
Fi, .= — | R,(By,)dz.
th 27T2'/p (By) dz
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As a consequence of Lemma 2.5.3, the spectral projectors Fy, are bounded uniformly in A
and t for h and ¢ small enough. Notice that E;(Q) is the eigenspace of T; associated to p and
F;,(Q) is the eigenspace of By, (and hence of Ty,) associated to pup,.

We recall the definition of the gap § between two closed subspaces Y and Z of Q:

A~

6(Y, Z) == max {0(Y, Z),0(Z,Y)},

where

5(Y,Z) = inf ||y — .
(Y, 2) 21615 (zlgz\y ZHQ>
lyllg=1

The following results will be used to prove convergence of the eigenspaces.

Lemma 2.5.4 There exist positive constants hg, to and C such that, for all h < hg and for all
t <to,
(B = Fn)lg. @l < (Tt = Ben) gy @) ll < Ch.

Proof. The proof of the first inequality follows from Lemmas 2.5.1 and 2.5.3 and the same
arguments as Lemma 3 from [37]. For the other inequality, let (8, w) € E¢(Q). We have

(T = Bun) (B, w)llo <I(T — TelL,) (8, w)llg + [[(Tn — Bu) (B, w)[|g
<ITN = I) (B, w)llg + (Tt — Ten)Hn (B, w) |l
<Ch(|Bl11 + [wl11) + Ch|IL (8, w)llg
<Ch||(8,w)]lq

where we have used (2.5.35), Lemma 2.4.2 and Corollary 2.3.1. 0
Now, we are in position to prove an optimal order error estimate for the eigenspaces.

Theorem 2.5.1 There exist positive constants hg, to and C such that, for all h < hg and for
all t < to,

~

0 (Fin(Q), Et(Q)) < Ch.

Proof. The proof follows by using Lemma 2.5.4 and arguing exactly as in the proof of [37,
Theorem 1]. O

In what follows, we state a preliminary suboptimal error estimate for |u — up| that will be
used in the sequel but which will be improved below (cf. Theorem 2.5.2).

Lemma 2.5.5 There exist strictly positive constants hg, tg and C such that, for h < hg and
t <to,
[ = pn| < Ch.

Proof. The proof follows by repeating the arguments used in [64] to derive Lemma 5.6 from this
reference. O

Since the eigenvalue p of T} corresponds to an eigenvalue A = 1/p of problem (2.2.8)-(2.2.9),
Lemma 2.5.5 leads to an error estimate for the approximation of A as well. However, the order
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of convergence O(h) in this lemma is not optimal. The following lemma will be used to prove
a double order of convergence for the corresponding eigenvalues, but it is interesting by itself,
too. In fact, it shows optimal order convergence for the bending moment and shear stress of the

vibration modes.

Lemma 2.5.6 Let (), (0,7, 3,w)) and (A, (0h, Yh, Br, wh)) be the solutions of problems (2.2.8)—
(2.2.9) and (2.4.24)(2.4.25), respectively, with ||(3,w)|lq = ||(Bn, wr)|lo =1 and such that

18 — B

Then, for h and t small enough,

lo,0 + [[w — wpllog < Ch. (2.5.36)

o —onllig+ Iy = nll1 < Ch. (2.5.37)

Proof. Let ((5,%), (B ,W)) € H x Q be the solution of the following auxiliary problem:

a((6,9), (7€) + b((7,€), (B,0)) =0 ¥(r.€) €, (2:5.38)
b((a-a ’AY)? (77’ U)) = _)\hr((ﬁhn wh)a (777 U)) V(Ua U) €Q. (2539)
Notice that problem (2.4.24)—(2.4.25) can be seen as a discretization of the load problem above.

The arguments in the proof of Lemma 2.4.2 can be repeated, considering g, = A8, and f, =
Apwp, to show that

1((6,4), (B, ) = ((oh,70), (Bhs wi)) lxa < ChA| (Brs wh)[l@ < ChA. (2.5.40)

the last inequality because A, — A as a consequence of Lemma 2.5.5.
On the other hand, subtracting (2.2.8)—(2.2.9) from (2.5.38)-(2.5.39), we obtain

CL((O’ - (3',’}/ - ’3/)’ (775)) + b((T7€)’ (/8 - va - ’UAJ)) =0 V(va) € H,
b((c —a,v—74),(n,v)) = =r((A8 — ApBh, Aw — Apwy), (n,v)) Y(n,v) € Q.

As a consequence of Lemmas 2.2.1 and 2.2.2, the problem above has a unique solution (see, for
instance, [46, Section II.1.1]) and there exists C' > 0 such that

o —allir+ v —=Allx < CUAB = AnBrllox + [Aw — Apwnllo)
< OB = Bullog + [A = AnlllBrllox
+ Alw = wallog + [A = Anlllwnllo,r)
< Ch,

the last inequality because of (2.5.36) and Lemma 2.5.5.
Finally, from the above inequality and (2.5.40) we obtain (2.5.37) and the proof is complete.

O
Now we are in a position to prove a double order of convergence for the eigenvalues.

Theorem 2.5.2 There exist strictly positive constants hg, tg and C such that, for h < hg and
t < to,
A — M| < CR%
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Proof. Let (A, (0,7, 8,w)) and (An, (0h, Vh, B, wr)) be as in Lemma 2.5.6. Then, we write prob-
lem (2.2.8)—(2.2.9) and problem (2.4.24)—(2.4.25) as follows:

A((U?’Ya B’w)’ (7—’577” U)) = —)\B((O',’)/, ﬁ’w)’ (T’gana U))7

A((O-ha Yhs ﬂh) wh)a (Th) é-hv Nh, Uh)) - _)\hB((Uh) Yhs /Bhu ’U)h), (Thv gh) Nh, Uh)),
where the bilinear forms A and B are defined by

A((o,7, B,w), (1,€,m,0)) := a((0,7), (7,€)) + b((7,£), (B, w)) + b((5,7), (n, v)),
B((07775>w)7 (7-76777’ U)) = T((Bv“’)? (77>U))'

Let U := (o,v,8,w) and Uy := (op,Vh, Br,wr). Then, it is easy to check the following
identity (see, for instance, [8, Lemma 9.1]):

(A= M) B(Un, Up) = A(U — Uy, U — Up) + AB(U — Up, U — Up).

Now, since B(Up, Uy,) = t? fl JB,QZ + fI Pw,% and (on, Yh, Bn, wp) can be seen as the solution of
problem (2.4.26)—(2.4.27) with data (g, f) = An(Bn,wn), as a consequence of Remark 2.4.1, we
have that

B(U, Up) > (B wr) 1§ =

1 I 1
CA2 CA2
Since A, — A and A > 0, for h small enough

1
>
B(Uh,Uh) = 920N\’

the right hand side being a positive constant independent of h and ¢t. Hence from Theorem 2.5.1

and Lemma 2.5.6, we obtain
A=Al < COR®

and the proof is complete. O

2.6 The Euler-Bernoulli beam

The analysis above can be extended to the Euler-Bernoulli beam vibration problem (2.3.19)-
(2.3.20). To simplify the notation, from now on we drop out the index 0 from eigenvalues and
eigenfunctions of this problem.

The discretization of (2.3.19)—(2.3.20) reads:

Find A\, > 0 and 0 # ((op,Vn), (B, wr)) € Hy, x Qp, such that

OhTh
1 E
/nh(U;l — ’yh) — /vh'y;L = _)\h /Pwhvh V(’I?h, ’Uh) € @h- (2.6.42)
1 I 1

+ﬂM¢—m—[w&=0 Y(7h, &) € Hy, (2.6.41)
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Using the same notation as in (3.5), this discrete problem can be written in matrix form as

follows:
A 0 E 0 o 0 00 Of][a,
0 0 -D —-E| |~ 0 00 Of ]|~
¢ Il =\, n (2.6.43)
Et —-D' 0 o0 B, 0 00 Of]|B,
0 —-E' 0 0 Wy, 0 00 Q| |w,

To show the well-posedness of this generalized eigenvalue problem, we cannot proceed as we
did to derive (2.4.33), because in this case matrix S is not positive definite and R is not invertible.
However, we can use the following alternative. From (2.6.43), we know that o), = —A"'ES,,.
Using this in the third row we obtain E'A~'EB, + D'y, = 0 and rewrite (2.6.43) as follows:

o D E|[9, 00 ol [4
D' G o |B,|=x1]0 0 o |B,], (2.6.44)
E' 0 0 |w, 0 0 Q| |wy

where G := E'A~'E. This matrix is symmetric and positive definite, because A so is and

ker E = {0}.
For A\ # 0, (2.6.44) is equivalent to
EQ'E'y, + DBy, =0,
D'y, + GB), = 0.

In its turn, by substituting 3, = —G_lDt'yh into the first equation, the problem above turns
out equivalent to

EQ 'E'~, = \,DG™'D'y, < (EQ'E' + DG 'D")y, = (\, + 1) DG ' D'~,
H
< DG 'D'~;, = u,H~,, (2.6.45)

where pp, = 1/(Ap + 1).
Our next goal is to prove that H is symmetric and positive definite. With this aim, we
observe that
E'y, =0+ /%vh =0 Vop € Zp. (2.6.46)
I

Testing (2.6.46) with v, = ~}, we have that [;|v}|*> = 0, which implies that v;, € Po; namely,
ker E' = Py.
On the other hand

Dt'yh:0<:>/'yhnh20 VnhEZh<:>/ v =0, 7=1,...,N.
I I;
Consequently, v; has to be a multiple of the function 72 € Zy defined by 72(3%-) = (-1)}
0 < i < N; namely, ker D' = (7).

Therefore, since Q is positive definite, '7}1(EQ_1Et)'yh > 0 if and only if vy ¢ Py, whereas,
since G is positive definite, v} (DG D")y, > 0 if and only if v}, & (7). Thus, since PN (7)) =
{0}, we conclude that H is positive definite.
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Note that p9 = 0 is an eigenvalue of problem (2.6.45) with eigenfunction ~9. The rest
of the spectrum are eigenvalues u} € (0,1] (which correspond to A\, = (1/u%) —1 > 0) with
eigenfunctions 'y}'l, 1=1,...,N. One of these eigenvalues is uﬁl = 1 (which correspond to )\,]y =0)
with corresponding eigenfunction ’yflv € Py.

For 1 <i < N—1, defining 3, := —G_lDtvﬁl; wi = (1/)\}'1)Q_1Et’y§l and o} := ~AT'EB;,
we have that ()}, (o5,,7},, 8}, w},)) are eigenpairs of problem (2.6.43). The remaining solution
of (2.6.45), AN = 0, with 7)Y € Py, does not lead a solution of problem (2.6.43). In fact, AN =0
cannot be an eigenvalue of this problem, since the matrix on its left-hand side is invertible. Thus
we are led to the following result.

Proposition 2.6.1 Problem (2.6.43) has N —1 eigenvalues, repeated according to their respec-
tive multiplicities.

Since all the results from [60] used for the theoretical analysis remain valid for ¢ = 0, the
same happens with the results of the present paper. In particular the O(h) estimates for the
eigenspaces from Theorem 1 and the O(h?) estimate for the eigenvalues from Theorem 2 hold
true for the finite element approximation (2.6.41)—(2.6.42) of the Euler-Bernoulli beam vibration
problem.

2.7 Numerical results

We report in this section the results of some numerical tests computed with a MATLAB code
implementing the finite element method described above. For all the tests we have considered a
clamped beam of length L and uniform meshes of N elements, with different values of V.

In all the tests, we have used the following physical parameters:

e Young modulus: E = 2.1 x 10% Kgf/cm?, (1 Kgf= 980 kg/cm?),
e Poisson ratio: v = 0.3,
e Density: p = 7.85 x 1073 kg/cm?,

e Correction factor: k. = 1.

2.7.1 Implementation

The generalized eigenvalue problem that has to be solved has been written in matrix form
into the proof of Lemma 2.4.1 (cf. (3.5)). This is a degenerate matrix generalized eigenvalue
problem since none of the matrices is positive definite. Therefore, its solution would need of
some specialized software. Alternatively, problem (3.5) has been equivalently written as (2.4.33),
where both matrices are symmetric and positive definite. However, on the left hand side there
is a full matrix, because R™! is full too. Therefore, (2.4.33) is not appropriate for the computer
solution of the problem, either.
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Instead, we proceed from (5.3.23) as follows: From the second equation T¥), = —iStﬁh
and, since T is invertible, ¥), = ——T 1 8%4y,. Substituting this into the first equation of (5.3.23)
we arrive at

(ST 'S%) 4y, = \yRiiy,. (2.7.47)

Matrix R is symmetric and positive definite, whereas (ST_l.S't) is symmetric and positive
semi-definite. Thus, this generalized eigenvalue problem can be solved with standard software.
Moreover, since T is formed by two mass matrices with piecewise constant elements, it is di-
agonal. Hence to compute T~ ! is completely inexpensive and the matrix (ST~1S") result as
sparse as R. The only minor drawback is that the eigenvalue problem (2.7.47) has the spurious
eigenvalue )\, = 0 with multiplicity 2. Since T~! is positive definite, the eigenspace associated
to A\p, = 0 is the kernel of S. Using the standard basis of the finite element spaces W}, (piecewise
linear and continuous elements) and Z;, (piecewise constant elements) it is possible to prove
that if 4;, = (&n,7,)t with &), and 4, being the vector of nodal components of o, € W}, and
Yn € Wh, respectively, thus (Syp); fI oy, — ), @ =1,...,N. Therefore, i € ker S implies
that either 45, = 0 and oy, is constant or 7 is constant and o}, = ~y,. Thus, the eigenspace of
Ap, = 0 in problem (2.7.47) is spanned by (1,0) € Hj, and (z,1) € Hj,.

2.7.2 Test 1: Uniform beam with analytical solution

The aim of this first test is to validate the computer code by solving a problem with known
analytical solution. With this purpose, we will compare the exact vibration frequencies of a
uniform clamped beam as that shown in Figure 2.1 (undeformed beam) with those computed
with the method analyzed in this paper.

b

/

d

Figure 2.1: Undeformed uniform beam.

We note also that for this kind of beam, we have that I = % and A = bd are constant.

In Table 2.1 we report the three lowest vibration frequencies computed by our method with
four different meshes (N = 16, 32,64, 128). We have taken L = 120 cm and a square cross section
of side-length b = d = 20 cm. The table includes computed orders of convergence and the exact
vibration frequencies.
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Table 2.1: Angular vibration frequencies of a uniform beam.

Mode | N =16 N=32 | N=64 | N=128 | Order Exact
w{‘ 4017.49 4000.74 | 3996.84 | 3995.90 2.1 3995.61
wg 9778.27 9644.64 | 9613.68 | 9606.23 2.1 9603.80
wé‘ 170614.73 | 16621.41 | 16520.22 | 16495.89 2.1 16487.94

It can be seen from Table 2.1 that the computed frequencies converge to the exact ones with
an optimal quadratic order.
2.7.3 Test 2: Beam with a smoothly varying cross-section.

In this test we apply the method analyzed in this paper to a beam of rectangular section with
smoothly varying thickness. With this purpose, we consider a beam as that shown in Figure 2.2.

,b/«

] L
|

Figure 2.2: Smoothly varying cross-section beam.

Let b and d be as shown in Figure 2.2. We have taken L = 100, b = 3 and d = 3 cm. The
equation of the top and bottom surfaces of the beam are

150d
_p U g <4 <100,
T e tr1000 TS

Hence, the area of the cross section and the moment of inertia are given by

1
Alz) 900d < 300d

3
= 0 qa) = (T 0 <z < 100.
w1000 W =g m+&m>’ =T=

In Table 2.2 we report the four lowest vibration frequencies computed by our method with
four different meshes (N = 16, 32,64, 128). The table includes computed orders of convergence
as well as more accurate values obtained by means of a least-squares fitting.
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Table 2.2: Angular vibration frequencies of a beam with a smoothly varying cross-section.

Mode N =16 N =32 N =64 N =128 | Order Extrap.
wh 1674.8167 | 1667.2007 | 1665.2819 | 1664.8012 | 2.03 1664.6419
wg 4382.5912 | 4308.8768 | 4290.4391 | 4285.8294 | 2.03 | 4284.3014
wé‘ 8432.5758 | 8139.6797 | 8067.2309 | 8049.1697 | 2.03 | 8043.1848
wff 13875.8820 | 13078.9166 | 12884.6634 | 12836.4208 | 2.03 | 12820.4405

It can be seen from Table 2.2 that the computed vibration frequencies also converge with an
optimal quadratic order as predicted by the theoretical results.
We show in Figure 2.3 the deformed beam for the four lowest vibration modes.

h h
w3 Wy

Figure 2.3: Smoothly varying cross-section beam; four vibration modes with lowest frequency.

2.7.4 Test 3: Rigidly joined beams.

The aim of this test is to apply the method analyzed in this paper to a beam with area varying
discontinuously along its axis. With this purpose, we consider a composed beam formed by two
rigidly joined beams as shown in Figure 2.4. Moreover, we will assess the performance of the
method as the thickness d approaches to zero to check that the proposed method is thoroughly
locking-free.

b L/2

I B

Figure 2.4: Rigidly joined beams.
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Let b and d be as shown in Figure 2.4. We have taken L. = 100 and b = 3, so that the area
of the cross section and the moment of inertia are:

Aw) = { 9% 0w <50, ) = 28 < ¢ < 50,
| 3d, 50 <z <100, - £ 50 << 100.

We have used uniform meshes with an even number N of elements, so that the point x = L/2
is always a node of the mesh as required by the theory.

In Table 2.3 we present the results for the lowest computed rescaled eigenvalue )\? = (w{L / t)Z,
with varying thickness d and different meshes. According to (2.2.2), the non dimensional param-
eter t is given in this case by 2 = %. Again, we have computed the orders of convergence and
more accurate extrapolated values by means of a least-squares fitting.

The results from Table 2.3 show clearly that the method does not deteriorate when the

thickness parameter becomes small, thus we may conclude that the method is locking-free.

Table 2.3: Lowest rescaled eigenvalue A} (multiplied by 1071%) of a composed beam with varying
thickness d.

Thickness | N =16 | N =32 | N =64 | N =128 | Order | Extrap.
d=14 4.72371 | 4.68871 | 4.67989 | 4.67768 | 2.03 | 4.67695
d=0.4 | 5.00424 | 4.96518 | 4.95534 | 4.95288 | 2.03 | 4.95207
d=10.04 | 5.00724 | 4.96813 | 4.95829 | 4.95582 | 2.03 | 4.95500
d =0.004 | 5.00727 | 4.96816 | 4.95831 | 4.95585 | 2.03 | 4.95503

Finally, we show in Figure 2.5 the deformed beam for the two lowest frequency vibration
modes.

h
w1 Wo

Figure 2.5: Rigidly joined beams; two lowest frequency vibration modes.



Chapter 3

Acoustic vibration problem for
dissipative fluids

3.1 Introduction

This paper deals with the numerical approximation of an acoustic dissipative fluid system. This
kind of problem has attracted much interest, since it is frequently encountered in engineering
applications (see, for instance, [14, 54, 76]). One typical example is to achieve optimal designs
that reduce noise and vibrations in fluid-structure systems like cars, aircraft or dams.

Although dissipation is usually neglected in standard acoustics, modeling this phenomenon
is essential to study the effect of noise reduction techniques. Indeed, in most real situations,
damping mechanisms that transform mechanical energy into heat do exist. Sometimes these
mechanisms are based on surface damping arising from viscoelastic materials placed on the
boundary of the propagation domain. In these cases, the dissipative effects are typically included
in the model by means of a surface impedance in the boundary conditions (see, for instance,
[13, 16, 17]). The present paper addresses damping when it arises in the propagation media
itself due to friction and heat conduction. A general approach to this topic can be found in the
books by Landau and Lifshitz [56], Morse [74], and Pierce [81], all of which include extensive
bibliographic references on the subject.

This paper focus on computing the (complex) vibration frequencies and modes of an acoustic
dissipative fluid system within a rigid cavity. One motivation for considering this problem is
that it constitutes a stepping stone towards the more challenging goal of devising numerical
approximations for coupled systems involving fluid-structure interaction between viscous fluids
and solid structures. The natural model for the fluid system should be based on the Stokes
equations for compressible fluids. However, since in real applications the viscosity is typically
very small, the resulting problem turns out a singular perturbation of that for an inviscid fluid.
This fact leads to a kind of dilemma, since appropriate finite elements for the Stokes equations
introduce spurious modes in the limit case of a vanishing viscosity, whereas the finite elements
that avoid such spectral pollution fail when applied to the Stokes equation.

To circumvent this drawback, we resort to an alternative model based on a curl-free dis-

42
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placement formulation (see [18] for the derivation of a similar model in the time domain from
basic mechanical laws). Let us remark that in principle the fluid displacement does not need to
be curl-free. However, since the viscosity term due to vorticity is typically very small, except
perhaps near the walls of the enclosure, it may be neglected in the interior of the enclosure and
eventually modeled as a wall impedance on its boundary (see [76] for a similar model).

This curl-free displacement formulation for a viscous fluid leads to a quadratic eigenvalue
problem (QEP), as it happens in [13]. However, the resulting problem involves additional chal-
lenges related to the fact that the essential spectrum does not reduce to a single point as in [13].
In fact, in this case, we can only prove that the essential spectrum is well separated from the
physically relevant eigenvalues when the viscosity is sufficiently small (as it happens in practice).
On the other hand, the associated solution operator is not regularizing. Because of this, we need
to split it into two terms for the numerical analysis. One of them is dealt with the techniques
from [13], but the spectral approximation analysis for the other is new.

As is shown below (cf. Remark 2.1), the vibration frequencies and modes of a viscous homo-
geneous irrotational fluid within a rigid cavity can be obtained without actually solving a QEP.
In fact, these frequencies can be algebraically computed from those of the analogous inviscid
fluid, whose approximation is nowadays a well known subject (see, for instance, [14]). However,
this is not the case for a heterogeneous fluid and this is the reason why we choose this as our
model problem. In particular, we consider the QEP arising from the acoustic vibration prob-
lem for a dissipative fluid system that consists of two homogeneous viscous immiscible fluids
contained in a rigid cavity.

QEP has many applications in the study of vibration for solid systems, acoustic fluids,
electrical circuits etc., where the damping effects are involved. A state of art for the QEP up
to the beginning of this century can be found in [88]. However, there are not many works
with a rigorous mathematical framework in the context of the numerical approximation of the
eigenvalue problem of a partial differential operator involving damping. The first article proving
this type of results is [13], where the authors have considered a displacement formulation for a
fluid in a rigid cavity with absorbing walls. The theory of non-compact operators of [37] is used
to obtain error estimates with minor modifications due the non-conformity.

On the other hand, alternative formulations for the absorbing wall problem have been stud-
ied in the Engineering literature. For instance, a formulation for the QEP in terms of the fluid
pressure has been proposed in [57]. This type of formulation leads to a rational eigenvalue
problem, for which different algorithms to compute the vibration frequencies have been intro-
duced. Alternatively, two formulations one based on the fuid pressure and the other on the fluid
displacement, have been considered in [34], where an improved Arnoldi algorithm have been pro-
posed to solve the discrete problem. On the other hand, an application of the damping effects in
electromechanical-thermoelastic systems is presented in [3]. Moreover, an a-posteriori estimator
for a QEP contextualized in the photonic crystal applications is proposed in [42]. Nevertheless,
all the previous mentioned studies present different numerical technologies to solve the QEP,
but without a rigorous mathematical analysis. Such a rigorous analysis is present instead in
the recent paper [67], where an efficient multiscale technique based on localized orthogonal de-
compositions to solve discrete generic damped vibration problems has been proposed (see also
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[66]).

In the present paper, we consider a displacement based variational formulation of the trans-
mission eigenproblem resulting from our physical model. This approach leads to a QEP, which
is transformed into an equivalent double-size linear eigenvalue problem that fits within the func-
tional framework for nonselfadjoint and noncompact bounded operators. At the continuous level,
we follow [55] to obtain an appropriate spectral characterization. Next, we propose an H (div)-
conforming mixed finite element approximation of the problem and adapt the abstract spectral
approximation theory for noncompact operators developed in [36, 37] to prove that the spectrum
is correctly approximated and to obtain error estimates.

The discrete analysis relies partly on the techniques used in the Raviart-Thomas mixed
approximation of the grad-div eigenvalue problem. This spectral problem emerged in the study
of coupled fluid-solid systems [12] (see also [69] for a similar setting in elasticity). The grad-div
spectral problem is posed in H(div) and it is closely related to the Maxwell eigenvalue problem,
which is formulated in terms of the curl-curl operator in H(curl). Although the two spectral
problems have been initially studied in isolation from each other, a common framework becomes
now clear thanks to the language of differential forms and the approach based on the finite
element exterior calculus provided by [6] (see also [20, Part 4]).

The negative impact that material parameters have on the regularity of the solution of the
boundary value problem complicates the analysis in this common framework (see [52, Remark
13]). Here, we follow the lines of the methodology presented originally in [12] and use the
information about interface singularities of solutions of the Neumann boundary value problem
for div(k grad), with x piecewise constant.

The paper is organized as follows: in Section 3.2, we introduce the spectral problem and
the corresponding variational formulation, which leads to a quadratic eigenvalue problem. We
introduce an auxiliary unknown to transform the quadratic eigenvalue problem into a linear
one. Moreover, we introduce the corresponding solution operator for the spectral problem. In
Section 3.3, we provide a thorough spectral characterization of the solution operator, based
on the theory developed in [55]. We also consider the limit problem (i.e., the case when the
viscosity vanishes) and the relation between the solutions of the dissipative and non-dissipative
problems. In Section 3.4, we introduce a finite element discretization using Raviart-Thomas
elements for both fluids and imposing the continuity of the corresponding normal components
on the interface. We analyze the discrete spectral problem analogously as in the continuous case
and introduce the corresponding discrete solution operator. We use the abstract theory from
[36] to prove the convergence. We also prove error estimates for our problem by adapting the
arguments from [13]. Finally, in Section 5.5, we report some numerical tests which allow us to
asses the performance of the proposed method.

Throughout the paper, 2 is a generic Lipschitz bounded domain of R? (d = 2, 3), with outer
unit normal vector nn. We denote by D(2) the space of infinitely smooth function compactly
supported in €. For r > 0, |||, o stands indistinctly for the norm of the Hilbertian Sobolev
spaces H"(Q) or H"(Q)? with the convention H(Q) := L2(Q). We also define the Hilbert space
H(div; Q) = {v € L}(Q)? : dive € L*(Q)}, whose norm is given by Hv”?ﬁv,ﬂ = ||v||3Q +
||div vHaQ, and its subspace Ho(div; Q) := {v € H(div; Q) : v-n =0 on 0Q}.
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Finally, C' represents a generic constant independent of the discretization parameters, which
may take different values at different places.

3.2 The model problem

We take as our model problem the case of two immiscible fluids within a rigid cavity. Let ;
with ¢ = 1,2 be the polygonal (in the 2D case) or polyhedral (in the 3D case) Lipschitz domains
occupied by each of the fluids. Let p; be the corresponding densities, v; the fluid viscosities,
and ¢; the acoustic speeds, which we consider all constant, p; and ¢; strictly positive and v; non
negative. We denote by n; the outward unit normal vectors corresponding to each subdomain.
We define Q := (1 UQs)°, T := 9 NNy, and I'; := 9Q; N 0N, i = 1,2. We assume that each
domain €2; as well as {2 are simply connected (see Figure 3.1).

Figure 3.1: 2D sketch of the polygonal domains for the fluids.

We consider small displacements of a compressible viscous fluid at rest neglecting convective
terms. The equation of motion derived from the Navier-Stokes equation reads

piU; = 20;AU; — VP, in

where U; denotes the fluid displacement and P; the pressure fluctuation in the domain 2,
i = 1,2. The dot represents derivation with respect to time. (See [18] and [81] for a more detailed
derivation). Moreover, since the fluid is compressible, we consider the isentropic relation

P+ pic?divU; =0  in Q. (3.2.1)

Since we are considering irrotational fluids, we assume that curlU; = 0. Hence, considering
the identity AU; = V(div U;) — curl(curl U;), we conclude that AU; = V(divU;). Then, the
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equations of our model problem are the following;:

pU; =20 V(divU,)+ VP, =0 inQ x (0,7T), (
P+ picadivU; =0 in Q x [0,7), (
p2Uy — 20,V (divUs) + VP =0 in Qy x (0,T), (
Py + pacadivUy =0 in Qy, x[0, 77, (
Ui - ni+Us-na=0 onT x[0,7], (3.2.6
(2u1divU; + Py) — (2uadivUs+ P2) =0 on T x (0,T), (
Ui-ni=0 only x(0,7), (
Uy - no=0 onTsyx(0,7). (
Let us remark that a similar argument leads exactly to the same equations in 2D.

Multiplying equations (3.2.2) and (3.2.4) by a test function v € Hy(div; 2), integrating by
parts, and using the boundary conditions and the transmission conditions on I', we obtain

/ pU - v+ 2/ vdivU dive — / Pdive =0 VYo € Hy(div, ), (3.2.10)
Q Q Q
where
U1 in Ql, P1 in Q1, 121 n Ql,
U .= P .= =
{ Uy in o, { P, in Qo, v { vy in (o,
p1 in L, c1 in Qy,
= dc:=
4 { P2 in QQ, and ¢ { Co in QQ.

Using (3.2.3) and (3.2.5) we eliminate P in (3.2.10) and write
/ pU - v + 2/ vdivU dive + / ptdivUdive =0 Yo € Ho(div, Q). (3.2.11)
Q Q Q

The vibration modes of this problem are complex solutions of the form U (z,t) = eMu(x) with
A € C. Looking for this kind of solutions leads to the following quadratic eigenvalue problem:

Problem 3.2.1 Find A € C and 0 # u € Ho(div; Q) such that

)\2/ pu - U+ 2)\/ Vdivudivv—i—/ pc? divudivo = 0 Vv € Ho(div; §2).
Q Q Q

Let us remark that in absence of viscosity (i.e., v = 0) we are left with the free vibration
problem of two inviscid fluids in contact (whose numerical approximation has not been analyzed
either). The eigenvalues A? of such a problem are negative real numbers (as will be proved
below), so that A are purely imaginary, namely, A = +iw with w being the so called natural
vibration frequencies, which correspond to periodic in time solutions U (z,t) = e~ “!u(x) of the
time domain problem. This is the reason why, for v = 0, Problem 3.2.1 is usually written as
follows: Find w > 0 and 0 # u € Ho(div; Q) such that

/ pc? divu dive = w2/ pu-v Vv € Hy(div; Q). (3.2.12)
Q Q
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In the applications, v is typically very small. As we will show below, in such a case there are
eigenvalues A of Problem 3.2.1 that lie close to +iw with w being a natural vibration frequency
(i.e., a solution of (3.2.12)). Actually, we will prove below that those A converge to +iw as
[|V]|oc,0 goes to zero. On solving Problem 3.2.1, the aim is to compute the eigenvalues X close to
the smallest natural vibration frequencies w > 0, which are the most relevant in the applications.

Remark 3.2.1 In the case of a homogeneous viscous fluid, p, ¢ and v are constant in the whole
Q. Then, Problem 3.2.1 can be written as

2) g
)\2/pu.v+yp;pc/pc2divudivvzo Vv € Hy(div, Q).
Q Q

A2 pc?
2\v+pc?
(w,u) being a solution to problem (3.2.12). Therefore, for a homogeneous viscous fluid, A\ can

= w? with

Hence, in such a case, (\,u) is an eigenpair of Problem 3.2.1 if and only if —

be algebraically computed from the solution of (3.2.12) as follows:

—vw? + /2wt — p2chw?

A=
pc?

We denote H := L2(Q)? endowed with the weighted inner product

o= [ -

and V := Hy(div; Q) with the inner product

(v, w)y ::/pv~w+/p02divvdivw.
Q Q

Notice that the inner products in A and V induce norms || - || and || - ||y on each of these spaces
equivalent to the classical LQ(Q)d and H(div; Q) norms, respectively. Therefore, when it might
be convenient, we will use these classical norms.

Clearly A = 0 is an eigenvalue of Problem 3.2.1 with associated eigenspace

K = Hy(div", Q) := {v € Ho(div; Q) : dive =0 in Q}.

We define:
G=KV={veV:(v,wy=0 YweK}.

Since K is a closed subspace of V, clearly V = G & K. Notice that G and K are also orthogonal
in the H inner product. Hence,

G={veV:(v,w)y =0 Vwe K}.
The following result brings a characterization of the space G.
Lemma 3.2.1 There holds

G= ;V(HI(Q)) ny.
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Proof. We will prove this result by checking the double inclusion. Let v € G. Then, for all
W € D(N)4, since curly € K, we have

O:/Qpcurlv,b-v:/ggb-curl(pv).

Thus, curl (pv) = 0 in €. Since (2 is simply connected, this implies that there exists ¢ € H' ()
such that pv = V. Hence, v € %V(Hl(Q)) NV. Conversely, let v € %V(Hl(Q)) NY and w € K.
Let ¢ € H(Q2) be such that v = %V(p. Then,

('v,w)H:/Qp<;Vg0>~w:—/Qg0divw+/an0(w-n): .

Therefore, v € G. The proof is complete. O
In what follows we prove additional regularity for the functions in G on each subdomain.
From now on, s will denote a positive number such that the following lemma holds true.

Lemma 3.2.2 There exists s > 0 (with s depending on p, Q1 and Q) such that, for all v € G,
v e H¥(Q UQ)? and

[v[ls0, + [[v]ls.0, < Clldivoljoq, (3.2.13)

where C' is a positive constant independent of v.

Proof. According to Lemma 5.2.14, there exists ¢ € H'(Q2) such that v = %Vgp. Consequently,
@ € H'(Q)/C is the unique solution of the following well-posed Neumann problem:

1
div <V90> =dive in Q,
P
10
% 0 on 0f.
pon
Hence, in the 3D case, the result follows from [78, Lemma 2.20], while in the 2D case, it follows
by applying [78, Lemma 4.3]. (See [80] for more details.) O

Remark 3.2.2 The above lemma establishes the existence of a reqularity exponent s > 0 that
will play a role in the error estimates of the numerical method proposed in this paper. In spite
of the fact that we refer to [78] in the proof of this lemma, the value of s that arises from
this reference is far from being optimal, since it is valid for global regularity in H*(Q)¢ and for
any arbitrary geometrical setting of the subdomains Q1 and Qo. In most of the applications, the
subdomains at which p is constant are similar to those shown in Figure 3.1. In such a case,
a detailed analysis of how this exponent depends on the geometry of the domain and on the
coefficient p can be found in [59] for the 2D case and in [58] for 3D problems (see also [19, T7]).
Let us remark that, although the analyses of these references is for problems with Dirichlet
boundary conditions, similar results hold true for Neumann boundary conditions as in our case
(see [59, Remark I11.5.2]). In particular, for instance, Lemma 3.2.2 holds true for s =1 in the
example reported as Test 1 in Section 5.5 (see Figure 3.2).
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From the physical point of view, the time domain problem (3.2.11) is dissipative in the sense
that its solution should decay as t increases. The latter happens if and only if the so called decay
rate, Re()), is negative. The following result shows that this is the case in our formulation.

Lemma 3.2.3 Let (\,u) € C xV be a solution of Problem 3.2.1. If A # 0, then Re()\) < 0.
Proof. Testing Problem 3.2.1 with v = u, we have that A\ + B\ + C = 0, with

A::/p|u!2, B::2/V]divu|2, and C’::/p02|divu|2.
Q Q Q

We observe that A > 0, B > 0, and C > 0. Moreover, since A = 0 if and only if u € K =
Ho(div?, ), for A # 0 we have that B,C > 0, too. Therefore, since A = =B£vB—44C VQBAQ_4AC, it is
immediate to check that Re(\) < 0.0

Remark 3.2.3 Any eigenpair (\,u) of Problem 3.2.1 satisfies
)\Q/pu-v—i—/(2)\1/+pcz)divudivv—0 Yv e V.
Q Q

Since the coefficients are constant in each subdomain, if 2\v + pc® # 0 in Q;, by testing with
v € D(%)? we obtain that divulg, € HY(SY), i = 1,2. On the other hand, if 2\v + pc? = 0 in
Qi (i =1 or2), then, for X\ # 0, by testing again with v € D(;)%, we obtain that u = 0 in ;.
Thus, in any case, divu|g, € H'(Q;), i =1,2.

For the theoretical analysis it is convenient to transform Problem 3.2.1 into a linear eigenvalue
problem. With this aim we introduce the new variable @ := Au, as usual in quadratic problems,
and the space V := V x H endowed with the corresponding product norm, which carry us to the
following;:

Problem 3.2.2 Find A € C and 0 # (u, @) € V such that
/ pc divudive = (—2/ vdivudivo — / pﬁ-v) Yv eV, (3.2.14)
Q Q Q
/pa.@:A/pu.a Vo € H. (3.2.15)
Q Q

We observe that A = 0 is an eigenvalue of Problem 3.2.2 and its associated eigenspace is K=
K x {0}. Let G be the orthogonal complement of K in V x H. Notice that G = G x H.
We introduce the sesquilinear continuous form a : V x V — C defined by

a(u,v) := / pc? divu div D,
Q
and the sesquilinear continuous forms 6,5: V — V defined as follows:

a((u, @), (v,9)) ;:/

pc? divudivo + / P - D,
Q

Q

B((w, @), (v,5)) = —2/deivudiv'v—/

pﬁ‘v—i—/pu'@.
Q Q

In what follows we prove that a(-,-) and a(-,-) are elliptic in G and G, respectively.
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Lemma 3.2.4 The sesquilinear form a : GxG — C is G-elliptic and, consequently, a : GxG —
C is G-elliptic.

Proof. For v € G we have
a(v,v) = / pc? divo divo > rrgn{ch}H diva%,Q.
Q

Then, the G-ellipticity of a(-,-) follows from Lemma 3.2.2. From this, the ellipticity of a(-,-) in
G = G x H is immediate. O

Let T : V — V be the bounded linear operator defined by T(f,g) := (u,a) € G, where
(u,u) is the unique solution of the following problem:

a((w, @), (v,9)) =b((f,g9),(v,3))  V(v,0) €q.
It is easy to check that

G=f inQ, (3.2.16)

and
/pc2divudivv— —2/ Vdivfdivv—/pg-v Yv € G. (3.2.17)
Q Q Q

As a consequence of the above equalities, we have that y = 0 is an eigenvalue of T with
associated eigenspace {0} x G**, which is nontrivial since G** > K. The following lemma
shows that the nonzero eigenvalues of T' are exactly the reciprocals of the nonzero eigenvalues
of Problem 3.2.2 with the same corresponding eigenfunctions.

Lemma 3.2.5 There holds that (u, (u,w)) is an eigenpair of T (i.e. T(u,u) = p(u,uw)) with
w# 0 if and only if (A, (u,u)) is a solution of Problem 3.2.2 with A\ = 1/u # 0.

Proof. Let (u, (u,u)) be an eigenpair of T with p # 0. Hence

Lo a), 0,5)  ¥w,9) cd. (3.2.18)

a((uv ﬁ)v (U’ /ﬁ)) = [

Then, according to (3.2.16) we have that u = iu € G. Hence, for (v,) € K = K x {0}, clearly
b((u, @), (v,®)) = 0 and a((w, @), (v,0)) = 0. So, (3.2.18) holds for all (v,3) € V = G & K;
namely, (A, (u,w)) with A = 1/p is a solution to Problem 3.2.2.

Conversely, let (A, (u,u)) be a solution of Problem 3.2.2 with A # 0. Taking v € K in
(5.2.15), we have that [, pt - v = 0, which implies that & € G. On the other hand, we observe
that (5.2.16) implies that Au = u € G. Hence it is easy to check that T'(u,u) = p(u,u) with
pw=1/A.0
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3.3 Spectral Characterization

The goal of this section is to characterize the spectrum of the solution operator T'. Since the
inclusion Ho(div; Q) < L2(Q2)¢ is not compact, it is easy to check from (3.2.16) that T is
not compact either. However, we will show that the essential spectrum, has to lie in a small
region of the complex plane, well separated from the isolated eigenvalues which, according to
Lemma 3.2.5, correspond to the solutions of Problem 3.2.2. With this aim, we will resort to the
theory described in [55] to decompose appropriately T'. Let T'1,Ts : G — G be the operators
given by

Tif=u1€G: a(ul,v):Q/Vdivfdivv Vv € g, (3.3.1)
Q
Tog=us€G: a(ug,v)= / pg - v Yv € G. (3.3.2)
Q

It is easy to check that these operators are self-adjoint with respect to a(-,-). Moreover T
is non-negative and T'9 is positive with respect to a(-,-) (namely, a(Tiv,v) > 0 Vv € G and
a(Tyv,v) > 0 Vv € G, v # 0). Moreover, we have the following result.

Lemma 3.3.1 The operator Ty : G — G is compact.

Proof.

Since af(+,-) is G-elliptic (cf. Lemma 3.2.4), applying Lax-Milgram’s Lemma, we know that
problem (3.3.2) is well posed and has a unique solution us € G. Moreover, according to
Lemma 3.2.2, we know that there exists s > 0 such that ugs € H%(Q; U Qg)d. On the other
hand, notice that (3.3.2) also holds for v € K, since in such a case a(uz,v) =0 = [, pg - v for
g € G. Hence, since V = G ® K, we have that

a(uQ,v)—/pg-v Yo € V.
Q

Then, by testing this equation with v € D(Q)¢ C V, we have that —V(pc? divus) = pg in €,
so that pc? divus € HY(Q). Therefore, since p and ¢ are positive constants in each subdomain
Q1 and Qg, we have that divus|o, € H'(£;), i = 1,2. Since the inclusions {v € L2(Q) : v|g, €
HY(Q;), i = 1,2.} € L2(Q) and H*(; U Q)¢ C L2(Q)4, are compact, we derive that Ty is
compact too.

The operator T' can be written in terms of the operators T'1 and T's given above as follows:

-T, -T,
T = .

Moreover, by defining as in [55] the operators

I o0 1, —1/?
S = 1/2 and H = Cll;é T ,
0 T) T} 0
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we have that ST = HS. We note that the eigenvalues of T' and H and their algebraic multi-
plicities coincide. Moreover the corresponding Jordan chains have the same length. In fact, let
{zr}}._, be a Jordan chain associated with the eigenvalue p of T'. Then, using the identities
above, we observe that

HSx, = STx,, = S(pxy + xp—1) = pSxp + Sxp—1, k=1,...,r

This shows that {Sxy}}_, is a Jordan chain of H of the same length. Actually, the whole spectra
of T and H coincide as is shown in the following result, which has been proved in Lemma 3.2
of [13].

Lemma 3.3.2 There holds
sp(T') = sp(H).
Moreover, Sp,(T') = Sp.(H), too.

The operator H can be written as the sum of a self-adjoint operator B and a compact
operator C'

1/2

-T -T

H=B+C with B:= 10 o= ?/2 2.
0 0 T, 0

Then, applying the classical Weyl’s Theorem (see [83]), we have that Sp.(H) = Sp.(B) and
the rest of the spectrum Spy(H) := sp(H)\ Sp.(H) consists of isolated eigenvalues with finite
algebraic multiplicity. Moreover, Sp.(B) = Sp.(—T"1) U {0}.

Our next goal is to show that the essential spectrum of T'; must lie in a small region of the
complex plane. Actually, we will localize the whole spectrum of T'y. With this aim, we analyze
separately for which values p € C, the operator (uI — T') is not necessarily one-to-one and for
which values it is not necessarily onto.

o If (uI — T) is not one-to-one, then there exists f € G, f # 0, such that T1f = uf,
namely,

u/pczdivfdivv:2/Vdivfdivv Yv € G.
Q Q

Then, testing with v = f and using that in each subdomain the coefficients p and ¢ are
positive, we deduce that

2 [yvdiv £
B fQ pc? |div f\Q
(we recall that for 0 # f € G, [, |div f|* > 0 because of Lemma 3.2.2). Hence,

2ming{r} 2maxq{vr}
maxqo{pc?}’ ming{pc?} |’

w e
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e On the other hand, (uI — T) is onto if and only if for any g € G there exists f € G such
that T1f = pf — g, which from (3.3.1) reads

/ pc? divgdivo = /(—21/—1—,up02)divfdivv Yv € g.
Q Q
By writing p = o + i with «, 8 € R, the equation above reads:
/(—21/ + apc® + pc?Bi) div f dive = / pdivgdive Vv eg.
Q Q

We observe that for all 8 # 0 the problem above has a solution and hence the operator
(uI — T) is onto. On the other hand, if § = 0, then p has to be real. In such a case, the
operator T will still be onto when (—2v + ppc?) has the same sign in the whole domain
Q). This happens at least in two cases:

2maxqo{r}
ming{pc?}’

9 mi
%{VQ}, in which case —2v + ppc? < 0.
maxqo{pc?}

(i) when p > in which case —2v + upc? > 0,

(ii) when p <

maxn{pc?}’ ming{pc?}

Therefore, if (uI —T'1) is not onto, then p € [Qmin“{”} Qmaxsz{’/}}, too.

Now we are in position to write the following spectral characterization of the solution operator
T.

Theorem 3.3.1 The spectrum of T' consists of

Spe(T') = sp(=T1) U{0}

with
2ming{r} 2maxo{r}

T:)C
(1) maxq{pc?}’ ming{pc?}

and Spyq(T) := sp(T') \ Spo(T"), which is a set of isolated eigenvalues of finite algebraic multi-
plicity.

Proof. As a consequence of the classical Weyl’s Theorem (see [83]) and Lemma 5.3.2,
Spe(T) = Spe(H) = Spe(B) = Spe(_Tl) U {0}7

whereas the inclusion follows from the above analysis. O

In what follows, we will show that for v small enough some of the eigenvalues of T are
well separated from its essential spectrum. With this end, given f € G, by testing (3.3.1) with
v = u; € G and using the the definition of a(-,-), we have that

min{pc’}|ur Gy 0 < alur,ur) < 2|v]loalldiv £llo.ollulav.o-
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Therefore ||T'1|zgxg) — 0 as [[v[|co,0 goes to zero. Consequently, H converges in norm to

o[ 0 -1,
* AT o

as ||V|loo,0 goes to zero. Thus, from the classical spectral approximation theory (see [53]), the

the operator

isolated eigenvalues of H converge to those of Hy.

Since the isolated eigenvalues of H and T coincide (cf. Lemma 5.3.2), in order to localize
those of T', we begin by characterizing those of H. Let y be an isolated eigenvalue of Hy and
(u,u) € G x G the corresponding eigenfunction. It is easy to check that

H, (g) =p (g) — Tou=—p*u and Té/Zu = pu. (3.3.3)

Since T'5 is compact, self-adjoint, and positive, its spectrum consists of a sequence of positive
eigenvalues that converge to zero and 0 itself. Notice that the spectrum of T’y is related with
the solution of the eigenvalue problem (3.2.12). In fact, this problem has 0 as an eigenvalue

with corresponding eigenspace K. The rest of the eigenvalues w?

are strictly positive and the
corresponding eigenfunctions w € K1V =: G, so that they are also solutions of the following

problem: Find w > 0 and v € G such that
a(u,v):wQ/pu-v Vv e G.
Q

Clearly (w?,u) is an eigenpair of the above problem with w > 0 if and only if Tou = ﬁu
Thus, by virtue of (3.3.3), we have that the eigenvalues of H( are given by +i/w and hence they
are purely imaginary.

Now we are in a position to establish the following result.

Theorem 3.3.2 For each isolated eigenvalue +i/w of Hy of algebraic multiplicity m, let r >
0 be such that the disc D, := {z € C : |z Fi/w| < r} intersects sp(Hy) only in +i/w.
Then, there exists 6 > 0 such that if ||| < O, there exist m eigenvalues of T', p1, ..., fim,
(repeated according to their respective algebraic multiplicities) lying in the disc D,. Moreover,
[i1s - = £ oas |[V]oon goes to zero.

As claimed above, the eigenvalues of T that are relevant in the applications, are those which
are close to £i/w for the smallest positive vibration frequencies w of (3.2.12). According to the
above theorem, these eigenvalues are well separated from the real axis and, hence, from the
essential spectrum of T' (cf. Theorem 3.3.1).

3.4 Spectral Approximation

In this section, we propose and analyze a finite element method to approximate the solutions
of Problem 3.2.1. With this end, we introduce appropriate discrete spaces. Let {7;,(2)}xr~0 be



3.4 Spectral Approximation 55

a family of regular partitions of Q such that 75,(;) := {T € T : T C €;} are partitions of ;,
i = 1,2. We introduce the lowest-order Raviart-Thomas finite element space:

Vi={veV:vrx)=a+bx, acR? beR, zcT}
The discretization of Problem 3.2.1 reads as follows:

Problem 3.4.1 Find A\j, € C and 0 # uy, € V}, such that

)\,QL/ puyp - vy + 2)\h/ v divuy, div oy, +/ pc? divuy, divoy, =0 Yovy, € Vp,.
Q Q Q

We proceed as we did in the continuous case and introduce a new discrete variable uy, := A\ uy,
to rewrite the problem above in the following equivalent form:

Problem 3.4.2 Find A\, € C and 0 # (up, up) € Vi, X Vi, such that
/ pc? divuy, divoy, = M\, <—2/ vdivuy divo, — / pup, -'vh> Yop € Vy,
Q Q Q
/p’l/zh-ij\h:)\h/p’uh-ij\h Vij\hEVh.
Q Q

We observe that A\;, = 0 is an eigenvalue of this problem and its associated eigenspace is lEh =
Kp, x {0} with Ky := K NV}, being the eigenspace of Aj, = 0 in Problem 3.4.1. At the beginning
of Section 5.5, we will show that Problem 3.4.2 is well posed, in the sense that it is equivalent
to a generalized matrix eigenvalue problem with a symmetric positive definite right-hand side
matrix.

We introduce the well known Raviart-Thomas interpolation operator, IIj, : VNH" (;U€2)¢ —
Vi, r € (0,1] (see [72]), for which there hold the approximation result

[v = yolloo < CR™([[v]lrar + lv]lr0, + [[diveloq) (3.4.1)
and the commuting diagram property
diV(Hh’U) = ]P’h(div U), (3.4.2)

where

Pp, : L2(Q) = Uy, == {vp, € L2(Q) : vplr € Po(T) VT € Tp}

is the standard L2-orthogonal projector. Then, for any r € (0, 1] we have that

lg = Pralloe < Chlqllre Vg€ H'(Q). (3.4.3)

Let Gy, be the orthogonal complement of K, in Vy,, and g~h =G x G, C V =V x H endowed
with the corresponding product norm. Note that Gy SZ G and hence éh SZ 5 .

The following result provides estimates for the terms in the Helmholtz decomposition of
functions in Gj. Let us recall that, here and thereafter, s > 0 denotes the optimal regularity
exponent such that Lemma 3.2.2 holds true.
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Lemma 3.4.1 For any vy, € Gy, there exists ¢ € HY(Q) and x € K such that
1
h=—VE{+X
p

with %Vé € H*(Q1 U Q2)¢, and the following estimates holds

1
5
p

1
+ 5w
p

<Cldivoploe  and  |Ixllogo < Ch*| divoglloq.

s, 5,80

Proof. The proof follows by repeating the arguments of the proof of Lemma 4.1 from [13], taking
care of the presence of the discontinuous coefficient p. O

Remark 3.4.1 We notice that Lemma 3.4.1 provides (1.1) with Pvy = %V{. It is worthwhile
to mention that, with the reqularity results for & at hand (see Lemma 3.2.2), Lemma 3.4.1 may
also be deduced by considering in Lemma 5.10 of [6] the case of differential 2-forms.

The following result is a direct consequence of Lemma 3.4.1.

Lemma 3.4.2 The sesquilinear form a: Qh X G — C is Gy-elliptic, with ellipticity constant
not depending on h. Consequently, a : gh X gh — C is gh elliptic uniformly in h.

Now, we are in position to introduce the discrete version of the operator T'. Let T, : V — V
be defined by Th(f,g) := (un, up) with (up,up) € G, being the solution of

a((un, @), (vr, Br)) = 0((£,9), (V4. B))  V(vh,0p) € G

It is easy to check that (up,upn) = Th(f,g) if and only if
iy, = Pg, f, (3.4.4)

where Pg, is the H-orthogonal projection onto G, and uy, € Gy, solves

/ pc? div uy, div oy, = —2/ vdiv fdivoy, — / g - U, Yoy, € Gp,. (3.4.5)
Q Q Q

Since T(V) C Gy, there holds sp(T}) = sp(Thlg, ) U {0} (cf. [12, Lemma 4.1]). Thus, we
will restrict our attention to T'p|g .

As claimed above, at the beginning of Section 5.5, Problem 3.4.2 will be shown to be equiv-
alent to a well posed generalized matrix eigenvalue problem. This problem has A, = 0 as an
eigenvalue with corresponding eigenspace iéh. The rest of the eigenvalues are related with the
spectrum of T'p| A according to the following lemma.

Lemma 3.4.3 There holds that (up, (up,wy)) is an eigenpair of Th\gh with pp, # 0 if and only
if (An, (up,up)) is a solution of Problem 8.4.2 with A\, = 1/ up,.
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Proof. The proof follows essentially as that of Lemma 3.2.5, by using the fact that V, x V), =
G ® (K x Kp). O

Our next goal is to show that any isolated eigenvalue of T' with algebraic multiplicity m is
approximated by exactly m eigenvalues of T, (repeated according to their respective algebraic
multiplicities) and that spurious eigenvalues do not arise. With this end, we will adapt to our
problem the theory from [13], which in turn use arguments introduced in [36, 37] to deal with
non compact operators. From now on, let u € Spq(T'), u # 0, be a fixed isolated eigenvalue of
finite algebraic multiplicity m. Let £ be the invariant subspace of T' corresponding to u. Our
analysis will be based on proving the following two properties:

(T —Th)(fn, 90l

Pl1. ||T —T4| = sup —0 as h — 0;
0£(f,.91,)€Gn ||(fhvgh)||§
P2. V(v,v) €&, inf _ ||(v,V)— (vp,Un)|ly — 0 as h—0.
(vr,Dr)EGR

Let (fy,95) € Gy, and (u,u) := T(f},,95). From (3.2.17), we can write u = uj + u2 with
uy, ue € G satisfying

u €G: / pc? divauy diveo = —2/ vdiv f,dive Vv € g, (3.4.6)
Q Q
and
uz €G: / pc? divuy dive = —/ gy, - v Yo € G. (3.4.7)
Q Q
The following result states some properties of the solutions of the problems above.

Lemma 3.4.4 For (f,,,9,) € Gn. let (w,@) := T(f,.g,) and consider the decomposition
u = w1 + uy as above. Hence, ui,us € H* (2 U Qg)d, divau; € Uy, divuy € HT$(Q1 UQy), and
the following estimates hold true

[ui s + luills,0. < Cllfpllaiv.o; (3.4.8)

uzlls,o, + lluzlls, + | divus|li1s, + | divus|i1s, < Cllgyllaiv.o- (3.4.9)

Proof. Since u; € G, due to Lemma 3.2.2 we have that w; € H*(Q; U Q)¢ and |Juy ls, 00 +
luills,0, < C| div f]l0,0. Moreover, note that (3.4.6) also holds for v € K and hence for all
v € V. Then, we write

/(p02 divuy + 2vdiv f},) divo =0 Vv e V.
Q

Thus, taking test functions in D(Q)¢ C V we have V(pc?divu; + 2vdiv f,,) = 0. Since p, c, v
and div f;, are piecewise constant, we have that divw; is piecewise constant as well; namely,
divu, € Uy,

On the other hand, since us € G, by applying Lemma 3.2.2 again we have that us €
H*(Q1 UQ2)¢ and |Juzs.0, + ||uzlls0, < Cllgnlloq- To prove additional regularity for div us, we

use Lemma 3.4.1 to write g;, = %Vf + x with x € K, %Vf € H*(2 U Q) and H%ans,ﬂl +
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||%V§||S7Q2 < C|| div gy, ||o,0- Moreover, since p is constant in each subdomain €;, also V¢|q, €
H*(2;)?%, i = 1,2. Then, from (3.4.7) we have that

/pCQdivuzdivvz—/vg-v Yo €G.
Q Q

Since the above equation trivially holds for v € K too, it holds for all v € V. Then, by testing it
with v € D(Q)? we have that V(pc? divug) = —VE € Q. Therefore, by restricting to Q;, i = 1,2,
we have that V(pc? divusla,) = —VE&|g, € H¥(Q;)?. Since p and ¢ are piecewise constant, we
conclude that divus|q, € HIT$(Q UQy), and

[ div /iy + [ divusllipse, < C[VEloo < Ol divgylloo-

Hence, we conclude the proof. O
We consider a similar decomposition in the discrete case. For (f},,g5) € Gn, let (up,up) :=
Tn(f1,g,) We write up, = uqp, + ugp with wip and wuegy, satisfying

w1y € Gy : / pc? divuy, divo, = —2/ vdiv f,; divoy, Yovy, € Gy, (3.4.10)
Q Q

and
U9y, € Gy, : / p02 div ugy, divoy, = —/ PGy - Up, Yoy, € Gy, (3.4.11)
Q Q

These are the finite element discretization of problems (3.4.6) and (3.4.7), respectively, and
the following error estimates hold true.

Lemma 3.4.5 Let (f),,95) € Gu. Let w1, us be the solutions of problems (3.4.6) and (3.4.7),
respectively, and uqp, wap those of problems (3.4.10) and (3.4.11), respectively. Then, the follow-
ing estimates hold true:

wr —winllaiv.o < CR?| Fhllv, (3.4.12)

[z = uanllaiv.o < Ch7[lgp ]l (3.4.13)

Proof. Since G, € G, we will resort to the second Strang Lemma, which for problems (3.4.6) and
(3.4.10) reads as follows:

. a(u] — wyp, v
lur — wip||dgivo < C vlrelfg |lur — vpllaiv.o +  sup (w1 — wip, o) (3.4.14)
h h

ozvneg,  lvnllaiv.e

Because of Lemma, 3.4.4, I1;u is well defined. Since II,uq € Vy, = G, @K}, there exists uyy, € Gj,
and @y, € Kj, such that IT,u; = @y, + @y, Then, since u; — wyy, is orthogonal to 4y, we observe
that

ur — @nlly) < Jlus — dip |5 + [l
= (@15 — u1) + @3 = [lur — Mpur |f3)
< C ([lur — Mpun [[§ o + | div g — div(ITyu)|[5 o) -
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The first term on the right hand side above is bounded as follows:
lur = Mpur oo < CR*(urllso, + luillse, + [ divurfoq) < Ch%[|f4llv,

where we have used (3.4.1), (3.4.8), and the fact that || divu; oo < C| div f}]/0,0, which in turn
follows from (3.4.6) by taking v = f},. On the other hand, the second term vanishes because of
(3.4.2) since divu; € U, (cf. Lemma 3.4.4). Hence, |[u1 — w1plaivo < Ch®||f|lv, which allows
us to control the approximation term in (3.4.14).

For the consistency term, it is enough to recall that (3.4.6) holds for all v € V. Then, by
using (3.4.10), it is easy to check that a(u; — uyp,vy) = 0 for all v, € G C V. From this, the
Strang estimate for ||uq — w1 giv,0 reads as follows:

lur — wipllaive < C inf lur —wvpllaive < CR°|Fllv-
vrLEG)

Thus (3.4.12) holds true.
To prove (3.4.13), we resort again to the second Strang Lemma:

. a(ug — uop, vy,
lua — uoplldgivo < C | inf ||ug —vpllgivo + sup ( 21, Vh)

(3.4.15)
vREGR 04£v,E€G) ”Uthiv,Q

Since up € H*(3 U Q)¢ (cf. Lemma 3.4.4), we have that IT,us is well defined. We proceed
as above and write IIjus = ugy, + Uy, with ug, € G, and @y, € Kj, to obtain

lua — wapl|dgiv.o < C[|lue — Hpusljon + || divus — div(ITpus)||oo] - (3.4.16)
For the first term on the right hand side above, (3.4.1) and Lemma 3.4.4 yield

[uz — Ipuzlloe < Ch*(uzllso, + lluzlls, + [ divuslogn) < Ch°|lgplln-
For the second term, we have from (5.4.25) and from Lemma 3.4.4 again

H div uo — div HhU2Hg,9 = H div Uus — ]P’h(div UQ)H(QLQ,
< Ch(|[ divug|1,0, + [ divug|1.0,) < Chligyl3.

Hence, [[ua — wop||div.a < Ch®||gp|ln, which allows us to bound the approximation term in
(3.4.15).

For the consistency term, given vy, € G, we apply Lemma 3.4.1 to write vy, = %Vf + x with
%Vf € HS(Q1 UQ2)?, x € K, and [|x|lo.o < Ch®||divvyo0. Then, from (3.4.7) we have

1_- _
a(ug,vy) = / pc? div uy div o), = / pc? div ug div (V{) = / g, - VE.
Q Q P Q
On the other hand, from (3.4.11),

a(Uzh,vh)=/chdivuzhdivvhz/pgh-vhz/gh'V@r/pgh'x-
Q Q Q Q
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Therefore,
a(ug — ugp, vp) = _/ngh X < Ch||gpllollvnllaiv,e
and, hence, ( )
a(ug — ugp, v
041,00, ”2”h||di2v}tf’? = < Ollgnlos,

which allows us to complete the proof. O
Now, we are in a position to establish the following result.

Lemma 3.4.6 Property P1 holds true. Moreover,
T — Thl|n < Ch.

Proof. For (£,,9,) € Gn, let (w, @) :=T(f),,g;,) and (up, @p) := Tr(f}, ;). From (3.2.16) and
(3.4.4) we have that u—uy, = f;, —Pg, f;, = 0. Hence, by writing u = u; +ug and uy, = uip+ugy,
as in Lemma 3.4.5, we have from this lemma

lur — winlldgiv.o + ||ue — waplldiv.o

|T —Th|n < sup

< Ch®.
0#(g.£1)EGn H(-fh7gh)||f;

Thus, we conclude the proof. 0
Our next goal is to prove property P2. With this aim, first we will prove the following
additional regularity result,.

Lemma 3.4.7 Let (u,u) € €. Then, u,u € G C H¥(Q U )¢, divu,diva € HF(Q; UQy),
and

lullsor + lullse, + T diveliso, + [ diveliso, <Cl[(w,w)ll;, (3.4.17)

[ells.0 + [wlls, + [ divalipso, + [ diva|iiso, <C|(u,u); (3.4.18)
Proof. We prove the above inequalities for all the generalized eigenfunctions of T'. Let { (uy, ug) Yr_;
be a Jordan chain of the operator T associated with p. Then, T'(ug, uy) = p(wg, )+ (ug—1, Ug—1),
k=1,...,p, with (ug,up) = 0. We will use an induction argument on k. Assume that w1

and uy_1 belong to G and satisfy (3.4.17) and (3.4.18), respectively (which obviously hold for
k = 1). First note that, because of the boundedness of T', we have

a1, B 1) < Ol ) (3.4.19)
On the other hand, by using (3.2.16) and (3.2.17) we have that
uﬁk +Up_1 =ug in Q (3.4.20)

and that pup + up_1 € G satisfies

/ pc? div(pay, + ug_q) diveo = —2/
Q

ydivukdivv—/pﬁk'v Yo e gG.
Q

Q
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Hence, ug, u; € G.
We observe that the equation above also holds for any v € K. Then,

/ pc? div(pug + ug—q) divo = —2/
Q Q

l/divukdivv—/pﬁk'v Yo € V.
Q
Thus, considering test functions in D(2)? C V we obtain
V((upc® + 2v) divuy,) = puy, — V(pc? divug_1). (3.4.21)

Let us assume that ppc? + 2v # 0 in both € and Qy (we discuss the other case at the end of
the proof). Hence, since p, ¢, and v are constant in each Q;, p;tiy — V(p;c? divug_1) € L2(Q;)4,
div ug|q, € HY(Q;), and

[ divaug1,0, < C (Ildivug_i|lio, + [(ur, ar)lly),  i=1,2.

Now, since uy, € G, due to Lemma 3.2.2 we have that wj, € H¥(Q; U2)%. Then, from (3.2.13)
and the previous estimate we have

k]l + llwklls., < C (Il divas—llio, + | dives—llie, + [[(w, )llp) (3.4.22)

On the other hand, from (3.4.20) we obtain

~ 1~ ,
HukH&Qi < ; (Hukles,Qi + HukHSan) ) i=1,2, (3'4'23)
and, from (3.4.21),
Jdivaglon, < Cllarllg, + I divayilipen)s =1, (3.4.24)
Finally, from (3.4.20) again,
o~ L. .. o~ .
v, < (vl eng, + v i), =12 (3.4.25)

Hence, from inequalities (3.4.22)—(3.4.25), the inductive assumption, and (3.4.19), we derive
(3.4.17) and (3.4.18) provided ppc? + 2v # 0 in both €; and Q.

In case that ppc? + 2v vanishes in €;, i = 1 or 2, arguing as in Remark 3.2.3 we obtain that
u1|o, = U1|o, = 0 and, once again, an induction argument allow us to conclude that uy, Uy =0
in Q;, k=1,...,p. The proof is complete. O

Now, we are in position to establish property P2.

Lemma 3.4.8 Property P2 holds true. Moreover, for any (u,u) € &, there exists up, ﬁh €Gn
such that
lw = pllaiv.o + @ — Unllave < CP°|[(u, w)ll;.
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Proof. Let (u,u) € &£. According to Lemma 3.4.7, we have that w,u € H*(Q; U Q)¢ and
divu,diva € HT$(Qq U Q). Let Hyu € Vy, be the Raviart-Thomas interpolant of u. Since
Vy, = Gp @ Ky, we decompose ITu = uy + uy, with uy € G, and @y, € Kp. The same arguments
from the proof of Lemma 3.4.5 that lead to (3.4.13) apply in this case and combined with
Lemma 3.4.7 allow us to prove that [|u — uthlv o < Oh*||(w,u)|. A similar procedure can be
used to define 4y, and to prove that lu — Uh||d1v o < Ch¥||(u,u)

-0
We also have the following auxiliary result when the source terms are in &.

Lemma 3.4.9 For (f,g) € &, let (u,u) :=T(f,g) and (un,up) = Tr(f,g). Then,

lw — unllaive + | = wnlloo < CR*[(F; 9)ll5-

Proof. Since G;, € G, we resort once more to the second Strang Lemma, which applied now to
(3.2.17) and (3.4.5) leads to

. alu — Up, Uy
[ unflawer < C | inf flu—vllawg + sup 2L 00)
v,EG, 0£vneG,  ||Vnllaiv,0

From Lemma 3.4.8 we know that there exists u;, € Gy, such that
Ju — apllaiv.o < CR*||(uw,u)|l5 < CRP|I(f, 9)l5-

Moreover, the consistency term above vanishes. In fact, consider v, € G, and the decomposition
vy = %Vf + x as in Lemma 3.4.1. Using the same arguments as in the proof of Lemma 3.4.5,
we prove that

a(’u—’uh,’vh)Z/ﬂg'XZQ
Q

where the last equality holds because g € G and x € K.

On the other hand, we know from (3.2.16) and (3.4.4) that u = f and u;, = Pg, f, re-
spectively. Then, since Pg, is the H-orthogonal projection onto Gy, we have that ||[u — up ||y <
llu — ’l:lh”% with 'ﬁh € Gp, as in Lemma 3.4.8. Hence, we obtain

[u —unllo.q < CR*|[(u, u)|l5 < CR2|I(f, 9)l-

The proof is complete. O

The above lemmas are the ingredients to prove spectral convergence and to obtain error
estimates. Our first result is the following theorem which has been proved in [36] as a consequence
of property P1 (cf. Lemma 5.4.8) and which shows that the proposed method is free of spurious
modes.

Theorem 3.4.1 Let K C C be a compact set such that KNsp(T') = 0. Then, there exists hg > 0
such that, for all h < hg, K Nsp(T}) = 0.

Let D C C be a closed disk centered at y, such that D Nsp(T') = {u}. Let puip, - flann)n
be the eigenvalues of T'y, contained in D (repeated according to their algebraic multiplicities).
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Under assumptions P1 and P2, it is proved in [36] that m(h) = m for h small enough and that
limp, o ppen, = p for k=1,...,m.

On the other hand the arguments used in Section 5 of [13] can be readily adapted to our
problem, to obtain error estimates. We recall the definition of the gap between two closed
subspaces W and ) of V:

~

IW,Y) :=max{o(W,)),5(Y, W)},

with
6(W,Y):=  sup _inf (&, ¢) — (&, ¥)ll55| -
(pp)ew | (o))
l(@)ll5=L1
Let &, be the invariant subspace of T'j, relative to the eigenvalues p1p, . - . , hmp converging to

p. From Lemmas 5.4.8-3.4.9, we derive the following results for which we do not include proofs
to avoid repeating step by step those of [13, Section 5].

Theorem 3.4.2 There exist constants hg > 0 and C > 0 such that, for all h < hg,

~

0 (En, &) < Ch°.

Theorem 3.4.3 There exist constants hg > 0 and C' > 0 such that, for all h < hg,

1 m
. < 2s
% mZMkh < Ch™,
k=1
m
l_izi < on,
Heome— Bkh

max ]u - ukh\ < Ch2s/p,
k=1,....m

where p is the ascent of the eigenvalue p of T.

3.5 Numerical Results

We implemented the proposed method in a MATLAB code. We report in this section the results
of some numerical tests, in order to assess its performance. With this end, first we introduce a
convenient matrix form of the discrete problem which allows us to use standard eigensolvers. As
a by-product, this matrix form also allows us to prove that Problems 3.4.1 and 3.4.2 are well
posed.

Let {¢; j-Vzl be a nodal basis of V. We define the matrices K := (KQ)), Ky := (K(z)) and
M := (My;) as follows:

KS) ::2/l/div¢idiv¢j, ngz) ::/pc2div¢idiv¢j, and Mj; ::/qui-qu.
Q Q Q
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The matrix form of Problem 3.4.1 reads
(MM + MK + Koy, = 0, (3.5.1)

where we denote by iy, the vector of components of uy, in the nodal basis of Vj,.
Analogously, the matrix form of Problem 3.4.2 reads

Ky 0 (d@n)_, (-Ki -M) (a
o M/\a,] "\ mMm o )\a,/

with 'ﬁh being the vector of components of uj,. However, this problems is not suitable to be solved
with standard eigensolvers, since neither the right-hand side nor the left-hand side matrix are
Hermitian and positive definite.

Alternatively, for \;, # 0, let py := i Then, problem (3.5.1) is equivalent to

(M + 2, K1 + p Ko) iy, = 0.
Introducing @y, := upiy, the problem above is equivalent to
M O Uy, . -K; K h
o M)\w,) "™\ M o )
which in turn is equivalent to
-K; —Ks up | \ M 0 Uup
M 0o )\w,) "\o M)\a@,/

Thus, the last problem is equivalent to Problem 3.4.1 except for A, = 0 and the matrix in its

g &

right-hand side is Hermitian and positive definite. Hence, it is well posed and can be safely
solved by standard eigensolvers.

Test 1. We applied it to a 2D rectangular rigid cavity filled with two fluids with different
physical parameters as shown in Figure 3.2. The domain occupied by the fluids are 2; :=
(0,A) x (0,H) and Qs := (0, A) x (H, B). For such a simple geometry, it is possible to calculate
an analytical solution which will be used to validate our method.
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A

Figure 3.2: Test 1. Two fluids in a rectangular rigid cavity.

Let uw € Hp(div,Q) be a solution of Problem 3.2.1. Testing it with v € D(Q)? we have

V(A + pc)divu) = —A2pu € L2(Q)% Then, p := —(2vA + pc?)divu € HY(). Hence,
1 0p; 1 0p:

Pilr = p2|r. Moreover, u = ———Vp, which implies that —% = —% on I'. Then, we write
A2 P1 ov P2 ov

problem (3.2.2)—(3.2.9), in terms of p; as follows:

>\2Pz‘
Ap; = 5 inQy, i=1,2,
Di ,Och T 2Vi>\pz i
a/\.
8::0 onTy i=1,2,
(A
1 =D onT,

1 0p1 1 0p
——=——= onT.

p1On  py On
We proceed by separation of variables. Assuming that p;(z,y) = X;(x)Yi(y), we are left with

the following problem:

Xi@) VW) Ve
Xz(a:) + Yz(y) i+ SN Q;, (3.5.2)
X;(0) = X;(A) =0, i=1,2, (3.5.3)

Y{(0) = Y4(B) = 0, (3.5.4)

in(x)Yl’(H) . %Xg(:c)Yg’(H), 0<a<A, (3.5.5)

Xl(fL’)Yl(H) = XQ(.T)YQ(H), 0<z <A (356)

From (3.5.2) we have that X;(x)"/X;(z) and Y;(y)”/Yi(y) are constant. Moreover, from (3.5.5)
and (3.5.6), it is easy to check that Y;(H) and Y (H) cannot vanish simultaneously and X (z) =
Xa(z) (actually, it is derived that X;(x) = CXa(x), but the constant C' can be chosen equal to
one without loss of generality).
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From the fact that X;(x)”/X;(x) is constant and (3.5.3), we have that

m”), m=0,1,2,....

X1(z) = Xo(z) = cos (T
On the other hand, from the fact that Y;(y)”/Y;(y) is also constant and (3.5.4) we derive
Yi(y) = Creosh(rD(N)y)  and  Ya(y) = Cyeosh(r@ (\)(y — B)), (3.5.7)

where C'7 and Cy are constants and

, \2)p; 2.2
rﬁ,i)::\/ P T m=0,1,2,..., =12

pic? + 2u;\ A2

Since Y;(H) and Y/(H) cannot vanish simultaneously, (3.5.5) and (3.5.6) lead to

1 1
;Yf(H) = ;YQ/(H) and Yi(H) =Y (H),
1 2

respectively. Thus, substituting (3.5.7) into these equation yields the following linear system for
the coefficients C7 and Cs:

C1 cosh(rwp()\)H) = (s COSh(Tnz)()\)(H - B)),

CrB Cor@ ()
G N GO = 2N G @0y — BY).
P1 P2
For this system to have non trivial solutions, its determinant must vanish, which yields the
following non linear equation in A for m = 0,1,2,... whose roots are the eigenvalues of Prob-
lem 3.2.1:
7’7(7}0)()\) 1 2
Fmn(A) == sinh(r{D (X H) cosh(r® (\)(H — B))
P1
TT(EL)(A

) sinh(r2)(A\)(H — B)) cosh(r{V (AN H) = 0.

P2

We have computed some roots of the above equation and used these roots as exact eigen-
values to compare those obtained with the method proposed in this paper. For the geometrical
parameters, we have taken A =1m, B=2m and H = 1.25m.

We have used physical parameters of water and air for the density and acoustic speed of
the fluids in Q; and Qg, respectively: ¢; = 1430 m/s, p; = 1000 kg/m®, ¢; = 340 m/s and
pa =1 kg/m3. We have used uniform meshes as those shown in Figure 4.1. The refinement
parameter N refers to the number of elements per width of the rectangle.
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Figure 3.3: Test 1. Meshes for N =4 (left) and N = 8 (right).

In presence of dissipation (v # 0), the eigenvalues A are complex numbers A = 7 + iw, with
n < 0 being the decay rate and w the vibration frequency. In absence of dissipation (v = 0), the
eigenvalues \ are purely imaginary (7 = 0). The same holds for the computed eigenvalues Ap.

In our first test, we neglected the viscosity damping effects by taking 11 = v = 0. In this
case, the eigenvalues \ are actually purely imaginary Accurate values of the zeros of f,,(\) have
been obtained with the MATLAB command fminsearch applied to |fm(A)].

Table 3.1 shows the four smallest eigenvalues computed with the proposed method on suc-
cessively refined meshes. Accurate values obtained with the MATLAB command fminsearch
applied to | f,, ()] are also reported on the last line of the table as exact eigenvalues.

m 1 0 1 0
N =8 | 1066.07¢ | 1418.427 | 1784.37% | 1796.61¢
N =16 | 1067.78% | 1422.52¢ | 1781.49% | 1797.09¢
N =32 | 1068.21% | 1423.54¢ | 1780.73% | 1797.21¢
N =64 | 1068.33% | 1423.797 | 1780.55% | 1797.23¢
Order 2.00 2.00 1.99 2.00
Exact 1068.36% | 1423.87¢ | 1780.491% | 1797.24¢

Table 3.1: Test 1. Computed and exact eigenvalues for dissipative fluids in a rigid cavity.

As predicted by the theory, these eigenvalues are purely imaginary. The high accuracy of
the computed eigenvalues can be observed from Table 3.1 even for the coarsest mesh. We have
used a least squares fitting to estimate the convergence rate for each eigenvalue, which are also
reported in Table 3.1. A clear order O(h?) can be seen in all cases.

Secondly, test we have used the same physical parameters as above for both fluids, but
considering now non vanishing viscosities. In order to make the dissipation effects more visible,
we have used unrealistically large viscosity values: v; = 9N/ms? and vy = 1N/ms?. We have
repeated the scheme used above. We report in Table 5.2 the computed and ‘exact’ eigenvalues
and the estimated convergence rates, which are in accordance with the theory once again. Notice
that now all A have negative real parts (decay rate) as predicted by the theory.
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m 1 0 1 0
N =8 | —9.83127 +1066.03¢ | —17.38526 + 1418.31¢ | —27.54238 + 1784.16% | —0.04746 + 1796.61 ¢
N =16 | —9.86298 + 1067.747 | —17.48513 4 1422.414 | —27.45337 4+ 1781.27¢ | —0.04875 4 1797.08+¢
N =32 | —9.87090 + 1068.17% | —17.50995 + 1423.434 | —27.43029 + 1780.537 | —0.04908 4 1797.204¢
N =64 | —9.87288 4+ 1068.38% | —17.51614 + 1423.784 | —27.42447 +1780.347 | —0.04916 4 1797.23 ¢
Order 2.00 2.00 1.99 2.00
Exact | —9.87354 +1068.327 | —17.51817 4 1423.76¢ | —27.42236 + 1780.277 | —0.04919 + 1797.241

Table 3.2: Test 1. Computed and exact eigenvalues for dissipative fluids in a rigid cavity.

It can be seen from Table 5.2 that even in the coarsest mesh the vibration frequencies are
computed with at least three correct significant digits. In turn, the decay rates are computed
with at least two correct significant digits, in spite of the fact that they are much smaller than
the vibration frequencies. Moreover, a least square fitting of the computed decay rates shows
that they also converge quadratically. As a consequence, the decay rates computed with the
finest mesh attain three or four significant correct digits.

Finally, Figure 5.5 show the real and imaginary parts of the computed pressure as defined
in (3.2.1) for the smallest eigenvalue.

Figure 3.4: Test 1. Real (left) and imaginary (right) parts of the computed pressure for the first
eigenvalue.

Test 2. As a second test, we have applied our code to solve a problem with a curved interface.
In spite of the fact that such a problem does not lie in our theoretical framework, we will report
experimental results which will allow us to asses the performance of the method in this case.
The whole domain € is the same as in the previous experiment, but with a curved interface I'.
We report in Table 4.3 the computed eigenvalues. In this case, there is no analytical solution
available. Therefore, we have obtained more accurate approximations of the exact eigenvalues
by means of a least square fitting. These more accurate values are reported on the last line of
Table 4.3 as ‘Exact’ We also report in this table the estimated order of convergence, which once

more is clearly quadratic.
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wh, wh wh wh Wh
N =28 —10.40320 + 1096.607 | —10.45430 + 1099.28 ¢ | —10.46725 + 1099.964 | —10.47051 + 1100.13 72
N =16 | —13.49718 + 1249.28 ¢ | —13.42914 + 1246.13¢ | —13.41172 + 1245.32¢ | —13.40737 + 1245.12+¢
N =32 | —26.06756 + 1735.744 | —25.88822 + 1729.767 | —25.84076 + 1728.18% | —25.82875 + 1727.781%
N =64 —0.05457 + 1969.38 ¢ —0.05782 4 1974.72 4 —0.05890 + 1976.45 1% —0.05918 + 1976.93 ¢
Order 1.98 1.97 1.93 1.67
‘Exact’ | —10.47163 + 1100.197 | —13.40581 + 1245.044 | —25.82423 + 1727.63 1% —0.05934 4 1977.194

Table 3.3: Test 2. Computed and ‘Exact’ eigenvalues for dissipative fluids

a curved interface.

in a rigid cavity with

Finally, Figure 5.6 show the real and imaginary parts of the computed pressure as defined

in (3.2.1) for the smallest eigenvalue.The curved interface can be clearly appreciated in the

imaginary part of the pressure.

Figure 3.5: Test 2. Real (left) and imaginary (right) parts of the pressure for the first eigenvalue.



Chapter 4

Mixed discontinuous Galerkin
approximation of the elasticity
eigenproblem

4.1 Introduction

In this paper, we present a discontinuous Galerkin (DG) approximation of the linearized vibra-
tions of an elastic structure. We are interested in the dual-mixed formulation of this problem
because it delivers a direct finite element approximation of the Cauchy stress tensor (which
is variable of interest in many applications). Moreover, the mixed formulation permits to deal
safely with nearly incompressible materials.

Recently, a mixed finite element approximation of the eigenvalue elasticity problem with
reduced symmetry has been analyzed in [69]. It is based on a formulation that only maintains the
stress tensor as primary unknown, besides the rotation whose role is the weak imposition of the
symmetry restriction. It is shown that the lowest order Arnorld-Falk-Whinter element provides
a correct spectral approximation for this formulation. It also gives quasi optimal asymptotic
error estimates for eigenvalues and eigenfunctions.

The ability of DG methods to handle efficiently hp-adaptive strategies make them well-suited
for the numerical simulation of physical systems related to elastodynamics. Our aim here is to
introduce an interior penalty discontinuous Galerkin version for the H(div)-conforming finite
element space employed in [69]. The kth-order of this method amounts to approximate the
Cauchy stress tensor and the rotation by discontinuous finite element spaces of degree k and
k — 1 respectively. We point out that a H(curl)-based interior penalty discontinuous Galerkin
method has also been introduced in [29] for the Maxwell eigensystem. The DG approximation
we are considering here may be regarded as its counterpart in the H(div)-setting. As in [1, 29],
our analysis requires conforming meshes, but the DG scheme still allows different (polynomial)
orders of approximation in different elements. A further advantage of this DG method is that
it allows to implement high-order elements in a mixed formulation by using standard shape

functions.
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It is well known that the solution operator corresponding to mixed formulations is generally
not compact. In our case, this operator admits a non physical vibration mode (with non physical
meaning) whose eigenspace is infinite dimensional. It is then essential to use a scheme that is safe
from the pollution that may appear in the form of fictitious eigenvalues interspersed between the
physically relevant ones. It turns out that [20], for mixed eigenvalue problems, the conditions
guarantying the convergence of the source problem doesn’t ensure (as for compact operators [8])
a correct spectral approximation.

It has been shown in [29] that DG methods can also benefit from the general theory developed
in [36, 37] to deal with the spectral numerical analysis of non-compact operators. We follow here
the same strategy, combined with techniques from [69, 68], to prove that our numerical scheme is
spurious free. We also establish asymptotic error estimates for the eigenvalues and eigenfunctions.
We treat with special care the analysis of the limit problem obtained when the Lamé coefficient
tends to infinity.

Our contribution is the application of the DG method to the spectral elasticity problem,
considering the dual-mixed formulation studied in [69] where the associated solution operator
is non-compact. This can be consider as a first step to apply discontinuous methods to solve
the elasticity eigenproblem. We introduce the discontinuous polynomial spaces in the skeleton,
in order to approximate the Cauchy tensor with polynomials of degree k and the rotation with
polynomials of degree k — 1 (k > 1), and a discrete bilinear form which includes an interior
penalty parameter that is called a stabilization parameter. In order to obtain spectral correctness,
approximation results and error estimates, we introduce properly mesh-dependent norms and
we adapt the theory from [36, 37] for this norms, proving that the constants are independent of
the size of the mesh.

The outline of the paper is the following: in Section 4.2 we introduce the elasticity eigenvalue
problem, recalling the dual-mixed formulation studied in [68]. We introduce the solution oper-
ator, and its spectral characterization. In Section 4.3 we introduce the DG spaces and interior
penalty mixed discrete formulation. Section 4.4 deals with the well posedness of the discrete
formulation, in order to introduce the corresponding discrete solution operator. In section 4.5
we study the spectral correctness of the method, proving the non pollution of the spectrum and
error estimates for the eigenfunctions and eigenvalues, with the corresponding order of conver-
gence. In Section 5.5 we report some numerical test to observe the asses of the method. Finally,
we incorporate an appendix where we study the limit spectral elasticity problem, this means
that is possible to consider spectral convergence of the formulation for A large enough. The
eigenvalues and eigenfunction of our model problems are proved to converge to corresponding
ones when the Lamé constant A goes to infinity. Additional regularity for the limit eigenfunctions
is proved.

We end this section with some of the notations that we will use below. Given any Hilbert
space V, let V™ and V"™*™ denote, respectively, the space of vectors and tensors of order n
(n = 2,3) with entries in V. In particular, I is the identity matrix of R"*™ and 0 denotes a
generic null vector or tensor. Given 7 := (7;;) and o := (0;;) € R™™", we define as usual the
transpose tensor 7% := (7j;), the trace tr 7 := 37" | 7;;, the deviatoric tensor 72 := 7— 1 (tr7) I,
and the tensor inner product 7 : o := szzl TijOij-
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Let © be a polyhedral Lipschitz bounded domain of R" with boundary 9. For s > 0, ||-[|s.o
stands indistinctly for the norm of the Hilbertian Sobolev spaces H*(Q2), H*(Q)™ or H*(£2)"*",
with the convention HY(2) := L2(Q). We also define for s > 0 the Hilbert space H*(div, ) :=
{r e H¥(Q)™"" : divT € H*(Q2)"}, whose norm is given by HTH%IS(div,Q) = |72 o+ [[div T
and denote H(div, Q) := HO(div; Q).

Henceforth, we denote by C generic constants independent of the discretization parameter,
which may take different values at different places.

4.2 The model problem

Let Q C R™ (n = 2,3) be an open bounded Lipschitz polygon/polyhedron representing a solid
domain. We denote by n the outward unit normal vector to 02 and assume that 02 = Tr U,
with int(T'g) Nint(T'r) = (. The solid is supposed to be isotropic and linearly elastic with mass
density p and Lamé constants p and X\. We assume that the structure is fixed at I'r # () and
free of stress on I'p. We can combine the constitutive law

Clo=e(u) inQ, (4.2.1)

and the equilibrium equation
wiu=pldive in Q, (4.2.2)

to eliminate either the displacement field u or the Cauchy stress tensor o from the global spectral
formulation of the elasticity problem. Here, e(u) := %{Vu + (Vu)t} is the linearized strain

tensor, and C : R™"™ — R™" is the Hooke operator, which is given in terms of the Lamé
coefficients A and p by
Ct:=A(trm) I +2ur VT e R™",

Opting for the elimination of the displacement u and maintaining the stress tensor o as a
main variable leads to the following dual mixed formulation of the elasticity eigenproblem: Find
o : Q — R™™ symmetric, r : Q — R™*™ skew symmetric and w € R such that,

-V (p_l div 0') = w? (C_lo' + 7') in Q,
dive = 0 on I'g, (4.2.3)
on = 0 on I'p

We notice that the additional variable r := 1 [Vu — (Vu)®] is the rotation. It acts as a Lagrange
multiplier for the symmetry restriction. We also point out that the displacement can be recovered
and also post-processed at the discrete level by using identity (4.2.2).

Taking into account that the Neumann boundary condition becomes essential in the mixed
formulation, we consider the closed subspace W of H(div, ) given by

W :={r € H(div;Q), mn=0onTr}.
The rotation r will be sought in the space

Q :={scL2(Q)™": s* = —s}.
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We introduce the symmetric bilinear forms

B((a,r),(r,s)) ::/cho':r—l—/ﬂrzr—i-/ﬂs:cr

A((O’,T), (T, s)) = /Qp_l dive -divr + B((a’, r), (T, s))

and denote the Hilbertian product norm on H(div; Q) x L2(£2)"*" by

and

(7, )11 = 1Ty aivir) + 1516 0

The variational formulation of the eigenvalue problem (4.2.3) is given as follows in terms of
Kk =1+ w? (see [69] for more details): Find k € R and 0 # (o, 7) € W x Q such that

A((o-,r), (T,s)) - KB((U,T), (T,s)) (T, 8) €W x Q. (4.2.4)

We notice that the bilinear form
(o, T)cdiv = / pldive - divr + / Clo:r
9 Q

also defines an inner product on W. Moreover, the following well-known result establishes that
the norm induced by (-, -)c,aiv is equivalent to ||| (qiv;0) uniformly in the Lamé coefficient \.

Proposition 4.2.1 There exist constants ca > ¢1 > 0 independent of A such that

< CQHTHH(diV;Q) VT ew,

where ||T|lc.div = v (T7T)C,div'

Proof. The bound from above follows immediately from the fact that

/c o T—/ Mi 5 /(tro-)(trT) (4.2.5)

is bounded by a constant independent of A. The left inequality may be found, for example, in
[69, Lemma 2.1]. 0
As a consequence of Proposition 4.2.1, there exists a constant M > 0 independent of A such
that
’A((o-,r), (T,s))\ < M|(o,P)|l(r,8)| ¥(o,7),(T,s) €W x Q. (4.2.6)

Proposition 4.2.2 There exists a constant o > 0, depending on p, p and Q (but not on \),
such that

- A((o-,r), (r, .s))

> oo, r V(o,r) e W x Q. 4.2.7
roewxe (T 8)ll (e, m)|| V(o) (4.27)
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Proof. It follows from Proposition 4.2.1 that

A((Tv 0)7 (Tv 0)) = (Tv T)C,div > CIQHTH%{(diV;Q) VT € W’ (428)

with C7 > 0 independent of A. On the other hand, there exists a constant 5 > 0 depending only
on (Q (see, for instance, [22]) such that

sup A0S

> Bllslloe,  Vse Q. (4.2.9)
rew [T H@iv;0)

Consequently, the Babuska-Brezzi theory shows that, for any bounded linear form L € L(W X
Q), the problem: find (o,r) € W x Q such that

A(e,7).(r.9)) = L((r,8))  ¥(r.s)eWxQ

is well-posed, which proves (4.2.7). 0
We deduce from Proposition 4.2.2 and from the symmetry of A(-,-) that the operator T :
[L2(Q)"*"]2 — W x Q defined for any (f,g) € [L?(£2)"*"]2, by

dﬂﬁmu@}ﬂwﬁ%w@)vmgeng (4.2.10)

is well-defined and symmetric with respect to A(-,-). Moreover, there exists a constant C' > 0
independent of A such that

IT(f.9)ll < ClI(f.9)llon, V(£ 9) € [LP(Q)"™ "] (4.2.11)

It is clear that (k, (o, 7)) is a solution of Problem (4.2.4) if and only if (n=1,(o,7)) is an
eigenpair for T'. Let
K={reW: divr=0 in Q}.

From the definition of T, it is clear that T|xxg : IK x @ — K x Q reduces to the identity.
Thus, n = 1 is an eigenvalue of T' with eigenspace IC x Q. We introduce the orthogonal subspace
to K x @ in W x Q with respect to the bilinear form B,

K x Q's = {(a,r) EWxQ: B((a,r), (T,S)> =0 VY(r,s)eK x Q}. (4.2.12)
Lemma 4.2.1 The subspace [IC x Q]*B is invariant for T, i.e.,
T([K x Q') C [K x Q]*5. (4.2.13)
Moreover, we have the direct and stable decomposition
Wx Q=[KxQ]a&[Kx Q. (4.2.14)

Proof. See Lemma 3.3 and Lemma 3.4 of [69]. O
We deduce from Lemma 4.2.1 that there exists a unique projection P: W x Q@ — W x Q
with range [IC x Q]*# and kernel K x Q associated to the splitting (4.2.14).
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Let us consider the elasticity problem posed in € with a volume load in L2(Q)" and with
homogeneous Dirichlet and Neumann boundary conditions on I'p and T'p (respectively). Ac-
cording to [35, 48], there exists § > 0 that depends on Q, A and p such that the displacement
field that solves this problem belongs to H!*$(Q)" for all s € (0,3). The following result shows
that P and T o P are regularizing operators.

Lemma 4.2.2 For all s € (0,5), P(W x Q) C H*(Q)"*" x H*(Q)"*" and T o P(W x Q) C
H*(div, Q) x H*(Q)"*". Moreover, there ezists a constant C > 0 such that

HP(T, S)HHS(Q)'!LXnXHs(Q)an S CHdiV 7-”079 V(T, S) S W X Q (4215)

and
HTO P(T, S)HHS(Q)XHS(Q)an < CHle THO,Q V(T, S) €W x Q (4216)

Proof. Estimate (4.2.16) is a consequence of (4.2.15) as can be seen in the proof of Proposition
3.5 from [69]. In turn, estimate (4.2.15) was proved in Lemma 3.2 of the same reference. This
proof follows from the fact that (7,3) = P(7, s) if and only if there exists w € H!'(Q)" such that

—divt = —divT in €,
T =¢(u) inQ,
TV =0 inTy,
u=0 inl'p.

Therefore, (4.2.15) follows from the classical a priori estimate for the linear elasticity equations
(see for instance [48]). O

In principle, the exponent s and the constant C' in (4.2.15) depend od the Lamé coefficient
A. Since a similar estimate holds true for A\ = 400 (see from appendix) it is reasonable to expect
that there exists s and C' such that (4.2.15) holds true for all A > 0. However, to the bests of
the authors knowledge, this has not been proved. From now and on we make this assumption:

Assumption 4.2.1 There exists s and C independent of \ such that the following estimate
holds true

The next result stablish a spectral characterization for operator T'.
Proposition 4.2.3 The spectrum sp(T') of T decomposes as follows

sp(T) = {0,1} U {m tren

where {ni}r C (0,1) is a real sequence of finite-multiplicity eigenvalues of T which converges
to 0. The ascent of each of these eigenvalues is 1 and the corresponding eigenfunctions lie in
P(WxQ). Moreover, n = 1 is an infinite-multiplicity eigenvalue of T with associated eigenspace
K x Q and n =0 is not an eigenvalue.
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Proof. See [69, Theorem 3.7]. O
The following result provides a bound of the resolvent (ZI — T)fl.

Proposition 4.2.4 If z ¢ sp(T'), there exists a constant C > 0 independent of X\ and z such
that
|(zI = T)(o,7)| > Cdist (z,sp(T)) ||(o,7)] VY(o,7) €W X Q. (4.2.18)

where dist (z,sp(T)) represents the distance between z and the spectrum of T in the complex
plane, which in principle depends on \.

4.3 A discontinuous Galerkin discretization

We consider shape regular affine meshes 7, that subdivide the domain (2 into triangles/tetrahedra
K of diameter hx. The parameter h := maxye7; {hK } represents the mesh size of 7j,. Hereafter,
given an integer m > 0 and a domain D C R", P, (D) denotes the space of polynomials of
degree at most m on D.

We say that a closed subset F© C Q is an interior edge/face if F has a positive (n — 1)-
dimensional measure and if there are distinct elements K and K’ such that F = K N K'. A
closed subset ' C Q is a boundary edge/face if there exists K € T}, such that F is an edge/face
of K and F = K N 0. We consider the set F} of interior edges/faces and the set .7-",? of
boundary edges/faces. We assume that the boundary mesh ]-";? is compatible with the partition
0Y=TrUlp,ie.,

UFEI}?F:FR and UFE}—}{:F:FF

where Ff .= {F € F?; F CTg}and FI':=={F € F?; F CTr}. We denote
Frn:=F UF’ and Ff:=FUF,
and for any element K € 7Tp, we introduce the set
F(K):={FeF,; FCOK}

of edges/faces composing the boundary of K.
The space of piecewise polynomial functions of degree at most m relatively to 7 is denoted
by
Po(T) :={v € L3(Q); v|g € Pm(K), VYK €T}

For any k > 1, we consider the finite element spaces
W, := Prp(Tp)™ " Wi =WL,NW and 9 :=Pr1(TH)""N Q.

Let us now recall some well-known properties of the Brezzi-Douglas-Marini (BDM) mixed
finite element [27]. For ¢ > 1/2, the tensorial version of the BDM-interpolation operator IIj, :
HY ()™ — WY | satisfies the following classical error estimate, see [21, Proposition 2.5.4],

|7 = yp7lloq < CR™RERD 7], o V7 e H(Q)™™, t>1/2. (4.3.19)
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For less regular tensorial fields we also have the following error estimate
|7 —ThT]lo0 < CRU(||T]lea + 7 lr(aiv:)) VT € H (Q)"™" NH(div; Q), t € (0,1/2]. (4.3.20)
Moreover, thanks to the commutativity property, if divr € H!(Q)", then
|div (T — I1,7)||o.0 = ||div T — Ry, div 7|o.q < CRER || div v]|g g, (4.3.21)

where R, is the L2(Q)"-orthogonal projection onto Py_1(7,)". Finally, we denote by Sy : Q —
Q;, the orthogonal projector with respect to the L2(Q2)™*™-norm. It is well-known that, for any
t > 0, we have

7 — Sprllog < CR™ER|p|, o Vr e H(Q)™"N Q. (4.3.22)

For the analysis we need to decompose adequately the space WY, x Q). We consider,
Kp={reWwWj; divr=0}cCK.

Lemma 4.3.1 There exists a projection Pp : Wj x Qp — Wj x Qy with kernel Ky, x Qp
such that for all s € (0,3), there exists a constant C' independent of h and \ such that

[(P = Pp)(on,rp)|| < Ch7divonloe V(onry) € Wh x Q.

Proof. See [69, Lemma 4.2] O
For any t > 0, we consider the broken Sobolev space

H'(Tp,) = {v € L2(Q)"; w|g € H(K)" VK € T}

For each v := {vg} € HY(T,)" and 7 := {7x} € HY(T,)"*" the components vix and Tx
represent the restrictions v|x and 7|x. When no confusion arises, the restrictions of these
functions will be written without any subscript. We will also need the space given on the skeletons
of the triangulations 7T, by

L2(Fn) = ] L*(F).

FeF,

Similarly, the components xr of x := {xr} € L?(F}) coincide with the restrictions x|z and we

[ =3 [r and b= [ 2 e,
Fh Fer, ' Th
Similarly, HXH%J"Z =Y per; [ x3 for all x € L2(F}) := [rer; L2(F).

From now on, hr € L2(F},) is the piecewise constant function defined by hz|r := hp for all
F € Fj, with hp denoting the diameter of edge/face F.

Given a vector valued function v € H!(T;,)", with ¢ > 1/2, we define averages {v} € L2(F,)"
and jumps [v] € L2(F) by

denote

{U}F::(UK+UK/)/2 and [[’U]]F::’UK-TLK—I—UK/-TLK/ VFE.F(K)Q.F(K/),
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where nx is the outward unit normal vector to K. On the boundary of €2 we use the following
conventions for averages and jumps:

{vip:=vg and [v]p:=vg-n VF e F(K)NoQ.

Similarly, for matrix valued functions 7 € H!(7,)™ ", we define {r} € L2(F,)™ " and
[7] € L2(Fn)" by

{T}p = (T +TK)/2 and [7]r:=7Txng+7Tmr VF € F(K)NF(K')
and on the boundary of 2 we set
{t}r:=7k and [r]p:=7gn VF € F(K)NOoNQ.

Given 7 € W), we define div, T € L2(Q)" by div), 7|k = div(7|k) for all K € T, and
endow W(h) := W + W), with the seminorm

1/2

7wy = Idivi Tl§ o + 1hz 717116 7

and the norm

”TH%V(h) = |T\%/v(h) + 715 0
For the sake of simplicity, we will also use the notation
(7, )l be = 171w + IslE 0

The following result will be used in the sequel to ultimately derive a method free of spurious
modes. Since according to Proposition 4.2.3 the spectrum of T lies in the unit disk D := {z €
C: |z| < 1}, we restrict our attention to this subset of the complex plane.

Lemma 4.3.2 There exists a constant C' > 0 independent of h and X\ such that for all z €
C\ sp(T) with |z| <1, there holds

|(zI = T)(7,s)||pe > Cdist (z,sp(T))|z| (T, 8)lpe V(T,s8) € W(h) x Q.

Proof. We introduce

(o, r*):=T(1,8) e WX Q

and notice that
(zI =T)(o*,r*)=T(zI —T)(T,s).

By virtue of Proposition 4.2.3 and the boundedness of T : [L2(Q2)"*"]? — W x Q we have that

Cdist (=,5p(T)) (0", ") < (I - T)(o*,v")|| < |T(=I - T)(r,5)]
< ITI=I = T)(r.8) o < | TIII — T)(r,8) | pe-
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Finally, by the triangle inequality,

(. 8)llpe < [l (@™, r) [+l 7 (=X = T)(7, 8) pe

(
1T
<l <1+ C dist (z,sp(T))

) IzI =T)(7,5)|pc

Cdist (z,sp(T)) + |||
C dist (z,sp(T))

) I(zI =T)(7,s)|pc

hence

Cl ( dist (z, sp(T"))

T + dist (Z,Sp(T))> < |I(zI = T)(7, )| pc-

Since dist (z,sp(T)) < |z| < 1 and ||T|| < C’" (with C’ independent of X), from the estimate
above we derive

Clz| ..
e dist (z,sp(T)) << |[(zI —=T)(7,8)|pc-
. 1! C
and the result follows with C” := .0
14+C

Remark 4.3.1 If F is a compact subset of D\ sp{T}, we deduce from Lemma 4.5.2 that there
exists a constant C' > 0 independent of h and A\ such that, for all z € F,

-1 ¢
. _ ' 4.3.23
(= ) lleowmxewmyxe) < dist (F,sp(T))|2| ( :

Given a parameter ag > 0, we introduce the symmetric bilinear form

Ah<(0', r), (T, s)) = /Qp1 divy o - div, 7+ B((o’, r), (T, s))-i—
/ ~ashz! [o] - [7] - /f ({p~" divio} - [r] + {p~' divy 7} - [o])

]:h h

and consider the DG method: find k; € R and 0 # (o, 7) € Wi, X Qp, such that

Ah<(a'h,rh), (T,s)) — /-ihB<(0'h,'rh), (r, s)) V(T,8) € Wy x Q. (4.3.24)

We notice that, as it is usually the case for DG methods, the essential boundary condition is
directly incorporated within the scheme.

A straightforward application of the Cauchy-Schwarz inequality shows that, for all (o, ), (7, s) €
H!(div; 75) x Q (t > 1/2), there exists a constant M* > 0 independent of h and X such that

An((e.m). (,9))| < M@ 7) [ 7 9l (4:3.25)

where

) . 1/2
(ol = (1o + W div o 37 )
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Moreover, we deduce from the discrete trace inequality (See [38])

WY o}

that for all (o, 7) € Hi(div; T,) x Q@ (t > 1/2), and (1,8) € W), X Qp,

lo.7, < Cllvlloe Vv € Pr(Th), (4.3.26)

|41 ((e 7). (7.9)) | < Mol (@.7) b (7. ) pe (4.3.27)

with Mpa > 0 is independent of A and .

4.4 The DG-discrete source operator

The following discrete projection operator from the DG-space Wp, onto the H(div; Q)-conforming
mixed finite element space W€ in essential in the forthcoming analysis.

Proposition 4.4.1 There exists a projection Ip, : Wy, — W} such that the norm equivalence

_1/9 172 _
Cllrlwa < (1T B + 101715 ) < Cllrlhwy (4.4.28)

holds true on Wy, with constants C > 0 and C > 0 independent of h. Moreover, we have that
. — —-1/2
Idivi(r - Tum)l3e + 3 hillir = Zarld < Collhs *IelI 5. (4.4.29)
KeTy,

with Cy > 0 independent of h.

Proof. See [68, Proposition 5.2]. O
Now we prove that the bilinear form Ay, satisfies an inf-sup condition, to prove the stability
of the DG method.

Proposition 4.4.2 There exists a positive parameter ag such that, for all ag > ag,

An((@nsra). (T, 51)
Sup > apal(onri)lpa, Y(on,mh) € Wi x Qi (4.4.30)
(Thsh)EWRXQp, ||(Ths s1)|lDc

with apg > 0 independent of h and X.

Proof. It is shown in [68, Proposition 3.1] that there exists a constant a% > 0 independent of h
and A such that

. A((Uhv"“h),(TmSh))

> aGll(on, )l Y(onrn) € Wi x Q. (4.4.31)
(Th-5n)EW; X Q. 1(7hs sn)l

It follows that there exists an operator Oy : Wj x Q) — WJ x Q, satisfying

A((n,ra) On(on ) = adll(@nra)|* and [O4(en )l < llon )l (4.4.32)
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for all (o, ) € Wi x Q.
Given (7, sp) € Wy, x Qp, the decomposition 74, = 7§ + T, with 7§, := Zj7), and 7, :=
Th — IhTh, and (4.4.32) yield

An((Tassn), On(Ths 1) + (74,0 ) = (75, 51|+
Ah((TZ, sn); (Fn, 0)) + Ay ((+h, 0), O (75, sh)> + Ah(m, 0), (Fn, 0))‘ (4.4.33)
By the Cauchy-Schwarz inequality,
A ((F0,0), (7,0)) = o divy 73 o + aslihz*[rdl 7 + /Q Clrn: 7
2 [ v m [l = aslhg Il
:

_ 1/2 . ~ —1/2
— 20 Y| diva Fa}los: [0 2l

0.}
and we deduce from (4.3.26) and (4.4.29) that
- - ~1/2
A, ((F0,0), (7,0)) = (as = OB *Trl I 7

with a constant C independent of A and A.
We proceed similarly for the terms in the right-hand side of (4.4.33). Indeed, it is straight-
forward that

Ah((TfL,Sh)a (7~'h,0)> > —pt||div 7§

[divy, Thllo.o — CallTrlloa(lThlloe + [[sallon)—

_ 1/2¢ 5o, _c —1/2
p Y2 div T Yo 7 1B 2 [Tl

0,0

0.F;

and using again (4.3.26) and (4.4.29) we obtain

An((7580), (71,0)) = =Collnz*[rnllo.z (75, sn) | =
AU (e 2 -1/2 2
- TH(Thv sn)ll” — Callhz [[ThﬂHo,f;
with C4 > 0 independent of h and A. Similar estimates lead to

An((1:0), 04 (75, 81) ) = =Cs |5 [l

0.7 1On(T5, sn)ll >
—-1/2 c
= Cs|hz""[ralllo,7 1(75, sl

where the last inequality follows from (4.4.32). We conclude that there exists Cg > 0 independent
of h and A such that

- c af . _
An((F1:0),0n (75 80) ) = ==L(r5 sn) |2 = Collh =" [ral I3 ;-

We then have shown that,

c

- o c _
An((Ths 1), On(Th 80) + (74,0) ) = S (7f a2 + (as — Co) 0= [rllE 7,
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with C7 := Cy + C4 + Cg. Consequently, if ag > ag := C7 + %7

- al . _
An((Ths 1), On(T5s0) + (74,0)) = S (Ir )2 + 10517118 7, )
and thanks to (4.4.28), we conclude that there exists apg > 0 such that,

A ((7h51). On(7 81) + (74,0) ) = apcl(7a, sn)llpe (104 (7, s4) + (71 0)llpc ).

which gives (4.4.30). O
In the sequel, we assume that the stabilization parameter is big enough ag > a§g so that the
inf-sup condition (4.4.30) is guaranteed. The first consequence of this inf-sup condition is that
the operator T, : L2(2)™"*" x L2(2)"*" — W), x Qy, characterized, for any (f, g) € [L2(Q)"*"]?,
by
Ay (Th(f,g), (r, s)) - B((f,g), (r, s)) (T, s) € Wi x Qi (4.4.34)

is well-defined, symmetric with respect to Ay(+, ) and there exists a constant C' > 0 independent
of A and h such that

ITw(f.9)llpe < CI(f.9)lo, Y(£,9) € [L2(Q)" . (4.4.35)
We observe that if (kp, (6h, 7)) € R X W), x Q is a solution of problem (4.4.34) if and only
if (pp, (oh,Th)), with pp, = 1/(1 4 Kp) is an eigenpair of Ty, i.e.

1
1+ ky

Th(oh,Th) = (Oh,Th).

Analogously to the continuous case, we prove that the discrete resolvent associated to the
discrete operator T, is bounded.

Theorem 4.4.1 Assume that (o,7) = T(f,g) € H!(div,Q) x H{(Q)"*" for some t > 1/2.

Then,
Mpg . »
1T = T0)(f,9)lbe < 1+ il [T(f,9) — (thsw)llpe-  (44.36)
apG /) (Th,Sh)EWRXQp
Moreover, the error estimate
I = Tw)(f.9)Ipe < Ch™0 (|16 e (aiv.0) + 17 ey ), (4.4.37)

holds true with a constant C' > 0 independent of h and .

Proof. We first notice that the DG approximation (4.4.34) is consistent with regards to its
continuous counterpart (4.2.10) in the sense that

Ap ((T —Tw)(f,9), (Th, Sh)) =0 Y(Th,8n) € Why x Qp. (4.4.38)
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Indeed, by definition,
~ - B 1 qe.. =~ . ~ =
(@ 7)) = [ o7 dive - divm, + B((6,7) (7. 50))

- / {p~tdive} - [rn]. (4.4.39)
T
It is straightforward to deduce from (4.2.10)
V(ptdive)=C'e—f)+7—g and (6-6%)/2=(f—f")/2. (4.4.40)
Moreover, an integration by parts yields

/p—ldiv&-divhrh:— > / Vip~tdive):m, + Z/ p ' dive - Thnk
Q K oK

KeTh KeTn
== > / Vip~tdive):r, +/ {p~tdive} - [74]
KeT, K Fr
Substituting back the last identity and (4.4.40) into (4.4.39) we obtain

Ah((5af’)a (Th,Sh)) = B((f,g)» (Th,Sh)) V(Th,sn) € Wh x Qp,

and (4.4.38) follows.
The Céa estimate (4.4.36) follows now in the usual way by taking advantage of (4.4.38), the
inf-sup condition (4.4.30), estimate (4.3.27) and the triangle inequality.
It follows from (4.4.36) that
Mpa
apaG

I = T(F.loe < (1+ 528 ) 6.7) - (6. 5,7 (1.4.41)

Using the interpolation error estimates (4.3.19), (4.3.21) and (4.3.22) we immediately obtain

I(6,7) — (46, Si#)lpe = (6, 7) — (46, Sp#) || < Co AmER) (H&HHf(div,Q) + Hf‘HHt(Q)an>~
(4.4.42)
Moreover, we notice that

B2 div(e — ) or: < S S helldiv(e — 11,6)[3 0.
KeT, FEF(K)

Under the regularity hypotheses on &, the commuting diagram property satisfied by Ilj, the
trace theorem and standard scaling arguments give

W2 div(e — 11,6) |lo.r = b2 ||div e — R div e flor < Coh™2™0 | div &)«

for all F € F(K), where the L2(K)-orthogonal projection Ry := Ry|x onto Pj_1(K) is applied
componentwise. It follows that
1/2
| *{div(e — 1,8)}lo.z; < Cshi™ ™ | 37 dive|fx | < Cohig™ " |dive .

KeTy,
(4.4.43)

Combining (4.4.43) and (4.4.42) with (4.4.41) proves the asymptotic error estimate (4.4.37). O
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Lemma 4.4.1 For all s € (0,58), there exists a constant C > 0 independent of h and A, such
that for all (o,7) € W x Q

|(T ~T1)P(e.7)|pe < Ch*||divelos.

Proof. The result is a consequence of Theorem 4.4.1 by noticing that, by virtue of Lemma 4.2.2,
ToP(o,r) € H*(div; Q) x H*(Q2) for some s € (1/2,1]. 0

Lemma 4.4.2 For all s € (0,5), there exists a constant C' > 0 independent of h and \ such
that
(T = Th)(Th, s0)llpe < Ch* |[(Th, sn)llpc V(Th, 8n) € Wi X Q.

Proof. For any 7 € W), we consider the splitting 75, = 7§, + 7}, with 7§ = )7, € W}. We
have that

(T —Th)(Th, 8n) = (T — Th)(Th,0) + (T — T1) (7}, sn)
= (T — Th)(i'h, 0) + (T — Th)Ph(’TZ, Sh),

where the last identity is due to the fact that (I — Pp)(7§,sp) € Kp, x Qp, and T — T, vanishes
identically on this subspace. It follows that

(T — Th)(Th,sn) = (T — Th)(Th,0) + (T — Ty) (P — P)(14,81) + (T — T)P(7}, s1),
and the triangle inequality together with (4.2.11) and (4.4.35) yield
(T = Th)(Th, s0)llpc < (T = Th)(Th,0)lpc + (T — Th)(Pn — P)(T5,, s1)l pc
+ (T — Th)P(7},, sn)llpc < (HTHE([LZ(Q)"X”]Q,WXQ) + HTth([u(mnan,whxQh)>
(17alloe + 1Py = P)(r5 51)l0) + (T = Tw) P75, 50) | pc

Using (4.4.29), Lemma 4.3.1 and Lemma 4.4.1 we have that

I7nllo. < ChlThlwn),

[(Pn = P) (7}, sn)llo < Ch*||div 7},

0,9 < CR?[|Th|lwn)

and
(T — Th)P(7h, sn)llpe < Ch?||div T,

0.2 < Ch?|[Thllwn

respectively, which gives the result. O
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4.5 Spectral correctness of the DG method

The convergence analysis follows the same steps introduced in [36, 37], we only need to adapt
it to the DG context, cf. also [29].

For the sake of brevity, we will denote in this section X := W x Q, X := W), x Qp and
X(h) :== W(h) x Q. Moreover, when no confusion can arise, we will use indistinctly z, y, etc.
to denote elements in X and, analogously, xp, y;,, etc. for those in Xj,. Finally, we will use
Il 2¢x, x(n)) to denote the norm of an operator restricted to the discrete subspace Xj; namely,
if S:X(h) — X(h), then

Sx
ISl £, () = sup 1521 pe (4.5.44)

o£z,ex, |Znllpe
Lemma 4.5.1 If z € D\ sp(T) , there exists hg > 0 such that if h < hg,
|(zI — Th)xp| pe > Cdist (z,sp(T)) 2| |2l pe Vi, € X,
with C > 0 independent of h and .

Proof. It follows from
(ZI - Th>xh = (ZI — T):I:h + (T - Th)wh

and Lemma 4.3.2 that
|(zI — Th)zn|pc > (Cdist (2,sp(T)) 2] = T — ThHE(Xh,X(h))> [ETA[Jore’
and the result follows from Lemma 4.4.2. O
Lemma 4.5.2 If z € D\ sp(T') and h is sufficiently small,
|(2I = Th)z||pe > Cdist (z,sp(T))|2)* ||| pc V& € X(h).
with C' > 0 independent of h.

Proof. Given & € X(h) we let
:1};: =Tx € X,

We deduce from the identity
(zI —=Tp)x;, =Th(zI —Th)x
and Lemma 4.5.1 that
Cdist (z,sp(T))|2l|2} ] pe < (21 = Th)zhlIpe < I Thll e x| = Tr)zl e,

and the result follows from the triangle inequality and the boundedness of T,
|zllpe < |2~ 1@} ]lng + 1217 (2I — Th)z|lpe

_ 1Tl 2ex(m) x0)
< L1 h I-T )
< ( * C dist (=, 5p(T)) 2] I(zI = Tw)zllpe

< | (Cdist (z,8p(T)) 2| + 1Tl £(x(m) x0)

C dist (z,sp(T)) 2| > |(z = Th)z| p-
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hence

Cl C dist (z,sp(T)) ||
Z .
IT0l 2xny x,) + C dist (2,5p(T))|2|

Since dist (z,sp(T)) < |z| < 1 and ||Th| zxn)x,) < C” (with C" independent of \), from the
estimate above we derive

) |2l pe < [[(zI = Th)z|pe-

Ol dist (2,5p(T)) ||l pe < [|(=I = T)(,s)| pg-
Hence we conclude the proof. O

Remark 4.5.1 If F is a compact subset of D\ sp{T} and h is small enough, we deduce from
Lemma 4.5.2 that (zI — T'y) is invertible. Hence, F' C D\ sp(T},). Consequently, for h small
enough, the numerical method does not introduce spurious eigenvalues. Moreover, we have

1 C
H(ZI - Th) ||£(W(h)xQ,W(h)><Q) < dlSt(F, Sp(T))|Z|2 (4545)

For x € X(h) and E and F closed subspaces of X(h), we set 6(x,E) := infycr||z — y|/pa,
§(E,F) := supycg. ||y|=19(y,F), and g(]E,IF) := max{d(E,F),0(F,E)}, the latter being the so
called gap between subspaces E and F.

Given an isolated eigenvalue x # 1 of T', we define d,, := %dist (k,sp(T)). Let Dy, := {z €
C; |z — k| < dx} be a closed disk in the complex plane centered at x with boundary + not
containing the origin and such that D, NspT = {x}. We deduce from Remark 4.3.1 that the
operator £ := 5= N (2 —T) ' dz : X(h) — X(h) is well-defined and bounded uniformly in

h. It is well known that & is a spectral projection in X onto the (finite dimensional) eigenspace
E(X) corresponding to the eigenvalue k of T'. It is important to notice that

E(X(h)) = £(X). (4.5.46)

Indeed, if k* € D, is an eigenvalue of T' : X(h) — X(h) and =* € X(h) is a corresponding
eigenfunction, as k* # 0 and T'(X(h)) C X, we actually have that * € X. Then, necessarily,
k* = k and taking into account that £(X) is the eigenspace associated with n we deduce (4.5.46).

Similarly, we deduce from Remark 4.5.1 that, for h small enough, the operator £, :=
o f,y (21 —T}) " dz : X(h) — X(h) is also well-defined and bounded uniformly in h. More-

over, &y is a projector in X onto the eigenspace €p,(Xy) corresponding to the eigenvalues of
T X — X, contained in . The same reasoning as above shows that we also have,

En(X(h)) = En(Xp). (4.5.47)
Our aim now is to compare £;,(Xy) to £(X) in terms of the distance 5.
Lemma 4.5.3 There exists C' > 0 independent of h such that
o)

1€ — Enlleexn xny) < - T — Tl £(x, (1)) (4.5.48)



4.5 Spectral correctness of the DG method 87

Proof. We deduce from the identity
(zZI-T) ' — (I =Ty ' = (I -T) (T —Ty) (2 —T}) " (4.5.49)

that, for any x; € X,

1€ — Eznllpe <o [ (I = T)™ = (2I — Tp) Vel pedz

(=1 =T)" (T = T) (21 = Tn)” 'Jap||d2

¥l = §[=
4\4\

<N = T) " ey xan IT = Tall 2y x| (2T = Th)il”ﬁ(xh,xh)HthDGT
and the result follows from Lemmas 4.3.2, 4.5.2 and the definition (4.5.44). O

Theorem 4.5.1 There exists a constant C > 0 independent of h such that

|T — Thllzcx, x(n)
dy

S(E(x), Enx)) < O +6(E(X), Xn)).

Proof. As &}, is a projector, for h sufficiently small, we have that £,z = xj, for all &), € E,(Xy).
It follows from (4.5.46) that Exj, € £(X), which leads to

§(zn, E(X)) < ||Enzn — Exnllpe < |ER — Ell2x, xn)) |Thll D

for all j, € £,,(X},). We deduce from (4.5.48) that
C
0(En(Xn), E(X)) = TIT = Tnll£x, xn)- (4.5.50)
On the other hand, as Ex = « for all € £(X), for h small enough and y,;, € X},

|z — Enynllpe < [1€(x —yp)llpe + (€ — En)Ynllpe <
1€l zexeny xapll(@ = yp)llpe + (€ — Enll cex, xwyllYnllpe
< (I€nlleexny xny) + 21 €l cexenyxan) 12 = ynllp + 1€ = Enll2x, x 12| De-

Consequently,
6(x, En(Xp)) < C6(2, Xp) + [|1€ = Enllex, x(n)))

for all x € £(X) such that ||| pe = 1 and using that the eigenspace £(X) is finite dimensional
we deduce that

6(E(X), En(Xp)) < C(6(E(X), Xpn) + [|€ = Enll i, x(n)

and the result follows from the last estimate and (4.5.50). O

1
/dz
T Jy
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Theorem 4.5.2 Let k # 1 be an eigenvalue of T of algebraic multiplicity m and let D., be a
closed disk in the complex plane centered at k with boundary «y such that D, NspT = {k}. Let
K1hs" " s Km(n),n be the eigenvalues of T, » Xy — X, lying in D+ and repeated according to their
algebraic multiplicity. Then, we have that m(h) = m for h sufficiently small and

lim max |k — k| = 0.

h—0 1<i<m
Moreover, if £(X) is the eigenspace corresponding to k and E,,(Xy) is the Ty-invariant subspace
of X}, spanned by the eigenspaces corresponding to {k;p, i =1,...,m} then

lim §(E(X), E(Xn)) = 0.

Proof. We deduce from Lemma 4.4.2 that
}Lii%HT = Tl zex, x(n)) = 0
Moreover, as £(X) C H¥(div, Q) x H*(Q)"*™, it follows from (4.4.37) that

lim (%), X5) = 0.

Hence, by virtue of Theorem 4.5.1, we have that

~

lim 0(€(X), En(Xp)) =0,

h—0
and, as a consequence, £(X) and £,(X},) have the same dimension provided h is sufficiently
small. Finally, being x an isolated eigenvalue and the radius of the circle « arbitrary, we deduce
that

lim max |k — K| = 0.
h—0 1<i<m ’

4.6 Asymptotic error estimates

Along this section we fix a particular eigenvalue x # 1 of T'. We wish to obtain error estimates
for the eigenfunctions and the eigenvalues in terms of the quantity

I (EX),Xp) = sup inf ||x — x| pa-
2eE(X),|[x]|=1ThEXR

Theorem 4.6.1 For h small enough, there exists a constant C independent of h such that

S(EX), £4(Xn) < ©5° (E(X), ).

K
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Proof. As £(X(h)) = E(X) and E,(X(h)) = E,(X}), it is equivalent to show that

S(f:(X(h)),gh(X(h))) < dga*(sog),xh). (4.6.51)

K

To this end, we consider as in the previous section a disk D, centered at x with radius d,,. We
first notice that for all z €

(2T —T) ' — (2T —T}) = (I =Ty (T -T) (I -T)",

which implies
1 _ _
(€ — &n)le)ll S%/H(ZI—T) Ve (2D = T) 7 g lldz
vy
1 _ _
e [IGI =T (@~ ) 1= T) e =
T Jy
_ _ 1
<N = Tw) " emy o (T = Th)leeo e x| (=1 — T) 1’£(X,X(h))2ﬂ/dz
9
C
<3 T = Th)lecolloexn) (4.6.52)

Now, on the one hand, it is clear that

5(E(X(R)), EnCK(R)) ) < (€ — Enlecllece )

On the other hand, (4.6.52), the Céa estimate given by Theorem 4.4.1 and the fact that £(X)
is finite dimensional yield

(€ = En)le)llcexxny < ié*(S(X),Xh), (4.6.53)
which proves that
5(£(X(). £4(X(h))) < ié*(ﬁ(X),Xh). (4.6.54)
Consequently, as £(X) C H(div, Q) x H/(Q)"*", we have that
lim 6(8(X(h)), 8h(X(h))) ~0. (4.6.55)

It is shown in [37] that (4.6.55) implies that, for h small enough, Ay = Eulex) @ E(X) —
En(X(h)) is bijective and Agl exists and is uniformly bounded with respect to h. Furthermore,
it holds that,

sup IA, e — x| pe <2 sup 1AvY — yllpG-
zp€ER(X(R)),l|zrl De=1 yeEX(h)),llyllpe=1
Hence,
5(£r(X(R)), E(X(R)) < sup len-A3'2lpg <2 sw o Ey—Enylne,
xR €ER(X(R)),|lzn D=1 yeE(X),llyllpe=1

and (4.6.53) shows that we also have §(£,(X(h)), E(X(Rh))) < %6*(8(X),Xh), and the result
follows from this last estimate and (4.6.54). O
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Theorem 4.6.2 Assume that £(X) C H(div, Q) x H!(Q)"*", then there exists C > 0 indepen-

dent of h and X\ such that
S(En(Xp), E(X)) < C pmin{ti (4.6.56)

K

Moreover, there exists C' > 0 independent of h such that

C’ :
max |k — ki p| < — h2n{LF} (4.6.57)
1<i<m ' d,.
Proof. Let k1 p,,- -+ , km,p be the eigenvalues of T'y, : Xj, — X}, lying in D., and repeated according

to their algebraic multiplicity. We denote by x;; the eigenfunction corresponding to x;; and
satisfying ||z; || pc = 1. We know from Theorem 4.6.1 that, if h is sufficiently small,

Slas s, £(X)) < 6" (E(X), X).

K

Then, there exists an eigenfunction @ := (o, 7) € £(X) satisfying
C .
|lxin — x| pa < d—é (E(X),Xp) =0 ash—0,
K

which proves that ||z|pg is bounded from below and above by constant independent of h.
Proceeding as in the proof of the consistency property in Theorem 4.4.1 we readily obtain that

An(z,yp) = kB(z, yp,) (4.6.58)
for all y;, := (7h, sn) € Xp. With the aid of (4.6.58), it is easy to show that the identity
Ap(e —xip, e — ) — KB(x — i, € — i p) = (ki — &) B(xip, T4 )

holds true. Now, according to Lemma 3.6 of [69], for any € £(X),  # 0, it holds that
B(x,x) > 0. Thus, since £(X) is finite-dimensional, there exists ¢ > 0, independent of h, such
that B(x,x) > c||z| pg. This proves that B(x;,, ;) > § for h sufficiently small. We obtain
from (4.3.25) that

C *
§|Hi,h — K| < |Ap(@ — @i, @ — @i )| + ||| B(x — wip, @ — 2ip)| < Cll — zinlpe)? (4.6.59)

Since « := (o, r) and x; , := (o, T}), and by definition of || - ||, we have
* * 1/2 1
| = @illbe = I(o,7) = (@n )6 = l(@.7) = (on, 74 pa + |1 *{div(e — on)} 7

It follows from Theorem 4.5.1, Lemma 4.4.2 and the interpolation error estimates (4.3.19)-
(4.3.22) that

(o, 7) = (o1, 1) e < Cod(E(X), En(Xp)) < Cypmin{tE} (1 + [lo |1t (@iv,0) + HT’HHt(Q)nxn)
(4.6.60)
On the other hand,

WY {div(e — o)}z < B {div(e — Do)} |r + | {div(lo — op)}l 7 (4.6.61)
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and it follows from (4.4.43) that
1R {div(e — o) |z < Coble™ ™Y ||div oo (4.6.62)
Finally, using (4.3.26), (4.3.21) and (4.6.60) yield

1Y {div(Ilo — o)}z < Calldiv(lye — o)llo
< Cg(” div(Ilpo — o)
< C’3(H div(Ilyo — o)

lo.o + || divi (o — op)lloq)

lo.o + [|(,7) = (h,T4)| D) (4.6.63)

< Cpm 0 (14 o leqaiv o) + Irlliecayer )-
Combining (4.6.59), (4.6.61)-(4.6.63) and (4.6.60) with we obtain (4.6.57). O

Remark 4.6.1 The constant C' in (4.6.57) is not necessarily independent of \. Indeed, accord-
ing to the proof of Lemma 3.6 from [69] we know that

B (o) = [ ¢l oz min { o e

Therefore, as A goes to infinity, the constant c in the proof above goes to zero and, consequently,

2
0,0=>0.

constant C" in Theorem 4.6.2 goes to infinity, too. However, the numerical experiments suggest
that (4.6.57) holds true with a constant that does not deteriorate with X. To prove it is a subject
of future research.

Remark 4.6.2 We point out that, thanks to Lemma 4.2.2, we always have that £(X) C {(7,7) €
(HS(Q)™™)2 : divr € HY(Q)"} for all s € (0,5). Consequently, the error estimates given in
Theorem 4.6.2 will always hold true for any t € (0,3) even if s < 1/2. Howewver, it may happen
that some eigenspaces satisfy the reqularity assumption of the theorem with t > 5.

4.7 Numerical Results

In this section we report some numerical experiments which allowed us to assess the performance
of the method. With this purpose, we implemented the method in a FEniCS code [63]. According
to the theoretical results, the proposed method does not introduce spurious modes provided the
meshsize h is sufficiently small (cf. Remark 4.5.1). On the other hand, for the theoretical results
to hold true, it is assumed that the stabilization parameter ag is larger that a threshold aj.
Therefore, the absence of spurious modes is actually guaranteed provided A is small enough and
ag is large enough.

We observed spurious modes when the stabilization parameter is not sufficiently large as is
usual in other stabilized methods (see for example [73]).

Since it is not possible to compute explicitly the threshold ag, we made some numerical
experiments to determine a safe value of ag that allowed us to solve the eigenvalue problem
without the presence of spurious modes.
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We have used as geometrical domain in all the reported tests the unit square Q := (0,1)2,
fixed at its bottom. The Lamé coefficients of the material are defined in terms of the Poisson
ratio v and the Young modulus F as follows:

vE FE

A= A+ =20 and W= m

We have taken for the experiments p = 1, E = 1 and different values of v € (0,1/2). In fact,
we have also applied the proposed method to the limit case v = 1/2. In such a case, A = +o0
and the definition of the bilinear form B change as described in the appendix. As will be shown
in what follows, the method works for v = 1/2, as well as v < 1/2.

We have used ‘uniform’ meshes as those shown in Figure 4.1. Each mesh is identified by the
refinement parameter N (the number of element edges on each side of the square domain).

Figure 4.1: Meshes for N = 2 (left) and N = 4 (right).

In the first tests we are concerned with the determination of a reliable stabilization param-
eter ag. We know that the spectral correctness of the method can only be guaranteed if ag is
sufficiently large (Proposition 4.4.2) and if the meshsize h is sufficiently small (cf. Remark 4.5.1).
In a first stage, we fix the refinement level to N = 8 and report in Tables 5.1, 5.2 and 4.3 the 10
smallest vibration frequencies computed for different values of ag. The polynomial degrees are
given by k = 3,4, 5 respectively. The boxed numbers are spurious eigenvalues. We observe that
they emerge at random positions when we vary ag and k£ and they disappear completely when
ag is sufficiently large.
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ag=>5 ag =10 ag = 20 ag = 40 ag = 80

0.6804474 0.6804497  0.6804460  0.6804472 0.6804472
1.6988814 1.6988904  1.6988615  1.6988797 1.6988800
1.8222056 1.8222073  1.8221859  1.8222050 1.8222052
2.9476938 2.9476927 | 2.3856290 | 2.9476928 2.9476933
3.0174161 3.0174530 |2.3862301 | 3.0174095 3.0174114
3.4432120 3.4432156 | 2.5833172 | 3.4432158 3.4432168
4.1417685 4.1417626 |2.5839852 | 4.1417697 4.1417750
4.6308354 4.6308072  2.9477062  4.6308465 4.6308549
4.7616007 4.7615186  3.0174627  4.7616237 4.7616317
4.7879824 4.7879191  3.4432320  4.7880173 4.7880298

Table 4.1: Computed vibration frequencies for Kk = 3, v = 0.35 and N = 8.

ag=> ag =10 ag = 20 ag =40 ag = 80

0.6805737 0.6805737 0.6805737  0.6805736 0.6805737
1.6990333 1.6990333 1.6990332  1.6990329 1.6990330
1.8222095 1.8222094 1.8222095  1.8222095 1.8222096
2.9476921 2.2970057 2.9476922  2.9476922 2.9476922
3.0176437 2.3909952 3.0176400  3.0176421 3.0176428
3.4432473 2.9476924 3.1845593 | 3.4432470 3.4432472
4.1417687 3.0176452 3.4392819 | 4.1417705 4.1417709

4.5534365 3.4432480 3.4432839  4.6309421 4.6309433

4.6309432 4.1417718 4.1417737  4.7615808 4.7615812

4.7195356 4.6309455 4.6309470  4.7882380 4.7882400

Table 4.2: Computed vibration frequencies for kK =4, v = 0.35 and N = 8.
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ag=>5 ag =10 ag = 20 ag = 40 ag = 80

0.6806522 0.6806522  0.6806522  0.6806522 0.6806522
1.69912564 1.6991254  1.6991255  1.6991250 1.6991253
1.8222137 1.8222137  1.8222138  1.8222137 1.8222137
2.9476935 2.9476935 | 2.4714299 | 2.9476935 2.9476935
3.0177848 3.0177848 |2.4822317 | 3.0177827 3.0177844
3.4432656  3.4432656  2.9476935  3.4432652 3.4432656
4.1417853 4.1417852  3.0177862  4.1417845 4.1417852
4.6310201 4.6310201  3.4432657  4.6310172 4.6310196
4.7615803 4.7615803  4.1417853  4.7615800 4.7615802
4.7883889 4.7883889  4.6310208  4.7883835 4.7883878

Table 4.3: Computed vibration frequencies for Kk =5, v = 0.35 and N = 8.

The observed spurious modes are extremely sensitive with respect to the stabilization pa-
rameter ag. Very small changes of this parameter produce significant changes in the value of the
spurious eigenvalues that, in some cases, make them disappear from the table. This fact makes
it too difficult to determine a threshold value of ag to guarantee avoiding spurious modes. For
instance, in spite of the fact that we did not observe in our experiments spurious modes for
ag = 40, we found them for ag = 42 and k = 3.

Next, we present in Table 4.4 different approximations of the first 10 vibration frequencies
corresponding to N = 8,16, 32,64, obtained with ag = 20 and a polynomial degree k = 3. We
notice that as the level of refinement increases the lower frequencies are progressively cleaned
from spurious modes. We conclude that our method provides a correct approximation of the
spectrum as long as N and ag are large enough. In the forthcoming tests we will take ag = 100.
We point out that the previous tests have been carried out with a Poisson ratio v = 0.35, but
similar results were obtained for values ranging from 0.35 to 0.5.
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N =8 N =16 N =32 N =64

0.6804460 0.6806838 0.6807775  0.6808142
1.6988615 1.6991595 1.6992689  1.6993109
1.8221859 1.8222154 1.8222207  1.8222228

2.3856290 2.9476935 2.9476956  2.9476963
2.3862301 3.0178279 3.0180082  3.0180748

12.5833172 | [3.2760743 | 3.4432923  3.4433002
[2.5830852 | [3.2777582] 4.1418082  4.1418158

2.9477062 3.4432656 4.4519274 | 4.6311877

3.0174627  |3.5133204 | |4.4548953 | 4.7615817

3.4432320 3.5153213 4.6311437  4.7886836

Table 4.4: Computed vibration frequencies for &k = 3, ag = 20 , v = 0.35 and different refinement
levels.

Table 4.4 shows that the spurious frequencies increase when as the mesh is refined, until
disappearing for N = 64. In fact, it can be checked from this table that these spurious frequencies
blow up as 1/v/h.

As a consequence of our tests, we arrive at the conclusion that it is convenient to take a
value of ag significantly large to be sure of getting rid of spurious modes. In fact, for all the
forthcoming tests, we have used ag = 1000.

The subsequent numerical tests are aimed to determine the convergence rate of the scheme.
With the boundary conditions considered in our model problem, it turns out that (cf. [69] and
the references therein) the regularity exponents s defined in Lemma 4.2.2 are given by Table 4.5
for different values of the Poisson ratio v.

v 5

0.35 0.6797
0.49 0.5999
0.5 0.5946

Table 4.5: Sobolev exponents.

We report in Tables 4.6, 4.7 and 4.8 the smallest vibration frequencies computed on several
meshes (N = 16, 32,48, 64) for different Poisson ratios (v = 0.35,0.49 and 0.5) and polynomial
degrees (k = 2,3 and 4). We also report in these tables the computed order of convergence «
and a more accurate value of the vibration frequencies A., obtained by means of a least-square
fitting of the model A, = Ap + Ch®.
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N =16

N =32

N =48

N=64 | a |

)\ex

0.35

0.6806068
1.6990672

0.6807467
1.6992327

0.6807850
1.6992773

0.6808020
1.6992969

1.34
1.37

0.6808381
1.6993373

0.49

0.6987402
1.8359946

0.6991833
1.8366760

0.6993160
1.8368781

0.6993779
1.8369722

1.19
1.20

0.6995295
1.8372009

0.5

0.7007298
1.8472390

0.7012091
1.8479824

0.7013534
1.8482043

0.7014210
1.8483081

1.18
1.19

0.7015881
1.8485623

Table 4.6: Computed lowest vibration frequencies for k£ = 2, ag = 1000, different values of v and

different meshes.

N =16

N =32

N =48

N:64\a\

)\ex

0.35

0.6806839
1.6991607

0.6807775
1.6992690

0.6808029
1.6992981

0.6808142
1.6993109

1.35
1.37

0.6808379
1.6993373

0.49

0.6989872
1.8363810

0.6992929
1.8368436

0.6993836
1.8369810

0.6994258
1.8370450

1.20
1.20

0.6995284
1.8372002

0.5

0.7009977
1.8476611

0.7013286
1.8481669

0.7014275
1.8483181

0.7014736
1.8483888

1.19
1.19

0.7015868
1.8485618

Table 4.7: Computed lowest vibration frequencies for k = 3, ag = 1000, different values of v and

different meshes.

N =16

N =32

N =148

N=64 | a |

)\6$

0.35

0.6807342
1.6992195

0.6807973
1.6992917

0.6808144
1.6993112

0.6808219
1.6993198

1.36
1.36

0.6808376
1.6993377

0.49

0.6991499
1.8366280

0.6993638
1.8369510

0.6994272
1.8370470

0.6994567
1.8370917

1.20
1.20

0.6995284
1.8372000

0.5

0.7011738
1.8479310

0.7014060
1.8482851

0.7014751
1.8483911

0.7015075
1.8484407

1.19
1.19

0.7015869
1.8485618

Table 4.8: Computed lowest vibration frequencies for k£ = 4, ag = 1000, different values of v and

different meshes.

We observe from Tables 4.6-4.8 that the expected order of convergence, O(h%) for all s < 3,

was attained in all the reported cases.

Finally, Figure 4.2 shows the vibration shapes corresponding to the two lowest frequencies

for v = 0.49.
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Figure 4.2: Deformed structures corresponding to the first (left) and second (right) lowest eigen-
functions for N = 16, v = 0.49, kK = 3 and ag = 1000. The color reflects the magnitude of the
displacement field.

4.8 Appendix. The limit problem

As was shown in the previous section, the proposed method works fine also for the limit problem
(A = +00), namely, for perfectly incompressible elasticity. In this appendix, we will establish
a spectral characterization in this case. Also, we will prove that the eigenvalues of the nearly
incompressible elasticity problem converge to those of the incompressible elasticity problem as
A — 00.

In the limit case A = 400, the bilinear forms A and B change in their definitions, since
the term where A appears in (4.2.5) vanishes. Therefore, the limit eigenvalue problem reads as
follows: Find x € R and (o,7) € W x Q such that

Ax((o,7),(1,8)) = kB ((o,7,(T,8)) V(T,s) e Wx Q (4.8.64)
with
By ((o,7),(T,8)) := i/ﬂo’D:TD—i-/Qr:T—i-/ﬂs:o'
and

Ax((o,7),(T,8)) == /Qp_l divo - divT + By ((o,7),(T,8))

for all (o, 7),(7T,8) € W x Q.

It is easy to check that A, is a bounded bilinear form. Moreover, the arguments used in the
proofs of Propositions 4.2.1 and 4.2.2 hold true for A = 400, so that A, satisfies the following
inf-sup condition:

p Aslloum).(r.5)

> all(o,r Vioer)e W x Q.
R A T e lte.ml - ¥ler)

In consequence, we are in a position to introduce a solution operator for the limit eigenvalue
problem. Let T : [L2(02)"*"]2 — W x @ be defined for any (f,g) € [L2(Q)"*"])? by

Aoo(To(f,9), (7,8)) = Boo((f,9),(7,8))  V(1,8) e W x Q. (4.8.65)
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it is easy to check that p is a non-zero eigenvalue of T' with eigenfunction (o, 7~) if and
only of k = 1/ is a non-vanishing eigenvalue of problem (4.8.64) with the same eigenfunction.

Our first goal is to prove that the operators T" defined by (4.2.10) converges to To, as A goes
to infinity. To recall that T actually depends on A, in what follows we will denote it by T'y.

Before proving the convergence of Ty to T, we will characterize the spectrum of T',. Let
K be defined as in (5.2.13) and

(K x Q)F8= :={(o,7) EW x Q: By((o,7),(T,8) =0 Y(T,5) € Kx Q}.

We observe that Twolicxg @ K x @ — K x Q reduces to the identity, so that 4 = 1 is an
eigenvalue of T',. Moreover, its associated eigenspace is precisely IC x Q.

Let us introduce the following operator which will play a role similar to thatr of P in the
limit problem:

Py  WxQ—>Wx09,

(o,7) — Pyo = (0,7).

where (o, (4,7)) € W x [L2(Q)" x Q] is the solution of the following problem:

1 ~ ~ ~
/UD:TD+/U'diVT+/T:T:0 VT eWw, (4.8.66)
2u Jo Q Q
/v-div5'+/5':s:/v'diva Y(v,s) € L2(Q)" x Q. (4.8.67)
Q Q Q

The previous problem is well posed, since the ellipticity of fQ oP : 70 in the corresponding
kernel is established in Lemma 2.3 of [71] and the following inf-sup condition holds true (see
[22]):

v-divr+ |,s:T
oy o Jo
TEW ”THH(div,Q);Q
We observe that problem (4.8.66)—(4.8.67) is a dual mixed formulation with weakly im-
posed symmetry of the following incompressible elasticity problem with volumetric force density

> B(lvllog +lIslog)  V(v,s) € L*(Q)" x Q.

—divo
—dive = —dive inQ, (4.8.68)
1
ﬁ&D = e(u) inQ, (4.8.69)
ov =0 inT'p, (4.8.70)
u=20 inT'g. (4.8.71)

It is easy to check that (&, u) € H(div; Q) x H' ()" satisfies (4.8.68)—(4.8.71) if and only if
(o,(u,7)) € W x [L2(Q)" x Q] is the solution of (4.8.66)-(4.8.67) with 7 = £[Va — (Va)*].

Now, by resorting to the relation between the incompressible elasticity and the Stokes prob-
lems, we conclude that there exists 5o € (0,1) depending only on © and u (see for instance
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[46], [43] and [84]) such that, for all s € (0,5) the solution u of (4.8.68)—(4.8.71) belongs to
H'*5(Q)" and the following estimate hold true

[t]l1+s.0 < C|diva|ogq, (4.8.72)

with a constant C' independent of o.
The following lemma is a consequence of this regularity result.

Lemma 4.8.1 For all s € (0,5) and (o,7) € W x Q, if (&, (4, 7)) is the solution of (4.8.66)-
(4.8.67), then & € H*(Q)™*", u € HF$(Q)™ ", 7 € H*(Q)"*" and

lolls.0 + [[ulise + I7llso < Clldivealoq,
with a constant C independent of o. Consequently, Po(W x Q) C H¥(2)"*" x H*(Q)"*".

We observe that P, is idempotent and that ker(Ps) = I x Q. Moreover, being P, a
projector, the orthogonal decomposition W x Q = (IC X Q) @ P (W x Q) holds true. On the
other hand, Po (W x Q) is an invariant space of T'» (see Proposition A.1 in [69]).

Proposition 4.8.1 For all s € (0,53)
Too(Poo (W x Q)) C {(o*,7*) € H*(Q)™™ x H¥(Q)™*" : dive™* € H(Q)"}, (4.8.73)
and there exists C > 0 such that for all (f,g) € Pooc(W x Q), if (6%, 7*) =T (f,g), then
lo*]ls.0 + [[diver(lie + Ir*(lse < CI(f, g)II- (4.8.74)
Moreover, Too|p. (wx ) : Po(W x Q) = Po(W x Q) is a compact operator.

Proof. Let (f,g) € Poo(W x Q) and (0*,7*) = T (f,g). Then, testing (4.8.75) with 7 €
D(2)™*™ C W, we have that

1 1
—p WVW(dive*)+ —oP + 7" = —f° 4+ g.
2u 2u

Hence, since p and i are constants, we conclude that dive* € HY(Q)™.

Since P (W x Q) is invariant with respect to T, applying Lemma 4.8.1 we obtain directly
(4.8.73). On the other hand, (4.8.74) is a consequence of Lemma 4.8.1. Finally, the compacteness
of Teo|p. (Wxg) is a consequence of the following compact embedding

{(o*,r*) € H ()" x HY(Q)™" : div o™ € H(Q)"} = W x Q,

which allow us to conclude the proof. 0 Now we are in position to establish a spectral charac-
terization for T .

Theorem 4.8.1 The spectrum of T« decomposes as follows: sp(T's) = {0, 1}U{ i tren, where:

(i) n =1 1is an infinite-multiplicity eigenvalue of T, and its associated eigenspace is IC X Q.
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(i) p =0 is an eigenvalue of T, and its associated eigenspace is Z x Q, where
Zi={reW: ™ =0}={qI: ¢cHY(Q) and ¢q=0 on Ty}

(713) {1 }ren C (0,1) is a sequence of nondefective finite-multiplicity eigenvalues of T which
converge to zero, ; the corresponding eigenspaces lie in Py (W X Q).

Proof. It is enough to follow the steps of Theorem 3.5 from [71]. O
Now we are in position to establish the following convergence result.

Lemma 4.8.2 There exists a constant C > 0 such that

I(Tx = Too)((£,9))]l < gll(f,g)H V(f.g) € LA™

Proof. Let (f,g) € [L2(Q2)"")? and let (o), 7)) := TA(f,g) and (0o, ") := Too(F,g). Then,
from (4.2.10) and the definition of C we have

1 1
—1 qe . D D
p d1v,\a-d1v7'+/0' c T4 /tr(a,\)tr(T)—F/TA:T
/Q 2u Jo n(nA+2u) Jo Q

1 1
:ﬂ QfD:TD+n(n)\—|—2,u)/Qtr(f)tr(T)+/Qg:T’

/a)\:s:/f:s.
9 Q
Whereas

1 1
/pldivaoo~div7'+/UgO:TD—i—/roo:T: fD:TD+/g:T YT eWw,
Q 21 Jo Q 21 Jo Q

(4.8.75)
/a'oo:s:/f:s Vs € Q. (4.8.76)
Q Q
Subtracting the the above equations we have
1
/ p tdiv(ioy — o) -divr + — [ (63 —o2) : 7P
Q 21 Jo
1
— T=— |t — t A 4.8.77
)i s [ —outn) vrew, s
/(03\—0'00) :8=0 Vs € Q. (4.8.78)
Q

Testing this equation with 7 := o) — 0x and s := r) — 7o, we have

1 1
20t o — o220 = / (tr(F) — tr(ea)) tr(on — o)
2p n( Q

-1 .
div(oy — oo T
ol divios - o) T

1
< L 1)~ uenla | (s - o)

n
1

P
“nA+2u

([fllo.0 + llorlloglllor = ool

C
< S 9)llllon = oxllog,

lo.0
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where we have used (4.2.11) to bound |lo)|o.o. Moreover

. 1 . C
win {p~1, 5 b (1 divior oo + 108 - o) < 170 los - oloa

We observe that oy — 0 € W is symmetric due to equation (4.8.78). Then, we resort to the
following estimate (see [28] for instance)

Cllox —owllfa < o} — o250 + 1 div(exr — o) lF 0
with C' > 0 to deduce that

Cllor = gecllaive < ([0} = 0% 5 + | div(or — o)llf o)/

Hence
ldiv(or — o0)§ 0 + 0} — o ll3.0
C .
< 2L (£,9)(l0” — o lf 0 + [ divior —ox)[30)/?  (4.879)
and, finally,

C
lox = oecllaive < I, 9)l, (4.8.80)

with C' a positive constant depending on p, u and n.

On the other hand, taking into account the inf-sup condition (4.2.9), (4.8.77), Cauchy-
Schwarz inequality, (4.8.79) and (4.8.80), we have

Bllrx — rollon

. 7n(n/\1+2m Jotr(oxr — o) tr(T) — [ p tdiv(ey — o) - divT — ﬁ JoleR —od) : 7P

< su
TEW HTHH(div;O)
<y Bl F9)lIloo + 7| divior o) loal div rlon + Fillo} - loalr oo
T rew 7l 1(divio)
C
< <9l (4.8.81)

Hence, the proof follows by combining (4.8.80) and (4.8.81).
O

Now we are in a position to establish the following result.

Theorem 4.8.2 Let jiso > 0 be an eigenvalue of T oy of multiplicity m. Let D be any disc of the
complex plane centered at poo and containing no other element of the spectrum of T'oo. Then, for
A large enough, D contains exactly m eigenvalues of Ty (repeated according to their respective
multiplicities). Consequently, each eigenvalue oo > 0 of T is a limit of eigenvalues p of Ty,
as A goes to infinity.



Chapter 5

Quadratic eigenvalue problem for a
fluid-structure system

5.1 Introduction

The interaction problem between fluids and structures is one of the most studied topics for
engineers, because of the several applications in the industry. The design of the wings of an
aircraft, construction of motors of many vehicles and machines, the construction of ships and
many other activities, requires to known the vibration frequencies of the interaction of fluids
with structures.

To compute these vibration frequencies, the numerical methods that employ finite elements
are an important tool for this goal. Articles like [12, 14, 15, 16, 17] among others, deal with
interaction problems and different kind of formulations to solve the elastoacustic problem. Nev-
ertheless, this articles neglect the presence of viscosity in the models. Viscosity gives path to
the dissipation phenomenon, in particular internal dissipation. For details of this physical phe-
nomenon see for instance [76].

Mixed formulations to study the elastoacustic problem have also been used. In [70] the fluid-
structure acoustic interaction problem is analyzed with a mixed formulation written in terms
of the Cauchy stress tensor in the solid and the pressure the fluid, respectively. Since the stress
tensor is an H(div) function and the pressure is an H' function, the finite element method is
based into discretize the solid domain with Arnold-Falk-Winther elements and the fluid domain
with Lagrange linear elements. With this particular choice of elements the Galerkin method
results to be a conforming method.

Recently in [62] a finite element discretization fo the interaction problem between dissipative
fluids within a rigid cavity has been analyzed. The presence of viscosity leads to a non-linear
eigenvalue problem, a quadratic problem more precisely, where the solution operator is non
compact and it is analyzed by adapting the techniques used in [13]. However, since the analysis
of the quadratic eigenvalue problem is not direct, an additional unknown is incorporated in order
to write a double-size linear problem.

The goal of this paper is to deal with the elastoacustic problem considering a dissipative

102
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fluid interacting with an elastic structure. Since the fluid has viscous properties, the eigenvalue
problem turns to be quadratic, as it happens in [62]. According to this, it is necessary to introduce
additional unknowns for the fluid and the solid, in order to obtain a double-size linear eigenvalue
problem. The spectral analysis is similar as the one studied in [62], where we split the solution
operator in two operators, where one of them is compact and the other has an essential spectrum.
For the spectral characterization we use the thechniques presented in [62]. We introduce a finite
element method where the fluid is discretized with Raviart-Thomas elements and the solid
with continuous piecewise linear functions. This choice of elements leads to a non-conforming
method as happens, for example, in [12], where it is not possible to impose continuity in the
contact interface between the degrees of freedom of the Raviart-Thomas and the linear functions.
Moreover, a corrected interpolant operator is needed to approximate the solution in the interface.
For this reason, we will consider the one connstrcuted in [12].

The paper is organized as follows: in Section 5.2, we introduce the spectral problem and
the corresponding variational formulation, which leads to a quadratic eigenvalue problem. This
variational spectral problem is written in terms of the displacements of the fluid and the solid.
We introduce an auxiliary unknowns to transform the quadratic eigenvalue problem into a linear
one. Moreover, we introduce the corresponding solution operator for the spectral problem. In
Section 5.3, we provide a rigorous spectral characterization of the solution operator, based on
the theory developed in [55]. We also consider the limit problem (i.e., the case when the viscosity
vanishes) and the relation between the solutions of the dissipative and non-dissipative problems.
In Section 5.4, we introduce a finite element discretization using Raviart-Thomas elements for
the fluid and piecewise linear functions for the solid, in order to approximate the eigenfunctions
and eigenvalues. We analyze the discrete spectral problem analogously as in the continuous case
and introduce the corresponding discrete solution operator. We use the abstract theory from
[36] to prove the convergence. We also prove error estimates for our problem by adapting the
arguments from [13]. Finally, in Section 5.5, we report some numerical tests which allow us to
assess the performance of the proposed method.

Throughout the paper, Q is generic Lipschitz bounded domains of R? (d = 2,3). When
corresponds, we will denote by 2y and 2, the domains of the fluid and the solid, respectively.
We denote by D(2) the space of infinitely smooth function compactly supported in Q. For
r >0, |||l o stands indistinctly for the norm of the Hilbertian Sobolev spaces H"(£2) or H"(Q)4
with the convention H°(2) := L2(Q). We also define the Hilbert space H(div;Q) := {v €
L2(Q)4 : dive € L2(Q)}, whose norm is given by HvH?ﬁv’Q = HngQ + Hdivag’Q. We also
define the Hilbert space H*"(div, ) := {v € H*(Q) : divw € H"(Q)} endowed with the norm
HUHQHS(div,Q) = H’UHiQ + HdiVUH%,Q-

Finally, C represents a generic constant independent of the discretization parameters, which
may take different values at different places.

5.2 The main problem

In this work we will study the vibration modes of the interaction problem of an homogeneous
fluid with an elastic structure. The fluid, as in [62] will be considered as irrotational. Let Qf the
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domain occupied for the fluid and €25 the corresponding domain of the solid. Let ps and pg the
densities of the fluid and the solid respectively v is the fluid viscosity and ¢ the acoustic speed
of the fluid and Ag and ug the Lamé coefficients. In our analysis, all the previous coefficients

will be considered as positive constants.

Qg
r [
Op-
MK
)
Iy

Figure 5.1: Scheme of the problem.

The equation of motion derived from the Stokes equation is
pU = 20AU — VP in Qy,

where U denotes the fluid displacement and P the pressure fluctuation on the domain Q. The
dot represents derivation with respect to time. Moreover, since the fluid is compressible we

consider the isoentropic relation
P+ pf02 divU =0 in y,

Let us recall the following definitions, given ¢ : Q — R and ¢ : Q — R?, let

dp  0p\* dp2  Opr
urly == ( ——, —— and curlp := —— — —.
cur <8y 31:) e Ox oy
Since we are considering irrotational fluids, curlU = 0. Hence, considering the identity

AU = V(divU) + curl(curll/) we conclude that AU = V(div U). Then, the equations of our
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model for an irrotational dissipative fluid and an elastic structure are the following:

pU — 20V (divU) + VP =0 in Q; x (0,7), (5.2.1)

P+ ppc®divU =0 in Q; x (0,7), (5.2.2)

psW — div(o(W)) =0 in Q, x (0,T), (5.2.3)

o(W) = Astr(e(W))I —2use(W) =0 in Q4 x (0,7, (5.2.4)
U n—W-n=0 inT x[0,T] (5.2.5)
oc(W)n—(P+2vdivU)n =0 inT x[0,T] (5.2.6)
o(W)n=0 inTy x[0,T] (5.2.7)

W =0 inTp x [0,T]. (5.2.8)

where o is the Cauchy stress tensor, €(-) is the linear strain tensor defined by (W) := $[VW +
(VW)*], I'1 is the interface between the solid and the fluid, I'p and 'y are the Dirichlet and
Neumann parts of the boundary of the solid, respectively and n is the outward unit vector to
I'ny. We introduce the following spaces

H = L2(Qp)" x L*(Qs)?,
X = H(div; Q) x Hp (Q)?,
Vi={(u,w)eX : u-n=w-n on I}

where H%D (€25)? is the subspace of H'(£2,)? of functions that vanishes in I'p.

Then, multiplying with different test functions, integrating by parts and using the boundary
and interface conditions, we obtain the following variational problem:

Find U : [0,T] — H(div; Qy), P:[0,T] = L*(25)* and W : [0, T] — Hp_(Qs)? such that

/ pr-U—i—/ psW-T+2/ ydideivv—/ Pdivv+/ o(W):e(T)=0, (5.2.9)
Q; Q. Q; oF Q,

for all (v, T) € V. Considering the isoentropic relation for the fluid P = p f02 div U, we eliminate
the pressure in (5.2.9) to obtain

/ pr-'v+/ psW - T + 2/ ydideivv+/ prQdiVUdiV’U—F/ o(W):e(T)=0.
Q Qs Q Qs s
(5.2.10)
The damped vibration modes of the fluid and the structure are complex solutions of the form
U(x,t) = eMu(x,t) and W (z,t) = eMw(x,t). Then problem (5.2.10) written in the frequency
domain reads as follows:

Problem 5.2.1 Find A € C and (0,0) # (u,w) € V such that

)\2</ pfu-v—i—/ psw-7>+2)\/ vdivudivo
Q Qs Qy

+/ prQdivudivv+/ o(w):e(T) =0 V(v,7) e V. (5.2.11)
Qf S
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We remark that in absence of viscosity (i.e v = 0) we are left only with the classical elastoacustic
problem like the studied, for example, in [12]. The eigenvalues A? of this problem are negative
real numbers (we will prove below), so those A are purely imaginary namely A = 4w being
called the vibration frequencies, since the corresponding eigenfunctions U (x,t) = e~ “iu(x)
and W (x,t) = e~ “!aw(x). Is for this reason that, for v = 0 Problem 5.2.1 is usually written as
follows: Find w > 0 and (0,0) # (u,w) € V such that

/prQdivudivv+/ o(w) : e(T) = w? /pfu-'v+/ psw T |, (5.2.12)
Qy s Qp Qs

for all (v, 7) € V.

In the applications, v is typically small and we will prove below that when v — 0, the
eigenvalues A of Problem 5.2.1 lie very close to the imaginary axis (fiw) with w being the
vibration frequency (i.e. a solution of (5.2.12)). For this quadratic eigenvalue problem, we observe
that the eigenspace associated to A = 0 is

K:={(u,00 e X :divu=0in Qf and u-n=0on I'} CV (5.2.13)
and its orthogonal complement, which we denote as G is defined by
G:={(u,w) €X : u=Vyp, ¢eH ()} (5.2.14)

Both spaces are closed subspaces of V endowed with the H(div; Q) x HllﬂD (Q5) norm. We
also define the subspace Gy := GNV. From the physical point of view, the time domain problem
(5.2.9) is dissipative in the sense that it solution should decay as ¢ increases. The latter happens
if and only if the so called decay rate Re()\) is negative. The following result shows that this is
the case in our formulation.

Lemma 5.2.1 Let A € C and (0,0) # (u,w) € V be the solution of problem (5.2.10). if A # 0,
then Re(\) < 0.

Proof. Testing (5.2.10) with (u,w) = (v, 7T) we define

A—/ pf|v|2+/ ps|TI%; B:—Q/ v|divovl|?,
Qs Qs 2

C:= prc?|divol? —|—/ o(t):e(T).
Q; Qs

Since the coeflicients p,, pr, v and c are positive, we deduce that A >0, B > 0 and C' > 0.
We observe that in the definition of C' the solid part is no negative because of Korn’s inequality.
On the other hand, we observe that X is the solution of the algebraic equation AX2 +BA+C =0
with the form \ = =BEvBZ=44C ij_“‘c. From this it is immediate to check that ReA < 0. 0O

For the theoretical analysis it is convenient to transform problem (5.2.10) into a linear prob-
lem. For this reason, we introduce the following auxiliary unknown @ = Awu for the fluid and
w = Aw for the solid. Then, replacing this new unknowns in Problem 5.2.1, we obtain the
following linear eigenvalue problem:
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Problem 5.2.2 Find A € C and ((

/ pc? divudivo + /
Qf

Qs

0,0),(0,0)) # ((u,w), (w,v)) € V x H such that

An —2/ Vdivudivv—/ pFu-v
Qy
/ psfv-‘rh> V(v,T) €V, (5.2.15)

/pfa-m/ poi T = A /pfu-a+/ pw 7| V@R EV.  (5.216)
Q; Q; Q; Q.

We observe that A = 0 is a eigenvalue of problem (5.2. 15) (5.2.16) with associated eigenspace
is K = K x {(0,0)}. Let G the orthogonal complement of K defined by G := Gy x H.
In what follows we will prove additional regularity for the functions in Gy

o(w) :e(7)

Lemma 5.2.2 There ezists s € (,1] such that for all (u,w) € Gy and

[ulls.op <Ol divulogo, + lwlle,)

Proof. Let (u,w) € Gy and consider the following well posed Neumann problem

Ap =divu infy,
0
a—i =w-n onl,
where divu € L?(Q) and w-n|r, € H'/2(T;) with j = 1,..., N when the boundary is polyhedric
of N edges and I' = U§V:1Fj.
It is well known that exists s € (

21
the problem above that satisfies

] such that exists an unique ¢ € H'*#(Qy) solution of

n
Ielhss < € { I divuloa, + 3w nl ;
j=1

Moreover, due the classical trace theorem we know that

n
Slwnlyp, <
j=1

with Cr the positive constant of the trace Theorem. Then, estimate above is rewritten as follows

lellits, < Crlll divauljoo, + [lwlia,)

where C7 = max{1,Cr}. Since (u,w) € Gy, then u = Vg and

lulls,0; =

< Ci(|[divullog, + llwl10.), (5.2.17)

where s is fixed and depends on the geometry of the domain. Hence, we conclude the proof
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Now we introduce the sesquilinear form a : V x V — C defined by

a((u,w), (v, 7)) ::/Q prQdivudivv+/ o(w):e(T).
!

s

We also define the sesquilinear forms @, b : (VxH)x (VxH)— C as follows

a(((w, w), (w, w)), ((v,7), (v,7))) = a((w, w), (v, 7)) +/

pf’l/l'a-i-/ PsW 'i,
Qf Qs

b(((w, w), (@ @), ((v,7), (3,7))) = — 2/

Qf

+/ pfu~ﬁ—/ ps’l/l\J"T—l-/ PsW - T
Qy Qs Qs

The following lemma shows that the sesquilinear forms a(-,-) and a(-,-) are elliptic in the

Vdivudivv—/ pru - v

orthogonal complements of X and K respectively.

Lemma 5.2.3 The sesquilinear form a : Gy X Gy — C is Gy-elliptic and consequently a :
G x G — C is G-elliptic.

Proof. Let (v, T) € Gy. Then, using the definition of a(-,-) and the fact that py, ¢ are constants
we observe

a((v,r),(v,r)):/Q pfc2]divv\2—i—/g p—
! s

We will bound the first term of the right-hand side. From Lemma 5.2.2 we have

[vllo.op < lvlls.op < C(lldivolloo, + [[7l0.),

which leads to
[v]|aiv,o, < C(Idivollon, +[I7l1,0,),

and applying Young’s inequality we obtain HvH?ﬁV,Qf < C||(v,7)||%. For the second term, we
apply Korn’s inequality and obtain st o(t):e(t) > C|It|1,q,. Hence, combining the two last
estimates we deduce that a((v, ), (v, 7)) > C|/(v, T)||%, concluding the Gy-ellipticity of af(-, ).

The g—ellipticity of a(-,-) is a direct consequence of the Gy-ellipticity of a(:,-). In fact, for
((w,w), (W, w)) € G we write

a((u’wv aa '&\7)7 (U,'UJ, ﬁ'a "-/b)) = a((uvw)v (’U, ’lU)) + pSHaH%,Qf + pr? 3,93
> Oll(w,w)|1} + psl8l5 0, + 717150

> min{C, ps,pf}(H(U,’w)H%c + H'/U\’
N————

«

(2),Qf + 713 0.)-
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Hence
a(((u,w), (@, w)), ((w, w), (@,®))) > al/((u,w), (&, ))[Z
which completes the proof. O
Now we introduce the following linear and bounded operator T : (V x H) — (V x H)
defined by T((f,9),(f,4§)) = ((w,w), (@, ®)), where ((w,w), (%, ®)) is the unique solution of
the following problem:

a(((u, w), (u, w)), ((v,7), (v, 7)) = b((f. 9, f,9), (v,7,v,7)) V((v,7),(v,7)) €7

From this we observe that

a((u,w),(v,T))—i—/ pfﬁ-fu\—i—/ psﬁi-?:—Q/ Vdivfdivv—/ ,of}-ﬁ
Q; o or Q;

—/ ps§-7+/ pff-6+/ psg - T,
s Qf Qs
V(v,7) € G and V(v,7T) € H, which implies that
(@,®) = (£,9). (5.2.18)
Hence, for (u,w) € Gy we have
a((u,w), (v, 7)) = —2/ vdiv fdivo — / pf? T — / psg - T. (5.2.19)
Qp Q; Qs

The following lemma shows that the non-zero eigenvalues of T' are exactly the inverses of the
non-zero eigenvalues of problem (5.2.15)—(5.2.16) with the same corresponding eigenfunctions.

Lemma 5.2.4 (u, (u,w,u,w)) is an eigenpair of T if and only if n # 0 and (X, ((u, w), (u, w)))
is a solution of Problem 5.2.2 with A =1/ p.

Proof. First, it is easy to check that = 0 is not an eigenvalue of T'. Let (y, ((u,w), (u,w))) be
an eigenpair of T, with p # 0. Hence

o~

a((w, w), (@ @), (v, 7), (8, 7)) = 2b((w, w), (&, ®)), (v, 7), (¥, 7

~—

), (5.2.20)

u,w) € G. Then,

for all (v, 7), (©,7)) € G. Then, according to (5.2.18) we have that (G, W) = i
w), (u, w)), (v, 7), (v,7))) =

for (v, 7), (8,7)) € K and the fact that (%, @) € G we have that b((u,
0 and hence
a((u, w), (u, w)), ((v,7), (v,7))) =
This implies that (5.2.20) holds true for all ((v, ), (v,7)) € VxX. Conversely, let (A, ((u, w), (u,w)))
be a solution of Problem 5.2.2. Taking (v, 7) € Kin (5.2.1
K and Gy we obtain that

5) and using the orthogonality between

Qg

/ pfﬁ-v+/ psw-T=0 (v,7) €K,
Qf

which implies that (u,w) € G. On the other hand, (5.2.16) implies that A\(u,w) = (u,w) € G.
Hence, it is easy to check that T'((u, w), (u,w)) = p((uw, w), (w,w)) with g =1/X. 0
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5.3 Spectral Characterization

In this section we will characterize the spectrum of the operator T'. With this aim, we will use
the theory described in [55] to decompose appropriately T'. We will not be able to prove that T
has only discrete spectrum, although we will show that the essential spectrum, if it exists, has
to lie in a region of the complex plane, well separated from the isolated eigenvalues.

Let Ty, Ts : Gy — Gy operators given by

T(f,9) = (u,w1) €Gy: a((u,wr),(v,7)) = 2/Q vdiv f divo, (5.3.21)
f

T2(?7§> = (u27w2) € gv : a((ug,wg), (’U,T)) :/

pif T+ / psG T (5.3.22)
Q; Q.

Both operators are well defined because of Lemma 5.2.3 and Lax—Milgram’s lemma. Moreover
[(u1, w1)llx < O div fllo,e, and [[(uz, w2)llx < C(|fllo0; + lIgllo.e.). Notice that T’y is the
solution operator corresponding to the non-dissipative eigenvalue problem (5.2.12).

The following lemma proves additional regularity for the eigenfunctions of T's.

Lemma 5.3.1 Given (f,§) € Gy, let (ug, ws) = To(f,§) a solution of problem (5.3.22).
Then, there exists s € (0,3] and 8 € (0,1] such that

[uzls.op + | divus|io + wallis.a, < CUFloq, + 1glo.0.)-

Proof. Since (uz2,ws3) € Gy, applying Lemma 5.2.2 we have that uy € H*(Q¢)? and uzllso, <
C( H div UQ’
glo.0.).

On the other hand, testing (5.3.22) with v € D(Q;) and 7 = 0 we obtain that —V (psc? divug) =
prf € L2(Q;)? which implies that divus € H'(25)? and || div uzl[1,0, < C”}HO,Q.

For the additional regularity for function w, we consider the following elasticity problem as

0.9, Fllwal[1,0,). Hence, from Lax-Milgram’s lemma we obtain [l ua|ls o, < C’(H}Ho@f—i-

the one considered in [12]:
—L(w) + psw = psg in Q,
o(wy)n = (pc? divus)n on T,
o(w2)n=0 on I'y,

wy =0 on I'p,

with L(w2) is the elasticity operator defined by

L(ws2) := (As + ps)V(divws) + psAwa,

where A\g and pg are the Lammé constants. From the a priori estimates for this problem (see for
instance [47]) we obtain that wy € H*#(Q,)? and satisfies

lw2lli1p.0, < C(lgllo.0, + | divaus|1 p),

where § € (0, 1] and depends on the geometry of Qg and the Lammé coefficients. O
Now we are in position to establish the following compactness result for the operator T's.
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Corollary 5.3.1 The operator T's : Gy — Gy is compact.

Proof. The compactness of Ty follows from Lemma 5.3.1 and the compact inclusions of H*(Q2 f)2,
H!(Qf)? and HP(5)? into L?(Q2)? and L2(Q4)%. O
Now, using the ideas developed in [55] the operator T' can be written as

T, -T,
T—( P ) (5.3.23)

Moreover, we define as in [55]

I 0 T, T N S
S = 1/2 s U = Tl T2 and H = 1/; 2
0 T} I 0 T, 0

which satisfies the following identities

ST=HS, T=US, H=SU, and UH =TU.

We note that the eigenvalues of T' and H and their algebraic multiplicities coincide and the
corresponding Jordan chains have the same length. In fact, let {x;}},_, a Jordan chain associated
to the eigenvalue p of T'. Then, using the identities above and the definition of a Jordan chain
we obtain

HSz, = STxp = S(pxg + v5—1) = pSap + Sxp—q, k=1,...,7.

This shows that {Sxj}}_, is a Jordan chain of H of the same length. The following lemma
shows that the spectra of T' and H coincide, which proof can be found on Lemma 3.2 of [12].

Lemma 5.3.2 There holds
sp(T') = sp(H).

Proof. The proof runs identically as in Lemma 3.2 of [12]. O
The operator H can be written as the sum of a self-adjoint operator B and a compact one
C. Then, using the identities in [55]:

1/2
-T -T
H=B+C, with B:= 1Y) and €= (1)/2 2
0 0 T, 0

Then, applying classical Weyl’s Theorem (see [83]) we have that Sp,(H) = Sp.(B) and
the rest of the spectrum Spy(H) = sp(H)\ Sp.(H) consists of isolated eigenvalues with finite
algebraic multiplicity. Moreover, Sp,(B) = Sp,(—T'1) U {0}.

Our next goal is to show that the essential spectrum of T'; lies in a region of the complex
plane. With this aim, we need to determine the values of ;1 for which the operator (uI —T') :
Gy — Gy is not invertible. Then, we proceed using the technics used in [62] in order to determine
this.
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o (uI —T1) is not one to one. If (uI —T'1) is not one-to-one, then there exists (f,g) # (0,0)
such that (uI —T1)(f,g) = 0, which is equivalent to

1 </Qf prQdivfdivv+/sa(g):5(7’)) :2/Qf1/divfdivv

In particular, for v = f and 7 = g we obtain

2/ v|div f|? 2/ v|div f|?

Qf Qf 2v

H= 2 9 S 2 2 - 1Y 02
| oolaivsP s [ alg)icte) [ pplagp 1
Qs s Q

2v
From here we observe that u > 0. Moreover, i < —

prc’

eR

e On the other hand, (uI —T) is onto if and only if for (}, g) € Gy there exists (f,g) € Gy
such that T1(f,g) = u(f,g) — (f,g). Hence,
2 7 7 P—
/ prcdiv(uf — f) d1vv+/
Q

o(ug —g) :e(7) = 2/ vdiv fdivo
Qs

Qy

which leads to

/ (upyc® —2v)div f divo + / o(g):e(T) = / pc® div f divo (5.3.24)
Q; Q. or

+ [ o@iem
for all (v, 7) € Gy. By writing u = a + bi with a,b € R, the equation above reads:

o(g):e(T) = / pc? div f divo

/ ((a+bi)psc® — 20 div £ dive + (a + bz’)/
Qf Qf

Qs
+ /Qs o(g) : e(T)

for all (v, 7) € Gy. From here we observe that for b # 0 problem above has a solution and
hence the operator (uI —T'71) is onto. On the other hand, if b = 0 we conclude that = a
and hence p € R. Now we have the following cases:

2v

i) If >0 and 2u — 2v) > 0 where pu > implies that (u — T'1) is onto.
% prc i 2

i) If 4 < 0 and (pyc?p — 2v) > 0 where p < implies that (uI — T') is onto.
PFC 1
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The previous calculations are summarized in the following result which gives a spectral
characterization of the solution operator T'.

Theorem 5.3.1 The spectrum of T' consists of

Spe(T') = sp(—T1) U{0}
with )
v
T il
T) {0’ psc? [
and Spy(T) = sp(T)N\.Sp.(T') consists in a set of isolated eigenvalues of finite algebraic multi-
plicity.

Proof. As a consequence of the classical Weyl’s Theorem (see [83]) and Lemma 5.3.2,
Spe(T) = Spe(H) = Spe(B) = Spe(_Tl) U {0}7

whereas the inclusion follows from the above analysis. O

Our next goal is to show that for v small enough, some of the eigenvalues of T' are well
separated from the essential spectrum. With this end, given f € Gy and testing (5.3.21) with
(u1,w1) € Gy and using the Gy-ellipticity of a(-,-), we have that

all (w1, w1)|[3 <a((ui,w1), (w1, w))

:2/ vdiv fdivuy < 2v|div fllo.ollwi|laiv.o,
Q

which implies that ||T1||z(g,xg,) — 0 as v — 0. Consequently, H converges in norm to the

P —T}/?
0 - T;/Q 0 )

as v goes to zero. therefore, form the classical spectral approximation theory, the isolated eigen-

operator

values of H converge to those of H. Since the isolates eigenvalues of H and T coincide (cf.
Lemma 5.3.2), to localize those of T, it is enough to characterize those of Hy. Let p be an
isolated eigenvalue of Hy and ((u,w), (v, 7)) € Gy X Gy the corresponding eigenfunction. It is
easy to check that

H,

¢ g ¢

—= Ty(u,w) = —p*(u, w).

3N e 8 2

T

Since T'5 is the solution operator corresponding to problem (5.2.12), we have that its eigenvalues
are related with those of (5.2.12) by —u? = w?, or equivalently , u = 4i/w. Moreover, because
of the symmetry and ellipticity of the bilinear forms in (5.2.12), we have that w > 0.
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Finally, from the compactness of T2, we know that the spectrum of T's consists of a sequence
of finite multiplicity eigenvalues pp = 4i/wy which converges to zero. Therefore we have that
the eigenvalues of H| are also given by +i/wy with wy and wy — oo, which let to conclude that
this eigenvalues are purely imaginary and converge to zero. Now we are in position to establish
the following result.

Theorem 5.3.2 For each eigenvalue i/wy of T of multiplicity m, there exists r > 0 such that
the disc Dy :={z € C: |z—i/wg| < r}, intersects sp(T3) only ini/wy. Then, there exists § > 0
such that if v < 6, there exists m eigenvalues of T, 1, ..., m lying in the disc D,. Moreover,
Uy ooy o — wik as v goes to zero.

The previous theorem shows that the eigenvalues of T', which are relevant in the applications,
are well separated from the real axis and hence, from the essential spectrum of T'.

5.4 Spectral Approximation

In the following section we will study the finite element method to approximate the solutions of
problem (5.2.11). With this aim, we introduce a triangulation of the domains {75 }n~0 C QU
and the following finite element spaces. First, for the solid we introduce the piecewise linear space

My = {v e HY Q)" : wvulr € PL(T)", T C T(Q)}
and for the fluid, the lowest order Raviart—Thomas space
Wy, = {T € H(div,Qy) : 7p|lr € RTo(T), T C T(Qy)},
and the following piecewise constant space
Uy = {v, € L2(Q4)? : wplr € Po(T)* VT C T()}.

The degrees of freedom in W), are the values of the normal components of 7 along each edge
of the triangulation. We observe that these normal components values are constant in each edge.
Then, the discrete space of X is

Xy ={(v,7) e Mp x Wy, © T|r, =0}.

Then, as in [12], we need to impose a weaker condition than (5.2.5) for the discrete space. Then,
we introduce the following finite element space

L

Vh::{('u,r)eXh : /(U—T)-n:o WCP}.

Notice that if (up,wp) € Vi, then v - n and w - n coincide at the midpoint of each edge in
the interface. In general, our method is non-conforming since Vj, € V.
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We recall some well-known approximation for this finite element spaces. Given s > 0, let
IT;, : H*(div; Qf) — W), the classic global lowest order Raviart-Thomas interpolant. Moreover,
for v € H¥(div; Q) we have the following well known result

lo = Wywllog, < Ch*([v)lsa, + ldivolog,) (5.4.25)
and the following commuting diagram property holds true
div(ITyv) = Py(dive) Vv € H*(Qp) NH(div; Q). (5.4.26)

where Py, : L2(Qf)? = Uy, = {vy, € L2(Qy) : € Po(T) VT € T} is the L?(Qy)-orthogonal
projection. Then, for any r € (0, 1] we have

lg = Pralloe, < Ch'llqllra, Vg€ H (). (5.4.27)

In the part of the solid we introduce the classical Lagrange interpolant £ : H'(Q4)% — Mj,.
Then, for any s € (0,1] and 7 € H'*3(€2,)? we have

|7 = Lr7ll0, < CR7|7]l14s,0.- (5.4.28)
The discrete version of Problem 5.2.1 reads as follows.

Problem 5.4.1 Find A\, € C and (0,0) # (up, wy) € Vy, such that

/\% (/ pfuh-vh—i-/ pswh-7h> +2)\h/ Vdivuhdivvh—i—/ pfczdivuhdivﬁh
Q Q, Q Q

+/ o(wy):e(Th) =0 V(v,T) € V. (5.4.29)
Qs

Proceeding as we did in the continuous case, we introduce the following discrete auxiliary
unknowns 4, = A\uy and w;, = Apwy and we obtain the following linear discrete eigenvalue
problem:

Problem 5.4.2 Find A\, € C and ((0,0),(0,0)) # ((up, wp,), (Un, Wr)) € Vi X Vi, such that

/ ,OC2 div uy, diVUh+/ O'(wh) : E(?h) = A —2/ vdiv up, div oy, —/ pfah'fh
Q; Q. Q; Q;

— / ps’{l\]h . Th> V(’Uh, Th) € Vy, (5430)
Qs

/ prty - Uy, +/ psWh - Th = A (/ prun - Uy +/ pPsWp, '?h> V(0n, Th) € V.
Q Q Qf Q.
(5.4.31)
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We observe that A\, = 0 is an eigenvalue of the problem above with associated eigenspace
lzh := Kp, x {0} where K}, := K NVj,. Moreover, let G, be the orthogonal complement of £j, and
Gh := G, x G, C V. Note Gy, ¢ G and hence G ¢ G.

In order to prove the ellipticity of the sesquilinear forms a(-,-) and a(-,-) in the spaces G,
and ,C’jh respectively, we require a Helmoltz decomposition for discrete elements. With this aim
we prove the following result.

Lemma 5.4.1 For (up,wy) € G, we have the following decomposition (up, wy) = (V& wy) +
(x,0) with (V& wy,) € G and x € K which satisfies

IVElls.o < Ol divunllo.; + [lwnl1a,)

and
Ixllo.o < Ch(|| divunllon, + llwallie,)-

Proof. Consider the following Neumann problem

Af :divuh iIle
o€

— =wp-n onl.

on

Clearly from Lax-Milgram’s lemma the problem above is well posed, i.e. there exists unique
¢ € H'(Q)?/C solution of this problem. Moreover, due (5.2.14) and Lemma 5.2.2 we have that
there exists s € [0,1) such that V& € H¥(Q¢)? which satisfies

It is clear that V¢ is a gradient. On the other hand we can observe that V& = g—i =wp N,
which implies that (V& wy,) € G.

We observe that x = up, — VE&. It is immediate from the Neumann problem that divy =0
and y -n = 0. Hence x € K.

Since V¢ € H¥(Qy)?, it is clear that IT,(V¢) is well defined. Then

HXH%,Qf—/Q x-x—/ﬂ X - (up — V¢)
f f
=/ x~<uh—nh<vo>+/ \ - (L (VE) — VE).
Qp Qy

(1) (1)

For (I) we observe that div(u, — I, (VE)) = div uy, — Pp(AE) = 0, where we have used (5.4.26).
Therefore u;, — I (VE) € K, C K. Since (VE,0) € G and (uy,,0) € G, we obtain

/ X - (up — IR (VE)) :/ (up — VE) - (up, — IR (VE))
Qf Qy

_ / w - (wn — TIL(VE) — [ Ve~ (uy, — TL,(VE)) = 0.
Qf Qf
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On the other hand, applying the Cauchy-Schwarz inequality in (1) we obtain

[T, (VE) — VE)

/ \ - (I, (VE) - VE) <
Q

ITI,(VE) — VE)||aiv,0;
<Ch’* (IV€lls.2, + 1AElJ0,0;)
<CR%|Ixlloo,; 2l divunllon, + [[whl10,)-

0.2, < Che(||divuplloo; + [[wall1,q.), concluding the proof. O
Now we are in position to prove that the sesquilinear forms a(-,-) and a(-,-) are elliptic in

Finally we obtain

Gy, and G, respectively.

Lemma 5.4.2 The sesquilinear form a gh X Gp — C is Gp-elliptic, with ellipticity constant
not depending on h and consequently, a : gh X gh —CisG- elliptic uniformly on h.

Proof. Let (vp, Th) € Gi. Then
a((vp, Th), (Vh, Th)) —/Q pfcz\ divvh\2 —i—/Q o(th) : e(Th).
f s

Since T,|r = 0, applying Korn’s inequality in the part of the solid we have

a((wh, 74), (vrs 7)) = min{pse, Crc} (| divonl3g, + [malia.). (5.4.32)

From Lemma 5.4.1 we write vy, = V& + x, where th”%,ﬂf <

+ HXHan.ThuS, using
Lemma 5.4.1 once again we obtain

o)

lonllo.q, <C(ldivonllo.q, + [lwnlia,) + Ch(

(H div UhHO,Qf + Hwh”laQs)'

Adding | div vp|lo,e, in both sides of the last inequality we obtain [|vp|laiv.0, < C(||divslloq,+
llwn|]1,0,, and replacing this on (5.4.32) we have

a((vn, 7h), (vn, 71)) = Clllvnld.o, + 174l 0,) = ll(0n 70)lI%,

concluding the Gy-ellipticity of a(-,-). On the other hand, the G-ellipticity of a(-,-) is a direct
consequence of the Gy-ellipticity of a(-,-). Indeed: let ((vn, 1), (Vn,Th)) € Gi. Then

G(0ns T B 1) (O Ty By 7)) = al(0s 7)), (0ms 7)) + / pilBn]? + / polFnl?
Qf Q.

> Cll(on, Th)ll% + p£l1Bnll6 0, + psllTalE g,
> C(l(on, mi)ll% + [Bnl3.0, + I74l6.0.),

= O\((vn, 1), (@, 7))o
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where C' := min{C, py, ps}. Hence we conclude the proof. [
Now we introduce the discrete operator T, : (VxH) — (VxH) defined by T'r((f,9), (f,9)) =

((up, wp), (Up, wy)), where for ((up, wy), (Up, wp)) € G

a((wn, wr), (@, @), ((Vn, Th), (@n, 71)) = 0((wp, wy), @n, @h), (1, T1), (W, Tn))

for all ((vp,, 71), (Wn, T1)) € Gh.
We define Pg, : H — H the L2-projection onto Gy,. This leads to

(un, wp) = Pg, (f.9), (5.4.33)

and hence, for (up,wp) € Gy,

a((uh, 'wh), (’Uh, Th)) = —2/ VdindiV@h — / pf./f\h - Up — / ps/g\h “Th- (5.4.34)
Qp Qp Qs
Since T,(V x H) C Gy, there holds sp(T',) = sp(Thlg, ) U{0} (cf. Lemma 4.1 of [12]), is that
we will restrict our attention to T'y| G,
The following lemma holds true

Lemma 5.4.3 For pp, # 0, (pn, ((up, wp), (un, wp)) is an eigenpair of Ty if and only if

(“ih, ((up, wp), (up,wp))) is a solution of problem (5.4.30)—(5.4.31).

Proof. The proof runs identically as in Lemma 5.2.4, but considering the decomposition V xV}, =
G (K, x Kp). 0

Our next goal is to prove that any isolated eigenvalue of T with algebraic multiplicity m, is
approximated by exactly m eigenvalues of T, (repeated according to their respective algebraic
multiplicities) and that spurious eigenvalues do not arise.

In order to prove convergence of the discrete solution operator to the continuous one, we will
apply the theory of [36]. From now and on, let p € Spy(T'), u # 0 be a fixed isolated eigenvalue
of finite algebraic multiplicity m and let £ be the invariant subspace of T' associated to p. Our
analysis will be based on the following properties:

T-T AR
P1. ||T — Tyl := sup ) I( h)((fh?/g\h)i\(fhvgh))"v
0Z((£ -9n)-(F1:r))EGn 1(FrsGns FrrG0) Il

P2. V((v, 1), (v,T)) €&,

—0ash—0,

inf ~ H((’U,T), (%7?)) - (('Uthh)v <8h7?h))HXX’H -0
(Vh,01)€EGR

as h — 0
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Let ((£1:91): (F4,@n)) € Gn and ((u,w), (@, @)) = T((f1,9n). (F1.8n))- From (5.2.19), we
can write (u, w) = (ug, w) + (ug, ws), with (uq, wq), (ug, we) € Gy satisfying

pyc? divuy divv+/ o(wy): e(T)
Qs

(u1,w1) € Gy : /

Qf

= —2/ vdiv f,dive  V(v,7) € Gy, (5.4.35)
Qy

and

(u2,w2) € Gy : /

prc? divug divv—i—/ o(ws) : e(T)
Qy

Qs

- _/ pif T — / pfn-F V(7)€ Gy  (5.4.36)
Q Qs
The following result states some properties of the solutions of problems (5.4.35) and (5.4.36).

Lemma 5.4.4 For ((£3,9,),(F1:9n)) € Gn let (w,w), (@.@)) = T((£y9n). (Fp.G1)) and
consider the decomposition (u,w) = (u1,w1) + (ug,ws). Then divuy € Uy, and the following
estimates holds

[uills.o; + lwilli+so, < Cllfplldivo; (5.4.37)

Proof. First we prove (5.4.37). Since (uj,w;) € Gy is the unique solution of (5.4.35), by Lax—
Milgram’s lemma [|u1|aiv,o, + [will1,0. < C([|div fp,llo,0). Hence, because of Lemma 5.2.2,
up € H(Q)? and [luyls0; < C(||divuillogo, + |lw|1,0,). Thus, we conclude that [Ju:l|sqo <
C||frlldiv,o- On the other hand, we observe that (5.4.35) also holds for (v,7) € K. Hence we

write

/ pyc? divug divv—l—/ o(wy):e(T) = —2/ vdiv fdive Y(v, 7)€V,
Qf Qs Qy

or equivalently

/ (ppc? divug + 2vdiv f,) divv+/ o(wy):e(T)=0 Y(v,7)eV.
Qp

S

Then, testing with v € D(Qf)? and 7 = 0, we have
V(pse® divug + 2vdiv f) = 0. (5.4.38)

Hence, since {1 is connected and py, c?, v and div f,, are constants, we conclude that divu; €
Uy,.

On the other hand, considering v € D(Q)?, where Q = Qf U Q,, with (v]q,,v|o,) € V,
integrating by parts in (5.4.35) and using (5.4.45) and the fact that div(e(w;)) = 0, we obtain
that

/(pfc2 divuy + 2vdiv f)n-v — /(a(wl)n) v =0,
r r
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which implies that o(w1)n = (psc? + 2vdiv f,)n on T'. Then, we consider the following well
posed elasticity problem

—div(o(w;)) =0 in Qg
o(w)n — (pc? divuy +2vdiv f,)n =0 on T,
o(w)n=0 on I'y,

w; =0 on I'p,

where w; € H*(Q,)? and satisfies

N

lwilliesg, <C Y llpc® divan + 2vdiv fi 1 p s
j=1

<C|lpc? divuy + 2vdiv f1, |0,

SC”thdiv,va

where we have used Trace Theorem. Hence, we complete the proof. 0

Now we consider a similar decomposition for the discrete case. For ((f,,95), (f1,91)) € Gn,
let ((w,w), (U, w)) =Th((frgn) (Fr:Gn)). We write (up, wp) = (w1n, wip) + (Uon, wap), such
that (wqp, wip) and (ugp, wap) satisfies, respectively, the following problems:

(up, wip) € Gy : / pr2 div uyy, divoy, +/ o(wiy) : €(Th)
Qf s

= —2/ vdiv f, divoy, V(v,T) € Gy,  (54.39)
Qf

and

(u2n, wap) € Gy /

pf02 div ugy, div vy, +/ o(wayp) : €(Th)
Qy

Qs

= —/ pf}h - vy — / psﬁh “Th V(’U,T) € Gp. (5.4.40)
Qy Qs

These are the finite element discretization of problems (5.4.35) and (5.4.36) respectively. The
next result gives approximation properties between the solutions of problems (5.4.35)—(5.4.36)
and (5.4.39)—(5.4.40).

The first step is to construct an adequate interpolant for the correct approximation in the
domain occupied by the fluid, the domain of the solid and the interface. With this aim, we
introduce the following corrected operator M, defined as follows:

We introduce the operator M, : (H%!(div, Q) x HHIB(QS)Q) NY — V}, defined as follows

Hhu|T if T C Qf anddT NI = @,
Mh(uvw)|T = »Chw’T it C Q,,
yuly ifT C Qp anddT NT # 0,
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where L is the Lagrange interpolant, Il is the Raviart-Thomas interpolant and f[h is the
function in W), with degrees of freedom given by

(Hhu)|g if¢ ¢ P,
o S (L)l ifLCT,

with T, the triangle contained in €, such that 0T N 9T, = £.
The following lemma gives an approximation property for ||IIj, — I ||qiv.0 5

(Mpu)le - n = {

Lemma 5.4.5 There exists C' > 0 depending only on the reqularity of T and Ty, such that for
each (u,w) € (HS(div, Qf) x HF(Q4)2) NV the following estimate holds true

| TT;, — ﬁthiv,Qf < ChP||lwl148.1,-
Proof. See Lemma 5.1 of [12]. O

Now we will prove that operator M, satisfies the following approximation property.

Lemma 5.4.6 There exists a positive constant C such that, for each (u,w) € (H*(div, Qf) x HI*A(Q,)2)N
V there holds

[(w, w) = My(uw, w)l|x < Ch(ulsp + [[divullie, + [wlise.)-

Proof. See Theorem 5.2 in [12]. O
The next result gives error estimates between the solutions of problems

Lemma 5.4.7 Let ((£1,94), (F1sGn)) € Gn- Let ((w,w), (@, ®)) = T((f1,94), (FrsGn)) and
((up, wp), (Un, wr)) =T ((f1,91), (Fr,9n))- Let (w1, w1), (w2, wa) be the solutions of problems
(5.4.35) and (5.4.36) and (w1p, wip), (wap, wap) be the solutions of problems (5.4.39) and (5.4.40)

respectively. Then, the following estimates hold

[ (w1, w1) = (win, win)l|x < CR"|| fpllaiv.o, (5.4.41)

and
(s, w2) — (wan, won)|lx < CRTI|(F s G1)) 13- (5.4.42)

Proof. First we show (5.4.41). Since G, ¢ Gy we need to apply the second Strang’s lemma
for each approximation error. For problems (5.4.35) and (5.4.39) the Strang estimate reads as

follows:
s w00) ~ (wpwnlle <{ € int G, wn) — (on, 7l
(vh,Th)EGH
n sup a((wr, wi) — (wip, win), (Vh, Th))  (5.4.43)
(0,0)#(vh,Th)EGH [ (vh, Th)llx
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Since Mp(ui,wi) € V), and V}, = Gj, & Ky, there exists (up, wy) € G, and (ug,, wi,) € Ky,
such that Mp(u1, w1) = (up, wy) + (ug,, wi, ). Then, since (u;, w;) € Gy is orthogonal to
(uk,,,0) € K, we observe that

(wt, wi) = (@n, w3 <[ (w1, w1) — (i, wn)lI% + (2, , 0)%,

=[((wr, w1) — (@n, wn)) + (ux,, 0)|%,

=/ (w1, w1) = My (u1, w1)| %,
=[u1 = Wpw |3y, + lwr = Lpwi T, + lur = |3,
Using (5.4.25) in the first term on the right-hand side we obtain
lur — Mpua oo, SCR*([urlls,e, + [ divuslloq;),
<O (ulloy + 11 div Falloe) < OB Fallana,- (5.4.44)

On the other hand, applying (5.4.26) and using the fact that divu; € U (cf. Lemma 5.4.4) we
obtain
| divuy — div(ITpus)loq, = || divur — Pr(divus)loo, = 0. (5.4.45)

For the second term we have

lwi — Lowi o, < ChJwnlliesa, < CRYl|fallamay. (5.4.46)

where we have used (5.4.28) and Lemma 5.4.4.
For the third term we proceed as in (5.4.45) and Theorem 5.2 of [12] obtaining for ' C Qy,
such that 9T N T # (), the following estimate

lur — IMpwr || dgiv,r <||w1 — pur]aiv e + [Jur — Mpwr | dgiv, e
<C | lwllsr + [[divus o + Z WP w111 p.0. (5.4.47)
T/ CQ, T'NT 0

Then, combining (5.4.44), (5.4.46) and (5.4.47) we obtain

(w1, wi) — (wn, wh)l|x < CR7|[ fllaiv.o;-

with r = min{s, 5}. Thus, we have bound the infimum in (5.4.43).

For the consistency term is enough to observe that (5.4.39) holds for all (v, 7p,) € K. Then
it is easy to check that a((wi,w1) — (w1, wip), (Vp, 7)) = 0.

On the other hand we will prove the following Strang’s estimate is bounded

[ (w2, w2) — (wan, wap)||x < C{ inf |(ug, ws) — (v, 1)l x
(v, Th)EGH
b sy AMzwe) - (e wan) @R TR L g
(0,0)#(vp,71)EG | (vn, Th) |l x
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Since (ug2,w2) € Gy, us € H¥(Qf)? N H(div; Q) due Lemma 5.2.2. On the other hand,
divuy € HY(Qy) and wy € H'FP(Q)? due Lemma 5.3.1. Hence, M}, (ug, w2) is well defined.
Then, as in the previous case, there exists (wop, won) € Gp and (uk, wi,) € Ky such that
Mh(UQ, wg) = (ﬂzh, ITJQ}L) + (u;ch.’wlch).

From the first term of the right hand side we use (5.4.25) to obtain

luz — Myuz|lon, < C*(luzlls, + [ divusllog,) < OB |[(F4, @)l
On the other hand, using (5.4.28)

lws — wanlle, < OB’ |lwalli+sa, < CH7|(Fr,Gn) .

Hence

inf  [|(uz, w2) — (vn, Th) | < CRTI|(F1, @) 3¢, (5.4.49)
(Vh;Th)EGH

with r = min{s, 5}
Now we observe the consistency term in (5.4.48). As in the previous estimate, for (vp, Tp) €
Gn, we consider the decomposition (v, 71) = (V&,Th) + (x,0) of Lemma 5.4.1. Then

a(wg, wa), (vh, 1)) :/

Qy

:/ pf02 divue div(VE + x) +/ o(ws) : e(Th)
$i

s

pyc? divug divoy, + / o(T2) : e(Th)
Qs

:/ prQdiqudiVV§+/ o(ws) : e(Th)
Q Q,

=—/ pffh-vg—/ psiin - Th-
o Q.

On the other hand

a((wan, wan), (Vh, Th)) :/Q pf02 div ugy, div vy, —i—/Q o(wayp) : e(Th)
s s

:_/prffh~(V§+x)—/ PsgnTh

s

=—/ pffh-V£+/ Pffh'X_/ PsGnTh
Qy Qy Qs

a((uz, w2) — (ugn, wap), (Vn, Th)) = /Q piFn-x < Clifnllog,lx
f

Hence

0,255

and applying Lemma 5.2.2 we obtain

a((uz, ws2) = (wan, wap), (v, 1)) < CB°[| Fllo.0, (I divolloq, + I7]o0,)

< CR| Frllog,(lvllaiv.o, + I7log.)
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Therefore, taking supremum

sup a((u2, wa) — (ugp, wap), (Vy, Th)) < ChSH}hHO,Q,--
(0,0)#(¢p, YR )EGR H<vh77—h>HX

Finally, combining (5.4.49) and the previous estimation, we conclude (5.4.48), concluding
thus the proof of the lemma. O

Lemma 5.4.8 The following properties holds true
|T — Th|ln < ChH".

Proof. Let ((£1,,gn): (F4:81)) € Gn such that be such that ((w, w), (&, @)) := T((f4,91); (F1, 1))
and ((up, wp,), (up, wp)) = Tr((Ff1,94) (Fn,9p))- Using Lemma 5.4.7 and the fact that (5.2.18)

and (5.4.33) implies (fy,g5) = Pg(f1,gp), we have

T-T ) ) g 7/\
IT-Tulh=  swp AT =TWUG0 Fn) G Fa)) ot
0£(gnf1:Gn:Fn) EGn 1((gns Fr)s (@ny Fu)) s
[ (w,w) — (up, wp)||x + |(@, W) — (Up, W) ||

= sup —
Oi(ghvfhaghjh))egh ||((fhagh)’ (gha .fh))HXXH

< sup [ (w1, w1) = (win, win)llx + (2, w2) — (wzn, wan)llx
0#((gnf 1), @n-Fn))ECH I((Fr>gn)s @n, F1)llexn

< Ch".

Thus we conclude the proof. O

Our next goal is to prove property P2. The proof of this property is based in the following
regularity results. The next result gives us a necessary condition for the regularity of divu and
w.

Lemma 5.4.9 If (2uv + pyc?) # 0, then divu € HY(Qf). Moreover, w € H*A(Q4)2.
Proof. From Problem 5.2.2, testing with v € D(25)? and T = 0 we obtain
V((pc® + 20wv) divu) = —Apst € LA(Q). (5.4.50)

We observe that if (pgc? + 2Av) = 0 implies that @ = 0. this means that Adu = 0. From this,
since A = ( is not the eigenvalue of interest, remains the case when u = 0. If w = 0, the problem

to solve is

[ o) ietm == [ pwor vr e, )2

testing the equation above with 7 = w and since both sides of the equality are non-negative,
we deduce that A = iw, w € R. Hence, in (5.4.50), (psc® + 2Av) # 0 which implies that
divu € Hl(Qf).
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On the other hand, testing with 7 € D(£2,)? and v = 0 we obtain the following well posed
elasticity problem

div(o(w)) = Npsw inQ,
o(w)n = (pycdivu)n onT,
o(w)n=0 only,

w=0 onlp,

where w € H#(Q,)? and satisfies

N

lwlhisse, < C | llwlog, Y lldivals p | < Clwloo. | divulig,),
j=1

where we have used the trace theorem. Hence we conclude the proof 00

From now and on, let u € Spy(T') be a fixed isolated eigenvalue of finite algebraic multiplicity
m. Therefore, according to Lemma 5.2.4, i1 # 0. Let £ be the invariant subspace T' corresponding
to pu. With this space, we prove the following regularity result for the eigenfunctions which will
be useful to prove spectral approximation properties.

Lemma 5.4.10 Let ((u,w), (@, @)) € €. Then (u,w), (U,w) € Gy, divu,diva € H5(Qy)
and
[ulls.op + [diveuliiso, + [wllivso, < Cll((w, w), (@, ))|xxn, (5.4.51)

[ullsp + 1 divalitso, + [[wlivs0, < Cll((w, w), (@, w))[|xxw. (5.4.52)
Proof. We will prove the estimates for all the generalized eigenfunctions
{((ug, w), (g, wr)) Fo_ g,

of a Jordan chain of the operator T associated to the eigenvalue pu. the proof is inductive. Assume
that (wr—1, wi—1) and (Ug_1, Wk—1) belong to Gy and satisfies (5.4.51) and (5.4.52) respectively-
We will prove that (ug,wy) and (ug, wy) satisfies it as well. (For k = 1, i.e., ((u, wy), (U, wy))
an eigenfunction, consider ((u,wy), (ux, wy)) = ((0,0),(0,0)) ).

Since

T((up, w), (g, wi)) = p((wr, wi), (U, Wi)) + (We—1, Wr—1), (Vp—1, Wi—1)).
Then, due the boundedness of T', we get
[ ((wr—1, we—1), (Uk—1, Wr—1)) [ xxn < C||((wr, W), (Wk, Wk)) || 20 x3- (5.4.53)
On the other hand, since (5.2.18) and (5.2.19) we obtain

(ug, wi) = pw(ug, wg) + (Ug_1, Wr_1) (5.4.54)
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and that p(ug, wy) + (Ug, wi) € Gy satisfies

/ chdiv(uuk+uk_1)divv+/
Q

o(pwy +wi_1) :&(T) = —2/ vdivug divo
Qs

Q
+/ pf'l/ik -’U—/ ps’l/bk T, (5.4.55)
Qf Qs

for all (v,7) € Gy. Hence (ug,wy), (U, wy) € Gy. On the other hand, we observe that the
equation above also holds for (v,7) € K, then, (v, 7) € V. Hence, testing with v € D(Q25)? and
7 = 0 in the equation above, using the same arguments of Lemma 4.7 of [62], Lemma 5.4.9 and
Lemma 5.2.2, we can prove that uy, u; € Gy and

lulls.op + | diveliiso, < Cll((w, w), (@, )| xxnu,

and
|

sy Tl divaliiee, < Cl((w, w), (@, )] xxn.

Remains to prove that wy, wy € HHB(QS)2 and the analogous estimates above for wj and
wy,. We proceed as follows: testing (5.4.55) with 7 € D(£2)? and v = 0, we obtain

—div(e(pwy, + wy_1)) =psty € L2(Qy)?,

(
(

o(pwy +wi—1)n =0 onT'y,

o(pwy +wi_1)n :[(pc2 div(pug + ug—1) + 2vdivug/n onT,

pwi +wi_1 =0 onlp.

We observe that [(pc? div(pug + up_1) + 2vdivag]n € HY2(T,), for j = 1,..., N. Hence,
pwy + wg, € HFP(Q,)2. Since wy_; € HTA(0,)? because of the inductive hypothesis, then
wy, € H'18(Q,)2. Moreover, from (5.4.54) we have that wj, = pawy, + wy_;. Then, since wy_; €
H'*A(Q,)? because of the inductive hypothesis and we have shown that w;, € H#(Q,)2, we
conclude that wj, € H'*#(Q,)%. 0

Lemma 5.4.11 Let ((u,w), (u,w)) € €. Then, there exists (up, wy,), (ﬁh,a\zh) € Gy, such that
[[(w, w) = (wp, wp) || x + [[(W, W) = (Wn, wp)|[x < CL"[|((w, w), (W, w))]|xxn-

Proof. Consider the decomposition V}, = Gy, & Kj,. Since M p,(u, w) € Vy, there exists (up,, wy) €
G, and (ug,,wg,) € Ky, such that My (u, w) = (up, wy) + (uk,, wk, ). Since (u, w) € Gy is
orthogonal to the elements of Ky, we have

[ (w, w) = (@p, )13 <[[(w, w) = (@, wy) % + l(ux,, wi,) |13,
=[|((w, w) — (Un, wp)) — (uk,, wr, )%,
=[l(w, w) — Mp(u,w)|%.

Then, according to Lemma 5.4.10 and the definition of M} we obtain

[(w, w) = (wn, wp)|[x < Ch"|[(w, w), (W, )|l xx3,
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with 7 = min{s, 5}. On the other hand, since (u,w) € Gy due Lemma 5.4.10, the construction
of (ﬁh, éh) is analogous to the case of (up,wy). Hence we conclude the proof. O

The following result provides convergence of continuous and discrete solutions considering
sources in £.

o~

Lemma 5.4.12 Let ((f 9),(£.9)) € & such that ((u,w), (@ @) := T((f,g),(f,§)) and
((wn, wh), (Un, Wp)) = Tr((f,9), (f.9)). Then

(et w) = (i)l + (&, @) = (@n, @)l < CHTI((F,9), (F,8)) | e

Proof. Since G, € Gy, we apply the second Strang’s Lemma, which for this case, reads as follows

[ (w, w) = (up, wp)llx < C{ inf |[(u,w) — (vp, 71) | x
(Vr,Th)EGH
N sup a((u, w) — (un, wp), (Vn, 7)) |
(0,0)£(vn, 1) EGn [ (vn, Ta)llx

Immediately from Lemma 5.4.11 we have

(2, w) = (g wp)lla < CR7|[((w, w), (@ @) | sz < CB(|((F,9), (F, @)l aexn-

For the consistency term we proceed as follows: let (vy, 71) € Gi and consider the decomposition
(v, Th) = (V& 1) + (x,0) as in Lemma 5.4.1. Using the same arguments as in the proof of
Lemma 5.4.7, we prove that

af(u, w) — (i, w3), (v, 7)) = /Q o Fnx =0,
f

where the equality holds since } € Gy and x € K.
On the other hand, since (u,w) = (f,g) and (up, wy) = Pg, (f,g) because (5.2.18) and
(5.4.33) respectively. Then, since Pg, is the L2%-projection onto Gy, we have that

(@, w) — (un, wp) | xxn < ||[(W, w) — (Wn, W) || xxw;
with (%Lh,'ﬁih) € Gy, as in Lemma 5.4.11. Hence, we obtain

1@, @) — (@h, @n)llxxn < CWI|((w, w), (@ @))|axw < CHII((F,9), (F, @)l

Hence, the proof is complete. O
Now we are in position to establish property P2.

Lemma 5.4.13 For all ((v,7),(v,T)) € &, there holds

inf _ ||((v,7),(®,7)) — ((vn, Th), (U, Tr))laxm — 0
(vh,Vh)€EGH

ash —0
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Proof. We observe that for all ((v,7),(v,7T)) € £ there exists ((f,g),(},ﬁ)) € & such that
T((f,9),(f.9)) = (v,7), (¥,7)). Hence, P2 is a direct consequence of Lemma 5.4.12. [

A direct consequence of P1 is the following result which has been proved in [36] and shows
that our method does not introduce spurious modes.

Theorem 5.4.1 Let K C C be a compact set such that K Nsp(T) = (. There exists hy > 0
such that,if h < hg, then K Nsp(T}) = 0.

Proof. The proof is exactly as in Theorem 1 of [36]. O

Let D C C be a closed disk centered at p, such that 0 ¢ D and D Nsp(T) = {u}. Let
[k - - - > Bm(h), De the eigenvalues of T'j, contained in D (repeated according to their algebraic
multiplicities). Under assumptions P1 and P2, it is proved in [36] that m(h) = m, for h small
enough and that limp o pxp = p, for k=1,...,m.

On the other hand the arguments used in Section 5 of [13] can be readily adapted to our
problem, to obtain error estimates.

We recall the definition of the gap between two closed subspaces W and ) of V:

~

W, Y) := max{d(W, ), 8(Y, W)},

with
SW,Y):= sup | inf [[(¢,%)— (¢, 9)]]|.
(@)W | (.)€
Let &, be the invariant subspace of T, relative to the eigenvalues pip, ..., mp converging

to . We have the following results for which we do not include proofs to avoid repeating step
by step [13, Section 5].

Theorem 5.4.2 There exists constants hg > 0 and C > 0 such that for all h < hy we have

-~

3 (En,E) < CH.

Theorem 5.4.3 There exists constants hg > 0 and C > 0 such that for all h < hg,

1 m
- < 2r
I mZMkh < Ch7,
k=1
m
l_lZi < Ch*,
poom = e,

max |u — pug| < Ch¥/P,

k=1,....m

where p is the ascent of the eigenvalue u of T'.
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5.5 Numerical Experiments

In this section we present some numerical experiments to asses the accuracy and performance
of our finite element method. All the present were computed with a MATLAB code. With this
goal we introduce a convenient matrix form of the discrete quadratic eigenvalue problem, to use
standard eigensolvers.

Let {¢j,¢j}§yzl be a nodal basis of Vj,. we define the matrices Ky := (K(f)), My = (M(f)),

ij
M, := (MS)) and K := (KE;))) as follows:

K ::/Qdivqbidivgbj, M./ :Z/prsbi-sbj,

Mj; = /st?lh' -t and KS) = /QU(?/%) re(j)-
We also define V', := (1), Wy, ). Hence, the matrix form of Problem 5.4.1 is the following
(MM + MK +K)Vy, = 0. (5.5.56)

Introducing Zj, := A\, V', where Z = (u w)’, the matrix form of Problem 5.4.2 reads

(6 ) ()~ G o) ()

We observe that the right-hand side matrix of the previous problem is not positive definite.
This fact leads to problems when we use standard eigensolvers. This problem is avoided as
follows: let A\, # 0 such that pp := 1/Ap. Then, we rewrite problem (5.5.56) as follows

(M + K + 12 K)Vy, = 0.

Introducing zZ n = upVp, the problem above is equivalent to

(v ) (2) (o) ()

which in turn is equivalent to

[ 3)(3) (00 (2)

Thus, the last problem is equivalent to Problem 5.4.1 except for A, = 0 and the matrix in
its right-hand side is Hermitian and positive definite. Hence, it is well posed and can be safely
solved by standard eigensolvers.

The geometry for the experiments is represented in Figure 5.2
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Figure 5.2: Geometry of the experimental domain. Fuente: Elaboracién propia.

In what follows we will consider for the structure the physical parameters of steel
e ps =7.71-10% kg/m?,
e Young’s modulus: 1.44 - 10'! Pa,
e Poisson’s coefficient: 0.35,
and the parameters of water
o p; = 1000 kg/m®,
e Sound speed : 1430 m/s.

In Figure 5.3 is represented the type of meshes that we will consider for our experiments.

Figure 5.3: Mesh with refinement level N = 2 for the solid domain (left) and the fluid domain
(right).

For the first experiment, we will consider the fluid-structure interaction for an inviscid fluid,
ie,v=0N/ ms?. In this case, the eigenvalues A are purely imaginary. Table 5.1 shows the first
eight eigenvalues computed for different refinement levels.
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N =2 N =4 N =28 Order  Extrap.

877.390¢  734.427¢  676.261¢ 1.30  636.5731
2641.618¢ 2333.957¢ 2203.240¢ 1.23  2105.7141i
4005.082¢ 3714.027¢ 3524.047¢ 0.62 3171.0411i
4314.2197 4092.834¢ 3965.6767 0.80 3794.102i
4478.7471 4291.236¢ 4234.947¢ 1.74  4211.0051
4921.5407 4791.398¢ 4733.408% 1.17  4687.1581
5522.426¢ 5271.407¢ 5191.402: 1.65 5154.0021
6275.156¢ 5734.827¢ 5519.017: 1.32  5374.3131

Table 5.1: Computed eigenvalues for the non-dissipative fluid-structure problem.

As the theory predicted, the eigenvalues are purely imaginary. The ‘Order’ of convergence
and the ‘Extrapolated’ eigenvalues has been computed with a least square fitting.

For the next experiment, we will consider viscosity in the fluid. In order to observe the
viscosity effects in the method, we will take an unrealistic value of v, which in this case is
v=10*N/ ms>. In Table 5.2 we show the eigenvalues of the dissipative fluid-structure problem
where we observe that the computed eigenvalues of the dissipative problem.

N =2 N =141 N =28 Order Extrap.
—0.0037 4 877.390¢ —0.0018 4 734.4274 —0.0013 +676.2617  1.30 —0.0007 4 636.573 %
—0.7208 4 2641.6304 —0.3327 + 2333.962 ¢ —0.2405 4 2203.243¢  1.23 —0.1081 + 2105.7154
—20.2757 + 4005.425 ¢ —9.8763 4 3714.2871 —6.2886 + 3524.2137  0.62 —4.9439 + 3171.090%
—25.1284 + 4314.8617  —15.8249 4 4093.266¢ —12.5853 + 3965.966 % 0.80 —5.7427 4 3794.227 ¢
—2.1351 + 4478.829 ¢ —5.3674 + 4291.357 ¢ —6.7213 + 4235.145 ¢ 1.74 —7.0241 + 4211.1904

—27.0326 + 4920.7437  —36.3487 +4790.8247  —39.2902 4 4732.990 ¢ 1.17 —42.7221 + 4686.813 1%
—34.7515 4+ 5521.81841  —40.3646 4 5270.850¢  —41.9127 + 5190.882% 1.65 —42.8131 + 5153.484 1
—3.5917 4 6275.198 ¢ —1.9258 + 5734.849¢ —1.3568 + 5519.035 ¢ 1.32 —0.8947 + 5374.326 %

Table 5.2: Computed eigenvalues for the dissipative fluid-structure problem.

We observe from Table 5.2 that the computed eigenvalues are perturbations of the non-
dissipative one, where this perturbation is represented showing in the fact that the complex
eigenvalues have a real part, which is negative as the theory predicted.

Finally, the following plots represent the pressure of the fluid and the displacement of the
solid for the first four eigenvalues of the dissipative problem.
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Figure 5.4: Pressure of the fluid (left) and displacement of the structure (right) for the first
eigenvalue.

Figure 5.5: Pressure of the fluid (left) and displacement of the structure (right) for the second
eigenvalue.

Figure 5.6: Pressure of the fluid (left) and displacement of the structure (right) for the third
eigenvalue.
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Figure 5.7: Pressure of the fluid (left) and displacement of the structure (right) for the fourth
eigenvalue.

Figures 5.4, 5.5, 5.6 and 5.7 represent the real parts of the pressure of the fluid and the dis-
placements of the solid for first four eigenvalues, since there is no significant differences between
the real and imaginary parts.



Chapter 6

Conclusiones y trabajo futuro

6.1 Conclusiones

En esta seccién resumiremos los principales resultados obtenidos en esta tesis para el problema
de vibraciones de una viga de Timoshenko no homogénea, la interacciéon actstica de dos fluidos
heterogéneos, un método de Galerkin discontinuo para el problema de elasticidad lineal en
formulaciéon dual-mixta y un método de elementos finitos para el problema de elastoacustica
disipativa.

e En el Capitulo 2 se estudié un método de elementos finitos para el problema de vibra-
ciones de una viga de Timoshenko empotrada, con la geometria de su seccién transversal y
composisicoén fisica variable. Se obtuvo una caracterizacién espectral del operador solucién
aplicando la teoria espectral de operadores compactos. Se demostré que la solucién del
problema limite de Timoshenko, i.e cuando el parametro de espesor t tiende a cero, con-
verge a la solucion del problema de Fuler-Bernoulli. Se discretizé la rotacion y el desplaza-
miento con constantes a trozos, y el esfuerzo de corte y el momento flector con lineales a
trozos. Se demostré la convergencia de operador discreto al continuo usando la teoria de
operadores no compactos de [36]. Se demostré que nuestro método no introduce modos
espurios y es convergente independientemente del pardmetro de espesor ¢ con orden O(h?).
Se presentaron resultados numéricos que confirman los resultados tedricos.

e En el Capitulo 3 se estudié el problema de vibraciones acusticas de dos fluidos irrota-
cionales y disipativos en una cavidad rigida. La formulacion estudiada corresponde a un
problema de valores propios cuadratico, que se reescribié como un sistema ampliado de
doble tamano, incorporando una incoégnita auxiliar. Se demostré que el problema continuo
estd bien planteado en el espacio ortogonal al autoespacio del valor propio A = 0. Se obtuvo
una caracterizacién del espectro, y se analizé un método de elementos finitos basado en
elementos de Raviart-Thomas. Se demostré que el problema discreto no introduce modos
de vibracién espurios y se demostré que el método converge con orden O(h?*), siendo
s > 1/2 la regularidad adicional de las autofunciones. Se obtuvo una solucién analitica
para una cavidad rectangular, con la cual se compararon los resultados obtenidos por el

134
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6.2

método numérico, validando el andlisis realizado.

En el Capitulo 4 se analizé6 un método de Galerkin discontinuo para el problema de elas-
ticidad lineal en formulacién mixta. A partir del buen planteo del problema continuo, se
obtuvo un analisis del espectro del operador solucién respectivo de acuerdo a los resultados
obtenidos en [69]. Se demostré que el problema espectral discreto estaba bien plenteado, y
que este no introduce modos espurios para un paso de malla suficientemente pequeno y para
un valor del parametro de estabilizacién suficientemente grande. Se demostré convergencia
del método y se obtuvieron estimaciones del error, adaptando los resultados de la teoria de
operadores no compactos a normas dependientes del tamano de la malla. Los experimentos
computacionales corroboraron los resultados, mostrando el orden de aproximacién esper-
ado para las autofunciones y valores propios y ademads, entregaron informacién acerca del
comportamiento del método respecto al parametro de estabilizacién, el grado polinomial,
el tamano de la malla. Ademds, se verific6 computacionalmente que el método es aplicable
para el caso del problema de elasticidad incompresible.

En el Capitulo 5 se estudié un método de elementos finitos para el problema elastoacustico
entre un fluido dissipativo y una estructura elastica. Se introdujo una formulacién continua
del problema de valores propio, el cual es cuadratico debido a la presencia de la viscosidad
en el fluido. Se introdujeron variables auxiliares en el fluido y en el sélido con el fin de
linearizar el problema cuadratico, convirtiéndolo en un problema lineal de doble tamano.
Se demostré que el problema continuo estd bien planteado. Se estudié rigurosamente el
espectro del operador solucién asociado al problema espectral. El método numérico estu-
diado se basa en discretizar, por un lado, el fluido con elementos de Raviart-Thomas de
primer orden y por otro lado el sélido con funciones lineales a trozos. Esto implica que
el método numérico propuesto es no conforme. Se demostré que el método de elementos
finitos no introduce modos espurios, es convergente. También de demostraron estimaciones
del error para las autofunciones y valores propios. Los experimentos numéricos presentados
confirman los resultados tedricos.

Trabajo futuro

. Estudiar la extensién del problema de interaccion entre un fluido disipativo y una estruc-

tura elastica implementando los elementos de Brezzi-Douglas-Marini (BDM) en el fluido.

Analizar problemas de interaccién entre fluidos disipativos y estructuras delgadas, como
vigas o placas.

Estudiar estimadores a posteriori para problemas de actstica disipativa.
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Conclusions and future work

6.3 Conclusions

In this section we summarize the main results obtained in this thesis for the vibration problem of
a non-homogeneous Timoshenko beam, the acoustic interaction between two dissipative fluids,
a discontinuous Galerkin method for the dual-mixed formulation of the linear elasticity problem
and a finite element method for the dissipative elastoacustic problem.

e In Chapter 2 we studied a finite element method for the vibration problem of a clamped
non-homogeneous Timoshenko beam, where the geometry of the cross section, the mate-
rial properties, or simultaneously both can be discontinuous along the axis. We obtained a
spectral characterization of the solution operator applying the spectral theory for compact
operators. We showed that the solution of the limit problem (i.e., when the thickness pa-
rameter ¢ goes to zero) converges to the solution of the Euler-Bernoulli vibration problem.
The rotation and the displacement were approximated using piecewise constants, while the
bending moment and the shear stress were approximated using piecewise linear elements.
We proved the convergence between the discrete solution operator and the continuous one
using the non-compact operator theory of [36]. It was showed that our method does not
introduce spurious modes, and converges independently of the thickness parameter with
order O(h?). The numerical experiments confirm the theoretical results.

e In Chapter 3 the acoustic vibration problem for two irrotational dissipative fluids in a rigid
cavity was studied. The proposed formulation leads to a quadratic eigenvalue problem
which, for the purpose of the analysis, is rewritten as a double-size system, by introducing
an additional unknown. We proved that the problem is well posed in the orthogonal com-
plement of the eigenspace associated to A = 0. The spectrum of the solution operator was
characterized. The finite element scheme using Raviart-Thomas element was introduced,
proving that is well posed. We also proved that the method does not introduce spurious
modes, and is convergent with optimal order O(h?®), with s > 1/2 being the Sobolev regu-
larity exponent of the eigenfunction. We obtained an analytical solution for the rectangular
cavity that we use to compare with the numerical results obtained with the method. The
numerical experiments confirm the theoretical results.

e In Chapter 4 we analyzed a discontinuous Galerkin method for the linear elasticity prob-
lem, considering a dual-mixed formulation where the main unknowns are the Cauchy stress
tensor and the rotation tensor. The continuous problem is shown to be well posed, and
the spectrum of the corresponding solution operator was characterized in [69]. We proved
the well posedness of the discrete problem by means of a global inf-sup condition which
holds for sufficiently large value of the stabilization parameter. We proved that the nu-
merical method does not introduce spurious modes for meshsize sufficiently small and for
a stabilization parameter large enough, convergence and error estimates for the numerical
method, by adapting the spectral theory of non-compact operators for mesh-depending
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norms. We report numerical experiments to asses the performance of the method, with
respect to the stabilization parameter, the polynomial degree and the meshsize. Also, the
experiments show that the method works for the incompressible elasticity problem, too.

e In Chapter 5 we studied the interaction problem between a dissipative fluid and an elastic
structure. We introduce the continuous formulation of the eigenvalue problem, which is
quadratic since the presence of viscosity. We introduced additional unknowns for the fluid
and the solid in order to obtain a linear double-size problem. We proved that the continuous
problem is well posed. The spectral characterization of the solution operator is given. The
numerical method is based in the discretization with Raviart-Thomas for the fluid and
piecewise linear functions for the solid, leading to a non-conforming method. We proved
that the method does not introduce spurious modes, convergence and error estimates. The
numerical experiments confirm the theoretical results.

6.4 Future work

1. To extend the analysis of interaction problem between a dissipative fluid and an elastic
structure, introducing the Brezzi-Douglas-Marini (BDM) finite element to discretize
the fluid domain.

2. Study the interaction between dissipative fluids and slender structures like beams or
plates.

3. To perform an posteriori analysis of dissipative acoustics problems.
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