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Abstract. We develop a virtual element method to solve a convective Brinkman-Forchheimer
problem coupled with a heat equation. This coupled model may allow for thermal diffusion and
viscosity as a function of temperature. Under standard discretization assumptions, we prove the
well posedness of the proposed numerical scheme. We also derive optimal error estimates under
appropriate regularity assumptions for the solution. We conclude with a series of numerical tests
performed with different mesh families that complement our theoretical findings.
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1. Introduction. Let © C R? be an open and bounded domain with Lipschitz
boundary 0€2. In this work, we are interested in designing and analyzing a divergence-
free virtual element method (VEM) for the temperature distribution of a fluid modeled
by a convection-diffusion equation coupled with a convective Brinkman—Forchheimer
problem. This model can be described by the following nonlinear system of partial
differential equations (PDEs):

—diviw(T)Vu) + (u-V)u+u+ [u/"2u+Vp = finQ,
(1.1) div(u) = 0in ©,
—div(k(T)VT)+u-VT = ginQ,

together with the Dirichlet boundary conditions w = 0 and 7" = 0 on 9f2. The
unknowns of the system are the velocity field u, the pressure p, and the temperature
T of the fluid. The data are the external force f, the external heat source g, the
viscosity coefficient v, and the thermal diffusion coefficient x. We note that v(-) and
k(-) are coefficients that can depend nonlinearly on the temperature. Finally, the
parameter r is chosen such that r € [3,4]. For a discussion of this parameter r, the
Forchheimer term in (1.1), and its physical implications, we refer to the reader to [16]
and the references therein.

Beginning with the pioneering works [10, 11], great efforts have been made to
develop and analyze VEMs. These methods are a relatively new family of solution
techniques that allow general polytopal meshes, arbitrary polynomial degrees, and yet
conforming H'-approximations. The peculiarity of VEMs is that the discrete spaces
consist of functions that are not known pointwise, but about which a limited amount
of information is available. This limited information is sufficient to construct stiffness
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matrices and right-hand sides. On the other hand, VEMs allow great flexibility with
regard to the shape of the elements; for example, convex and non-convex elements are
permitted. This is an advantage over the classical finite element methods (FEMs),
which make it possible to deal with domains that are difficult to discretize with tri-
angles or quadrilaterals. For these reasons, the VEM is generally considered as a
generalization of the FEM. The analysis of VEMs has been successfully developed for
a large number of problems. We refer the interested reader to [7, 14] for a recent re-
view and discussion. As for the development of VEMs for various linear and nonlinear
flow problems, we refer the reader to the non-exhaustive list [1, 5, 6, 8, 12, 13, 24, 38].
An important feature of some methods for the treatment of incompressible fluids is
that the divergence-free condition is preserved at the discrete level.

The aim of the present work is to develop and analyze a VEM to approximate the
velocity, pressure, and temperature variables that solve the system (1.1). Our analy-
sis is inspired by the recent work [8], in which the authors propose a divergence-free
VEM to solve the coupling between the Navier—Stokes equations and a suitable heat
equation. Here, the viscosity coefficient depends on the temperature variable. In our
work, we complement and extend the results in [8] in the following two directions:
First, the model we consider allows the dependence of the thermal diffusion coeffi-
cient x(-) on the temperature variable. Second, we consider the so-called convective
Brinkman—Forchheimer equations. In contrast to [8], our model also considers the
term w + |u|""?u, with r € [3,4]. The consideration of this term was suggested by
Forchheimer [21], who realized that Darcy’s law is not adequate for moderate Reynolds
numbers. Indeed, Forchheimer found that the relationship between the Darcy veloc-
ity and the pressure gradient was nonlinear and that this nonlinearity appeared to be
quadratic (r = 3) for a variety of experimental data [21]. This leads to a modifica-
tion of the Darcy equations, usually referred to as the Darcy—Forchheimer equations
[3, 4, 19, 27, 30, 32]. In [21], Forchheimer also noted that some data sets could not
be described by the quadratic correction so he also postulated that the correction of
Darcy’s law could allow a polynomial expression for u, e.g., u + |u|u + |u|?u and
u+ |u|""2u; see [29, page 59], [20, Section 2.3], and [34, page 12]. In practice, r takes
the value 3 and 4 in several applications [9, 20, 22, 28, 31, 33, 37] and also fractional
values such as r = 7/2 [33, page 133]. This is the reason why we consider r € [3,4].
In view of these considerations, (1.1) can be seen as an extension of the model in [8].

1.1. Contributions. To the best of our knowledge, this is the first paper that
analyzes a VEM for the nonlinear coupled problem (1.1). Since several sources of
nonlinearity are involved, analyzing a solution technique is far from trivial. In the
following, we list what we consider to be the main contributions of our work:

e A VEM: Inspired by the scheme proposed in [8] and the discrete spaces proposed
and analyzed in [12, 13], we propose the VEM (6.8).

e Existence and uniqueness of discrete solutions: We derive an existence result
for the discrete problem (6.8) without restriction on the problem data by using a fixed
point strategy; see Theorem 11. Moreover, we obtain a global uniqueness result when
the problem data is suitably restricted; see Theorem 14.

e Optimal error estimates: Assuming that the continuous and discrete problems
admit unique solutions and under suitable regularity assumptions for the continuous
solution, we derive optimal error estimates for the proposed VEM; see Theorem 17.
The analysis borrows ideas and components from [8], [13], and [38].

1.2. Outline. The paper is structured as follows: We begin with section 2, where
we introduce notations and basic assumptions that we will use in our work. In sections



A VEM FOR BRINKMAN-FORCHHEIMER COUPLED WITH A HEAT EQUATION 3

3 and 4, we summarize some results related to the convective Brinkmann—Forchheimer
problem and a suitable heat equation, respectively. Section 5 is devoted to review
existence, uniqueness, and stability results for the coupled problem (1.1). The core
of our work begins in section 6, where we first introduce the standard techniques for
analyzing VEMs and propose our discrete scheme (6.8). In section 7, we prove the
existence of discrete solutions without restriction on the problem data, as well as a
global uniqueness result when the problem data is appropriately restricted. Section
8 is devoted to the development of a rigorous analysis of error estimates. Finally, in
section 9, we report a series of numerical tests in which we evaluate the performance
of the proposed method for different configurations and polygonal meshes.

2. Notation and preliminary remarks. Let us establish the notation and the
framework within which we will work.

2.1. Notation. In this paper, €2 is an open and bounded polygonal domain of
R? with Lipschitz boundary 9Q. If 2" and % are normed vector spaces, we write
2 — % to denote that 2 is continuously embedded in %. We denote by 2" and
Il - |l the dual and the norm of 2, respectively. For p € (1,00), we denote by
q € (1,00) its Holder conjugate, which is such that 1/p+1/q = 1. The relation a < b
means that a < Cb, with a positive constant C' that is independent of a, b, and the
discretization parameters. The value of C can change at each occurrence.

We use the standard notation for Lebesgue and Sobolev spaces. The spaces
of vector-valued functions and the vector-valued functions themselves are denoted by
bold letters. In particular, we use the following notation: V := H}(Q), V := [H}(Q2)]?,
and Q := LZ(Q). As usual, the dual of H}(£2) is denoted by H=1(£2). We also introduce
the space Z := {v € V : dive = 0}. We conclude this section with the classical and
well-known Poincaré inequality: For v € V, there exists C = C(Q2) such that

(2.1) lv]l1,0 < Clvlia Yv e V.

For the sake of simplicity, we assume that the vector-valued couterpart of (2.1), i.e.,
[I[vll1,0 < Clv]i,q for all v € V, holds with the same constant C.

2.2. Data assumptions. We make the following assumptions on the viscocity
v(-) and the diffusion coefficient x(-).
A0) k(-) is extrictly positive, bounded, and Lipschitz continuous, i.e., there exist
constants K., K", Kip > 0 such that

0 < ks < k(r) <K%, |k(r1) — k(re)| < Kiplr1 — ro| Vr,ri1, 1m0 € R.

A1) v(-) is extrictly positive, bounded, and Lipschitz continuous, i.e., there exist
constants v, v*, vy;, > 0 such that

0<wve <u(r)<v, [v(r1) —v(r2)] < viplr — ra| Vr,ri,re € R.

3. A convective Brinkman—Forchheimer problem. We present existence
and uniqueness results for the following weak formulation of a convective Brinkman—
Forchheimer problem: Given f € [H™!(Q)]?, find (u,p) € V x Q such that

(3.1) ar(u,v)+cen(u;u,v) + cp(u;u,v) + d(u,v) + b(v,p) = (f,v), blu,q) =0,

for all (v,q) € V x Q. Here, (-,-) denotes the duality pairing between [H~1(£2)]?
and V. The forms that occur in (3.1) are defined as follows: ar : V x V — R,
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cN,cr: VXV XV S5R d:VXxV SR and b: V x Q — R are such that

(3.2) ar(v,w) := / vVo : Vuw, en(zyv,w) = /Q(z -V)v - w,

Q
(3.3) cr(z;v,w) = [ |z %v - w, d(v,w) := / v - w,
Q Q

and b(v,q) := — [, qdiv(v).
We list some of the most important properties that these forms satisfy:
e ar(-,-) is a coercive and continuous bilinear form: For every v, w € V, we have

ar(v,v) > vliq,  ap(v,w) < Vvl olwlo.
e cn(+;-, ) is skew-symmetric: For every z € Z and v, w € V, we have
(3.4) en(z;v,w) + en(z;w,v) =0, en(z;v,v) =0.
In addition, ¢y (+;+, ) is continuous: For every z,v,w € V, we have
(3.5) en(z;v,w) < COn|z|1,0|v|1 0w o
e cp(+;+,-) is continuous: For every z,v,w € V, we have
(3.6) cr(z;v,w) < CF|Z|7{}22|U|1,Q|’!U|1,Q-
e b(-,-) is a continuous bilinear form: For every q € Q and v € V, we have
(3.7) b(v,q) < |v[1,allqlloe-

Moreover, b(-, ) satisfies an inf-sup condition: There exists a constant 5 > 0 such
that

(3.8) sup UCILIS Bllal

veEV |v|1,sz

0,0 VqeQ.

3.1. Existence, stability, and uniqueness results. We present existence,
uniqueness, and stability results for solutions of (3.1). In particular, we present the
existence of solutions without restriction on the data and a global uniqueness result
when the data is suitably restricted [16, Theorem 1, Proposition 2, and Theorem 3].

PROPOSITION 1 (existence, stability, and uniqueness). Let @ C R? be an open
and bounded domain with Lipschitz boundary 09, and let f € [H=1(Q)]%. Then, there
exists at least one solution (u, p) € V x Q for problem (3.1) which satisfies

lulie < v fl-n Plloe < BTAMOIF] -1,

where A(f) := 1+ v*v; 4+ Cyv 2| fll-1 + Cuyt + Crvl=" || FI752. If, in addition,
Cn||fll-1 < v2, then there is a unique pair (uw,p) € V x Q that solves (3.1).

4. A nonlinear heat equation. We consider the following nonlinear heat equa-
tion in weak form: Given g € H™1(Q2) and v € Z, find T € V such that

(4.1) a(T;T,8) + ¢(v;T,S) = (g, 5) VS e V.
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Here, (-,-) denotes the duality pairing between H™*(2) and H!(Q2). The forms a and
b are defined as follows:

(4.2) a:VxVxV =R, a(X;R,S) Z:/K(X)VR'VS,
Q

(4.3) c:VXxVxVoR, «(z;R,S) = / (z-VR)S.
Q

We list some of the most important properties that these forms satisfy:
e Given X €V, the form a(X;-,-) is coercive and continuous:

(4.4) a(X;5,8) > kelS g, a(X;R,S) <k*|R10lShae  VR,SEV.
e ¢(+;-,-) is skew-symmetric: For every z € Z and R, S € V, we have

(4.5) «(z;R,S)+¢(z;5,R) =0, c(2;5,5)=0.

In addition, ¢(+;-, ) is continuous: For every z € V and R, S € V, we have

(4.6) o(z; R, S) < €|z|1.0|R]1,0]Sh.0-

4.1. Existence, stability, and uniqueness results. We present existence,
stability, and uniqueness results for problem (4.1) [16, Theorem 4 and Remark 6].

PROPOSITION 2 (existence, stability, and uniqueness). Let  C R? be an open
and bounded domain with Lipschitz boundary 0X), and let g € H=1(Q). Then, there
exists at least one solution T € H}(Q) of problem (4.1) which satisfies

T]10 < wHgll-1
If, in addition, (4.1) has a solution Ty € W} (Q) NH{(Q) such that
/f*_lfilipCpC—)Q|T|W}q(Q) <1,
then problem (4.1) has no other solution To € H}(Q). Here, Cyyo > 0 is the best

constant in H§ (1) < LP(Q2), where p < 0o, and q is chosen such that 1/p+1/q=1/2.

5. The coupled problem. We now introduce a weak formulation for the system
(1.1) and review existence and uniqueness results. The weak formulation is as follows:
Given f € [H71(Q)]? and g € H1(Q), find (u,p,T) € V x Q x V such that

a(T;'U,,’U) +CN(U;’LL,U) +CF(U;'U,,U) +d(uav) +b('U,p) = <fav> )
(5.1) b(u,q) = 0,
a(T;T,5) +c(w; T,5) = {(g,9),

for all (v,q,5) € V x Q x V. The forms ¢y(;+,), cr(s+,-), d(,+), and b(-,-) are
defined in Section 3 while a(;-,-) and c(+;-,-) are defined in Section 4. The form a is
defined as follows:

(5.2) a:VxVxV R a(X;v,w) ::/V(X)V'U:Vw.
Q

Since v satisfies the properties in A1), it is immediate that, given X € V,

(5.3) a(X;v,v) > u*|v|iﬂ, a(X;v,w) < v'vlalwlia Yo, w € V.
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REMARK 3 (skew-symmetry). Let z € Z. Define the forms ¢3¢ (z;-,-) : VXV —
R and ¢*¢¥(2;-,-) : V x V = R by ¢3¥¥(z;v,w) = 1/2[en(z;v,w) — cn(2z;w,v)]
and ¢*F¢?(z; R, S) := 1/2[c(2z; R, S) —¢(2; S, R)], respectively. As discussed in Sections
3 and 4, ¢y and ¢ are skew-symmetric. As a result, cy(z;v,w) = cf\’few(z;v,w) for
every v,w € V and ¢(z; R, S) = ¢***¥(2; R, S) for every R, S € V. This observation

will be important for the development of a virtual element numerical scheme.

5.1. Existence, stability, and uniqueness results. We review the existence
of solutions for the system (5.1) without restriction on the data and a global unique-
ness result when the data is suitably restricted and the solution is slightly smoother
[16, Theorems 8 and 10].

PROPOSITION 4 (existence, stability, and uniqueness). Let @ C R? be an open
and bounded domain with Lipschitz boundary 99, let f € [H™Y(Q)]?, and let g €
H™Y(Q). Let v and K be as in Section 2.2. Then, the nonlinear system (5.1) has at
least one solution (u,p,T) € V x Q x V. Moreover, we have

lulio < v Ifll-r, llplloe < BT AANSflI-1, 1T < A7 gl

where A(f) is defined in the statement of Proposition 1. Furthermore, if the system
(5.1) has a solution (uy,p;,T1) € (VN W3, (Q) x Qx (VNWI (Q) for some
e > 0 such that

ipCeCiollgll -1l |w;+5(sz)

Vibis(Fx — K1ipCe|T1 |W§+E(Q))

<1

)

Cn
V—3||f||—1+

K1ipCe| Tilwy, _(0) < Fx,

then the system (5.1) has no other solution (uz, py,T2) € Vx Q x V. Here, C4cya and
C. denote the best constant in V — L*(Q) and V — L>?+9)/5(Q) respectively.

6. A virtual element approximation. In this section, we introduce a virtual
element approximation for the nonlinear system (5.1) and derive error estimates. For
this purpose, we first introduce some notions and basic ingredients [10, 14]. From now
on, we assume that € is a polygonal and bounded domain with Lipschitz boundary.

Let {Tr}n>0 be a sequence of decompositions of €2 into general polygonal elements
E. Here, h := max{hg : E € T;,} and hg denotes the the diameter of the element FE.
We denote by |E| the area of the element E € Tj,.

6.1. Mesh regularity. We make the following assumptions on the sequence

{Tr}n>o0 [10, 12, 13, 8, 14]: There exists ¢ > 0 such that for all h and every F in T,

A2) FE isstar-shaped with respect to a ball B, with radius r > phg [10, assumption
A0.2] and

A3) the distance between any two vertices of E is £ > phg [10, assumption A0.3].

6.2. Basic ingredients. Let k € N, ¢t € R* and let p € [1,+00]. Let A be
an open and bounded domain in R2. We introduce some basic spaces that will be
useful later. First, we introduce Px(A) — the set of polynomials on A of degree less
than or equal to k& — with the convention that P_;(A4) = {0}. Secondly, Px(Tp) =
{q € L2(Q) : ¢|g € Px(E) VE € Tp,}. Finally, we introduce the space Wt (Ty,) = {v €
L*(Q) : v|gp € WE(E) VE € Tr}. We equip the space W} (75) with the broken norm
[ - llwe(7,) and the broken seminorm | - [w (7;,), which are defined by

1 1
P P
”vHW;)(Th) = [Z |U||€v;(E)] ) |U|W;(Th) = lz |v|€V§(E)] , pEl,+00),

EeTy Ee€Th



A VEM FOR BRINKMAN-FORCHHEIMER COUPLED WITH A HEAT EQUATION 7

respectively. If p = +oo, then [[v|w:_(7,) := max{||v[|w:_(z) : £ € Tn}. We denote
the vector-valued counterparts of Py(A), Px(Tr), W, (Tn) by [Pr(A)]?, [Pr(75)]?, and
W (Th), respectively.

For an element E € T, we denote by xp the centroid of E. For a multi-index
a = (a1, a2) € N?, we define || = a1 + as. Let n € N. A natural basis associated to
the space P,,(FE) is the set of normalized monomials

(6.1) M, (E) := {mqs : a € N?, || < n}, my (x) := (X ;;E>

Let m € N be such that m < n. We also introduce
(6.2) Poam(E) :=span {mq : a € N% m+4+1<]al < n}.

6.3. Projections. In this section we introduce some appropriate projections
that will be useful for our analysis. Let F € T, and let n € NU {0}. We introduce
the L2(E)-orthogonal projection as follows:

I L2(E) 5 Po(E) t (gn,v — IYP0)12(m) = 0 Vg, € Py (E).

We denote by II%¥ the vector-valued couterpart of TI%#. We also introduce the
H!(E)-seminorm projection, which is defined as follows:

I # :HYE) = Po(E) : (Van, V(v — IV P0))12(p) = 0 Vg, € Py (E)

and faE(’U — IIY-Fv) = 0. We denote by ITY ¥ the vector-valued couterpart of I1%%.

6.4. Virtual element spaces for the velocity variable. Following [12, 13],
we introduce a finite-dimensional local virtual space for E € Tp:

Wi(E) := {v, € [H(E)]?’N[C°(OE))*: —Av,—Vq € x'Py_1(E), forsomeq € L(E),
divwy, € Py_1(E), vale € [Pi(e))? Ve C OE}, xt = (29, —11).

With this space at hand, we introduce V1, (E) as a restriction of the space Wy (E):

Vh(E) = {’Uh S Wh(E) : (’Uh — HZ’Evh,quk_l)Lz(E) = quk—l S ]P)k,l\k,g(E)}.

A similar definition of V;(E) can be found in [8, definition (3.7)]; compare with [13,
definition (17)].
We recall some properties of the virtual space V,(F) [12, 36], which are based
on the description in [8, Section 3.2] and [13, Proposition 3.1].
(P1) Polynomial inclusion: [Py(E)]> C V,(E);
(P2) Degrees of freedom (DoF's): the following linear operators Dy constitute
a set of DoFs for the virtual element space Vi, (E):
Dv1 the values of v, at the vertices of F,
Dv2 the values of v, at k — 1 distinct points of every edge e € JF,
Dv3 the moments of vy,

1 L
X" —XEp

1 L L
— : o Vmg € My_3(E), -
|E|/Evhmm meq € Mj_3(E) m e

Dv4 the moments of div vy,

he

E divv,m, Vmg € Mkfl(E), |(X| =a1 +as >0.
E



8 D. AMIGO, F. LEPE, E. OTAROLA AND G. RIVERA
As a final ingredient, we introduce Ep”) : VV,(E) — [Py (E)]>*? such that
(A1, Vor — B Von)ree) = 0 Va,_; € [P (B)]*"7.

The following remark is in order.

REMARK 5 (computability). The DoFs Dy allow an exact computability of
)7 Vi(E) = [Pu(B)?, BV VVL(E) = [Pey (E)]*?

in the following sense: Given v, € V,(E), H%Evh and E%ﬂVvh can be computed
using only, as unique information, the DoFs values Dy of v, [13, Proposition 3.2].

Finally, we define the global velocity space V}, as follows [12, 13, §]:
V,, = {’Uh eV: vh|E S Vh(E)VE S 7;1}

6.5. Finite element space for the pressure variable. We introduce the
following finite element space for approximating a pressure variable:

Qn:={a, € Q: qulr € Pr_1(E)VE € Tp}.

It is important to note that the pair (Vy, Qx) satisfies the following discrete inf-sup
condition: there exists a constant § > 0 independent of h such that

b Vh,q A
(6.3) sup 2w an) 5 gy
vVRLEV) |vh|1,sz

0.2 Va, € Qn;

[13, Proposition 3.4]. Let us now introduce the discrete kernel
(64) Z;, = {'Uh €eVy: b(vh,qh) =0 th S Qh}

The following observation is important:

REMARK 6 (divergence-free). Let vy, € V. Given that divo,|g € Pr_1(E), we
deduce that Zj, C Z: the functions in the discrete kernel are exactly divergence-free.

6.6. Virtual element spaces for the temperature variable. To introduce
a virtual element space for approximating a temperature variable, we first introduce,
for each E € Tp, the finite-dimensional local virtual space [2, definition (16)]

Un(E) :={S, e HY(E)NC°(OE): AS), € Pr(E), Sh|c € Pi(e) Ve € OE}.
With this space at hand, on each E € T, we introduce [8, definition (3.13)]
Vi(E) := {Sh € Up(E) : (Sh — I " Sh, ai)12 () = 0 Vi, € Pyjp_o(E)}.

We recall some properties of the space V,(E) based on the presentation in [8,
Section 3.3] and [2, Section 2]:
(P3) Polynomial inclusion: Py (E) C V,,(E);
(P4) Degrees of freedom: the following linear operators Dy constitute a set of
DoFs for the virtual element space Vj,(E):
Dy 1 the values of S;, at the vertices of F,
Dy 2 the values of Sp, at k — 1 distinct points of every edge e € OF,
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Dy/3 the moments of Sp,
1
—/ Spma  Vmg EMk_Q(E).
|E] JE

REMARK 7 (computability). The DoFs Dy allow an exact computability of
0% Vi (BE) = Py(E),  TIVE : VVL(E) = [Py_1(E)]?

[13, Proposition 3.2]; compare with Remark 5.

Finally, we introduce a global virtual space to approximate a temperature variable

Vy, = {Sh eVv: Sh|E S Vh(E)VE € 77L}

6.7. Virtual element forms. With the discrete spaces Vy,, Qp, and Vj in
hand, and following [8, 13, 38] we now introduce discrete versions of the continuous
forms involved in the weak problem (5.1).

e The discrete counterpart of a(-;-,-) (cf. (5.2)) is defined by

an(5) VX Vi x Vi 5 R, an(Xnson,wi) i= > af (Xn; vn, wh),
Ee€Th

where aP(+;-,) : Vi, (E) X Vi (E) x Vi(E) — R is given by

af (Xp; vn, wy) = [EV(H%EX;I)E%EVWI L2y Vg,
+ (MY E X)) SE(T - TP )vy,, (1 - TP )wy,).
Here, SE(-,) : Vi (E) x Vi, (E) — R is a computable symmetric form that satisfies
(6.5) onlt 5 S SV(onvn) S ol e You € Va(E) Nker(IT").
e The discrete counterpart of a(-;-,-) (cf. (4.2)) is defined by

(6.6) Clh(-; ‘y ) VE xVp xVy, — R, Clh(Xh;Rh,Sh) = Z af(Xh;Rh,Sh),
E€Th

where aZ(+;-,+) : Vi (E) X Vi(E) x V,(E) — R is given by

af (Xn; Ru, Sh) = /E k(I X)) VR, - I F VS),
+ (g X0 SE((L = T ") R, (L= T1) ).
Here, SE(-,-) : Vi(E) x Vi (E) — R is a computable symmetric form that satisfies
67)  1Xulie S SFX0LX0) S Xallp VX € Va(E) Nker(I").
e The discrete counterpart of cy(+;+,-) (cf. (3.2)) is defined by

CN,h('; °y ) : Vh X Vh X Vh — R, CN,h(zh§vh7wh) = Z cﬁh(zh;vh,wh),
Ee€Th
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where Cgﬂh('; ) Va(E) x Vi(E) x Vi (E) — R is given by
e n(Zh; vn, W) = / [E0E (Vo)) P 2] - T P,
B

Following [13, equation (38)] and [8, equation (3.24)], we define

%CE;ZUE(Zh;vh,wh) = L(cN n(Zhivn, wh) — ey (285 Wh, vR)),

and cf\l,“ﬁlw(zh;vh,wh) = f\lfiw}f(zh;vh,wh).

E€Th
e The discrete counterpart of cp(-;-,-) (cf. (3.3)) is defined by

CF,h('; ° ) : Vh X Vh X Vh — R, cFyh(zh;vh,wh) = Z c?h(zh;vh,wh),
EeTh

where ¢, (-5, -) : Vi(E) X Vi(E) x Vi (E) — R is given by
cg)h(zh; Vp, wh) = cfj:(H%Ezh; Hg’Evh, Hg’Ewh).
e The discrete counterpart of ¢(+;-,-) (cf. (4.3)) is defined by

Ch(-; °y ) : Vh X Vh X Vh — R, ch(vh;Rh,Sh) = Z CE(’U}I;Rh,Sh),
Ee€T,

where ¢Z(+;,) : Vi, (E) x Vi (E) x Vi, (E) — R is given by
¢Z(vn; Ry, Sp) = /E(H%Evh T E VR, S),.
Following [8, equation (3.25)], we define
P (v, Ry, Sp) == L(cF (vn; R, Sn) — o (vn; Shy Ra)),
and ¢;*%(vy,; Ry, Sp) Z cSkWE (vn; Rp, Sh)-

E€7—h
e The discrete counterpart of d(-,-) (cf. (3.3)) is defined by

dh(-, ) : Vh X Vh — R, dh vh,wh Z dh vh,wh
EeT,

where dZ(-,-) : Vi,(E) x V,(E) — R is given by
df(vh, wh) = /EH%E'Uh . HZ’Ewh.

REMARK 8 (skew-symmetry). We note that cSke“’ and ¢;*? are skew-symmetric
by construction, i.e., for z; € Vy,

?\I;e;)E(szmvh) =0, ¢k (zp; Ry, Ry) = 0,

for every vy, € Vj, and every Ry, € Vj. As usual, this property simplifies the analysis
of the corresponding discrete problem [25, 35].
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REMARK 9 (the no discretization of b). As mentioned in [12, 13], we do not intro-
duce any approximation of the bilinear form b. We note that (v, q;,) for v;, € Vj, and
q; € Qp is computable from the DoFs Dv1,Dv 2, Dv4 because q;, is a polynomial
on each element E € T,.

6.8. Virtual element forcing. From now on we will assume that f € L*(Q)
and g € L?(Q2). Within this framework, we define the discrete sources f, € [Px(75)]?
and gp € Pr(Tp) to be such that, for each E € Ty,

Fule = H%Ef, gnlE = Hi’Eg-

6.9. The virtual element method. With all the ingredients and definitions
introduced in the previous sections, we finally design a virtual element discretization
for the nonlinear system (5.1): Find (un, pp, Th) € Vi X Qpn X Vj, such that

(Th, up, ’Uh) + CSkew(’u,h, up, vh) + th(uh, up, ’Uh)
+dp(un, vp) + b(vn, pp) (frs:vn)o.0s
(uhaqh) = 07
an(Th; T, Sn) + 5 (wp; Thy Sn) = (9n, Sn)o,0,

(6.8)

for all (’Uh,qh,Sh) €V, x Qh X Vp.

REMARK 10 (reduced formulation). Using the space Zy, defined in (6.4), the prob-
lem (6.8) can be reformulated as follows: Find (up,T)) € Zp, x Vj, such that

an(Th; wh, v4) + NG (Wn; wn, vR) + cpp(wn; wn, vp)
(6.9) +dp(un,vn) = (fr,vn)o0;
an(Thn; Th, Sn) + 7 (up; Th, Sn) = (9n, Sn)o,0s

for all (vp, Sk) € Zp X Vp,.

To provide an analysis for the discrete problem (6.8), we list some properties that
the discrete forms satisfy:
e For any X} € Vp, ap(Xp;-,-) is a coercive and continuous bilinear form: There
exist a, > 0 and a® > 0 such that, for every vy, w, € V;, we have

(6.10)  an(Xn;vn, wp) < @V |vpl10|whliq, an(Xn;vn,vn) = auviloplf .

These inequalities result from standard properties of H?{E and Eg’fl in conjunction
with basic inequalities and the properties A1 and (6.5) that v and Sy satisfy.

e For any X) € Vy,, ap(Xp;-,-) is a coercive and continuous bilinear form: There
exist B, > 0 and 8* > 0 such that, for every Ry, Sn, € Vi, we have

(6.11)  an(Xp; Ry, Sn) < B*w*|Rul1,0]Shl1.0; an(Xn; Shy Sn) = Bukin| Suli q-

These inequalities follow from very similar arguments to those that lead to (6.10).

° ci’,“e,f’( ;+,+) is continuous: For every zp, vy, wp € Vy, we have

(6.12) Cf\]fehw(zh,vhawh) N|Zh|1 o|vnli,olwh1,0.

A proof of this estimate is essentially contained in [13, Proposition 3.3].
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e cpp(;+,-) is continuous: For every zp, v, wp € Vy, we have

(6.13) crn(Zn; vp, wp) < CF|Zh|§E}2|vh|1,ﬂ|wh|l,ﬂ-
A proof of this estimate can be found in [38, Lemma 4.1].
) c,sfew(-; -,+) is continuous: For every vy, € V, and Ry, Sy € Vp,, we have

(6.14) 5 (vp; Ry, Sn) < €lonlialRuli.alShia,

This bound can be obtained with arguments similar to those in the proof of [13,
Proposition 3.3].
e dp(-,-) is continuous: For every vy, w, € V},, we have

(6.15) dn (v, wn) < |lvallo.ellwllo.o-

This bound follows directly from the Cauchy-Schwarz inequality in L?(E), the L2-
stability of H%E, and the Cauchy-Schwarz inequality in R#7»
e b(-,-) is continuous: For every q;, € Q) and v;, € V},, we have

(6.16) b(vn,ap) < |valiella oo

7. Existence and uniqueness of solutions for our VEM. In this section,
we derive an existence result for the discrete problem (6.8) without restriction on the
problem data by using a fixed point strategy. Moreover, we obtain a global uniqueness
result when the problem data is suitably restricted.

THEOREM 11 (existence of discrete solutions). Under the data assumptions AQ)
and A1), the nonlinear system (6.8) admits at least one solution (up, py,,Trh) € Vi X
Qn X Vy. Moreover, the following estimates hold uniformly in h:

lunlio < o 'w N Alfllos lpnlloe < B7'TC| £,
Thl1,0 < By 'k Cllgnlloo,

Here, T i= 1+(a,v.) (@ v+ COna vt fylloa+C 2 CraZ = v | f4llgo+ C).

(7.1) 0.8

Proof. We proceed in two steps.

Step 1. Existence of solutions: Let us first analyze the existence of solutions to
the reduced problem (6.9). To this purpose, we define A, 7,y : Zn x Vi, — R, for
(un,Th) € Zp, x Vy, as follows:

Aun 1) (VR Sn) = an(Th; wn, v1)+N 5 (Wns wn, vR)+crn (Wns wn, vp)+dn(un, vp)

— (Frovn)o. + an(Tu; Tn, Sn) + <5 (wn; Th, Sn) — (ghs Sh)o.0-
Set (v, Sn) = (un, Tp) and use the skew-symmetry of ¢35“(+; -, -) and ¢;**(+;,-) and
the coercivity properties in (6.10) and (6.11) to obtain
Ay (WUn, Th) = cnvilun|? g + Buria ThlF o + crn(wn: wh, wn) + di(wn, )

— Il

Since dp(up, upn) > 0 and cpp(wp; wp, up) > 0, we thus obtain that

o.llunllo,e = llgnllo.olThllo,o;

A1) (Wh, Th) = cnvilun|? g+ Bakial ThlT o — C([| £1llo.clwnli,o = llgnllo.e|Thl1.0)
> (min{a, B} min{vs, £. 1) (wn, Tn) [T .o — Cll(F1, 90) ool (wn, Th) |10,
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where |(vn, Sl = (Jvallg + 1Shia)? and [[(£,9)l00 = (If3q + ll9l5.0)*
for every (vp,Sh) € Vi, x Vy, and (f,g) € L*(Q) x L?(Q). Hence, we obtain that
A(u, 1) (un, Tr) > 0 for every (up,Th) € Zp x Vj, such that

C(fr,90) 15,0

2 ; L2

|(uh7Th)|1,Q - (min{a*,ﬂ*}min{u*,/@*})Q =ip.

With reference to [26, Chap. IV, Corollary 1.1], there thus exists (up,Ty) € Zp, X Vp,
such that A, 7,)(vn, Sn) = 0 for all (v, Sp) € Zp x Vi, and [(up, Th)lio < p S
[(f1sgn)ll0.; i-e., the nonlinear system (6.9) has at least one solution (up,T}) €
Z;, x V},. Finally, the existence of a solution for the system (6.8) follows immediately
from the inf-sup condition (6.3).

Step 2. Stability bounds: Let us first derive the bound for the velocity field w;, in
(7.1). To to this, we set (vn,q;) = (up,0) in (6.8) and use the coercivity property in
(6.10), the skew-symmetry of cf\l,ﬁw(-; ), d(up,up) >0, and cgp(wn; un, up) > 0 to
obtain the following bounds:

avi|unll g < an(Th; wn, un) + cpn(wn; wn, un) + dp(wn, up)
= (fn-un)oo < Cl[frlloelunlio-

This immediately yields the the desire bound for the velocity field. The estimate for
the temperature follows similar arguments. Finally, the estimate for the pressure can
be obtained using (6.3), (6.8), (6.10), (6.12), and (6.13). This concludes the proof. O

In the following, we present two elementary results that are useful to show the
uniqueness of the solutions of system (6.8).

LEMMA 12 (Lipschitz property). Let Xy, Sy € Vy, and let v), € Vy, such that
vy € Wé(ﬁ) for some q > 2. Then, there exists Cy > 0 depending on €2, the
polynomial degree k, and the shape reqularity constant o such that, for any wy, € Vi,

|an(Xn; vn, wa) — an(Sn; vn, wa)| < Cviip| Xn — Salralvalwi(z,) [whlie-

Proof. See [8, Lemma 4.3]. 0

LEMMA 13 (Lipschitz property). Let X}, Sy € Vy, and let Ry, € Vy, such that
Ry € Wé('ﬁl) for some q > 2. Then, there exists Cr > 0 depending on €, the
polynomial degree k, and the shape reqularity constant o such that, for any Py € Vy,

|an(Xn; Ris Pr) — an(Sh; Bi, Pr)| < Crbiip| Xn — Sul1alRalwi(z,) | Prlie-

Proof. The proof is similar to that of Lemma 12, so we skip the details. |
We are now in a position to show the uniqueness of solutions for system (6.8).

THEOREM 14 (uniqueness of discrete solutions). Let us assume that assumptions
AO0) and A1) hold. If

Cy1ip€Cl gnlo.0lunlws (7) On C
(72) Ak év 2 Hfh||07gl < 17
i Bubis(Bikin — Crkiip| Thlwa () adv2
(7.3) CTle‘p|Th|w5(Th) < Biks,

and the nonlinear system (6.8) admits a solution (up, py,,Th) € Zn x Qp X Vi, such
that wy, € W (Tn) and T, € Wi (Ty) for some q > 2, then this solution is unique.
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Proof. We begin the proof with the assumption that there is another solution
(Wh,Ph, Th) € Zp, x Qp, x V}, of system (6.8). Define

Ty, = up — Uy € Zp, Tp =Ty, — Ty € Vp, Pn =Py —P1 € Qn-

Step 1. A bound for |T}|1,0. We begin by noting that it follows directly from the
definition of ¢;¥*(-; - -) that

(7.4) CZkew(ah;Th,Th) =0 = CZkew(th; Th,Th) = CZkew(th; fh,Th).

We now use the fact that (up, 7)) and (wp, Tp) solve the system (6.9) to set v, = 0
and Sy =T, € Vy, in the corresponding systems and obtain

ah(Th; Th,Th) =+ czkew(uh; Th,Th) = ah(fh; fh,Th) + c,sfe“’(ﬁh; j_\'h,Th).
We add and subtract the term aj,(Th; Ty, Th) and use (7.4) to obtain
an(Th; T Th) = an(Th; Tny Th) — an(Th; T, Th) | — ¥ (@n; T, Th).-

We then use the coercivity property in (6.11), the bound (6.14), and the estimate of
Lemma 13 to obtain

(7.5) Butia Thl} 0 < Crep|Thl} o|Thlw: (7:,) + €tnly.o|ThloThliq.

This yields (ﬁ*ﬂ* — OTfflip|Th|W}1(Th))|Th|1,(l < /Q\:|ﬂh|1ﬁgz|Th|LQ. Note that ﬂ*li* —

CTmip|Th|wé(7—h) > 0. We now invoke the stability bound for T} in (7.1) to obtain

&C|lgnllo.0

7.6 T <
(7.6) Th|1,0 < Bikie(Bukis — CTmip|Th|w;(771)

[@h 1,0
)

Step 2. We now obtain a bound for wy. To do this, we first note that, due to the

skew-symmetry of cf\’,“e}f’ (;+,+), we have the following
k ~ k ~ — k ~ o~
(77) C?V)ehzﬂ(’u,h; wp, uh) =0 = C?V)ehzﬂ(’u,h; wp, uh) = C?V)ehzﬂ(’u,h; up, uh).

We now use the fact that (up, Tp) and (up, fh) solve system (6.9) to set vy, = Uy € Vy,
in the first equation of the corresponding systems and obtain

an(Ths wn, Wn) + 52 (W Wn, Br) + cpn (W Wn, Br) + di(wn, )
= an(Th; Un, Bn) + NG (Un; Un, W) + cpp(Uns Un, W) + di (U, Wn).
We add and subtract the term ap,(Th; wn, @s) and use (7.7) to obtain
an(Th; Wh, Wh) + [crn(Wn; Un, ) — cpp(Un; Un, Wh)] + dp (T, Tp)
skew

= [ah(fh;uh,ﬂh) — ap(Th; un, @n) | — NG’ (Wn; wn, Bp).

We then use the left-hand side bound in (6.10), [18, Chapter I, Lemma 4.4], the bound
in Lemma 12, (6.12), and the fact that dp(@p,@ws) > 0 to obtain

(7.8) v} o < Cvviip[Tnlyaltnlws iz @nl1o + Cn il olunli o
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We now use the bound for u;, in Theorem 11 and (7.6) to arrive at

Cvriip€C||gnllo.olunlwi(T,)

_ CnC
|Uh|%,9 +

13 llo.of@nli o
B*K*(ﬁ*ﬁ* - CTfilip|Th|Wé(Th)) Qs V.

auve[Tn|f g <

The previous inequality allows us to conclude that

Cviip€C|lgnllo.elunlwy (T, CnC
a*V*ﬁ*ﬁ*(ﬁ*fi* - CT"£lip|Th|Wé(771,)) O‘zyz

|fh||0,sz> [@n|? o <0.

Step 3. In view of (7.2), we immediately conclude that @; = 0. We now invoke
(7.6) to obtain that T, = 0. Finally, the inf-sup condition (6.3) and the arguments
developed in Step 2 show that p;, = 0. This concludes the proof. |

8. Error estimates for our VEM. In the following, we derive error bounds
for the formulation with virtual elements (6.8). For this purpose, we will make the
following regularity assumptions:

A4) The solutions (u,p,T) € V x Q x V and the data f,g,k,v of system (6.8)
satisfy the following regularity properties for some 0 < s < k:
i) we HTH(Q), p € H*(Q), and T € H*TH(Q).
ii) f € H*T(Q) and g € H*T1(Q).
iii) v(T) and (T belong to Wi ().

Before deriving a priori error estimates, we recall some preliminary approximation

properties.

LEMMA 15 (an approximation property for Vj). Assume that A2) and A3)
hold. Let v € VNH*TY(Q). Then, there exists v € V), such that

lv = vrllo,e + hlv —vrhe S hE ol pem).
for all E € T;,. Here, D(E) denote the union of the polygons in Ty intersecting E and
0 < s < k. Moreover, if v € Z, then vy € Zy,.

Proof. A proof of the error bound follows from the arguments in the proof of [13,
Theorem 4.1] in combination with the error bound of [12, Proposition 4.2]. O

LEMMA 16 (an approximation property for Vy). Assume that A2) and A3)
hold. Let S € VNH*TY(Q). Then, there exists Sy € V), such that

IS = Stllo,e + hlS — Srle S b5 Slst1,008)-
for all E € Ty,. Here, D(E) denote the union of the polygons in Ty, intersecting E and
0<s<k.
Proof. A proof of this error bound can be found in [17, Theorem 11]. O
We will also make use of a Bramble-Hilbert Lemma [15, Lemma 4.3.8]: Let

0<t<s<{l+1land1<gq,p<oosuchthat s—2/p>t—2/q. Then, for any F € Tp,

(8.1) q[eiﬁféEJS — QK|W§(E) 5 hSEit+2/q72/p|S|W;(E) VS S W;(E)

To simplify the presentation of the material, we will write the continuous and
discrete stability bounds for (w,T) and (wup,T}h) as in [8]. This is

(8.2) |U|%,Q + |T|%,Q <C%0 |Uh|isz + |Th|isz < C2,C2

est “data’ est “data’
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As in [8], we will also use the following notation here: We denote by 2(-), B(+), €(-),
D(-), etc. generic constants that are independent of &, but may depend on appropriate
norms of uw, p, T, v, K, f, g, €2, or the polynomial degree k.

We are now ready to state and prove the main result of this section.

THEOREM 17 (error estimates). Let us assume that the assumptions A0), A1),
A2), A3), and A4) hold. Let us also assume that the smallness assumptions of
Proposition J and Theorem 14 hold. Let (u,p,T) € V x Q x V and (up, py,Th) €
Vi x Qp x V, be the unique solutions of problems (5.1) and (6.8), respectively. If

o —1
Cﬁnal,T = CceSt (ﬁ*fi* - Chp(T)) > 07

Odata Csol (T)
_ a Ccs Oi u
Oﬁnlal,u . (a*y* ; Cj\fd&tat a Cfor B C2 B Cicigui Cﬁnal,T) ~ 07

then the following a priori error estimates hold

lu—unlio+|T = Tilro < My, 5,u, T)h® +N(F, g)h**?
||p_ thO,Q S D(Va R, U, Tvp)h’s + m(fag)h’s+2'

Proof. We follow the proof of [8, Proposition 5.3] and proceed in several steps.

Step 1. Interpolation error estimates. We introduce wy € Vj, and 17 € Vj as
the interpolants of w € V and T' € V given by Lemmas 15 and 16, respectively. We
also introduce p; € Qp, as follows: for each E € Ty, p;lp = HZ;Elp. As a direct
consequence of Lemmas 15 and 16 and the Bramble-Hilbert bound (8.1), we obtain

(8.3) lu—wurlio S hlulsyr,0, [T —Trha SPTlst10,  llp—pPrlloa S P%Iplsa-

Define ey, := ur — up, Ep := 11 — T}, and e, := p; — py,. Since u € Z, we have
that w; € Zj, and thus that e; € Zj. In the following, we bound ey, E}, and e,.

Step 2. An estimate for Ej. We start with the coercivity bound in (6.11), the
definition of Ej,, namely E}, := Tt — Ty, and add and subtract a(T; T, E;,) to obtain
Bukinl EnlT g < an(Th; En, En) = an(Tn; T1, En) — an(Th; Th, En)

(8.4)
= an(Tn; T1, BEn) — a(T5 T, Ew) + o(T; T, En) — an(Th; Th, En).

We now use the third equations of the continuous and discrete systems, (5.1) and
(6.8), respectively, to arrive at the following estimate:

(8.5) Bkl Enltq < [an(Th; Tr, En) — ao(T; T, Ep)]
+ [epF (wp; Th, En) — c(w; T, Ey)| + (9 — gn. En)o,o =: T+ 11+ 111

Step 2.1. We estimate I. To do so, we first rewrite I using the definitions of a and
ap, given in (4.2) and (6.6), respectively, and a localization argument and obtain

I= Y { / k(O ET) (05 VT — VT) -TIVE VE), — / w(T)VT - VEy,
EeT, E E

+ / k(0P T,)VT - TV E VE, + w(TY P T3,)SE (1 - 1Y) Ty, (T - H%E)Eh)}.
E
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We construct further differences as follows:

1= > { / k(1) (T2, VT — VT) - Ty 5 VE,
EeT, E

+ /E (K(HZ’ET;L) - K(T)) VT -T)F VE), - /E K(T)VT - (VE, — TIVE VEy,)

+ w(T P T,) SE (T — TP Ty, (1 H%E)Eh)} = > (I +15F —1F +1F).
EeTh

Using the definition of HZ;EP I§ can be rewritten as I = [, (I — HZ;El)(Ii(T)VT) .

VE}. Asin [8, page 3417], the terms I¥, I¥ and I¥ can be controlled simultaneously
under the assumption A0) and (6.7). In fact, we have

86) Y (F-F+1H<c (n*nngflw} —VT|lo.5
E€T), E€Th

= T2 ) (R(T)V T, + 5V (= TEF)Ty o, ) IV En o,

where we used |[II)" VEy|o.5 < |[VE|o,r and ||[V(I — ") Epllos < [VELo.5-
We now use the triangle inequality, Lemma 16, and a basic error bound for the L?(E)-
projection (see, e.g. [17, Theorem 7]) to obtain

(8.7) M5 VT =V T o5 < V(T =T o5+ I-T5)VT 0,5 S W5l T4, 00)-
An estimate for || V(I — TIY")Tr|o,z can be derived in view of similar arguments:

8.8) V(I -1 Tr]lo,e < V(I = T07)(Tr — T)lo,s + V(I = Iy ") T 0.5
SV —T)o,g + IVAI =TT o5 < Bl T)hrs.00m)-

Finally, we bound ||(I — II}"%))(k(T)VT)||o, as follows:
(89) A5 (R(T)VT)llo,p S W K(T)VT s S Wi lIR(T)lwe ()| Tls+1,6-
If we substitute the estimates (8.7), (8.8), and (8.9) into (8.6) we arrive at the bound
(810) > (7 =I5 +17) < Ak, TR [V Eno.0,
E€Th

where 20 = (x,T) is a constant that depends on x and T.

We now turn to the derivation of a bound for I¥. For this purpose, we invoke
Holder’s inequality (1/p+1/q+1/2 =1, where ¢ = 2+¢ > 2 is given by the uniqueness
assumptions of Proposition 4) and the stability of the L?(E)-projection in L?(E) and
LP(E) to obtain

8.11) 15 < kuip|| T = T P Tl o) | Tl (i) IV Billo, 2 < #ip (1T = T P T | )
+ [T - Ti)lee )T lwie) IVERoe S fiip(IT = Vo P9
T = Tullre )| T Iw2 ) |V Enlo,-
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A standard error bound yields ||T" — Hg’ETHLp(E) < hplT|wr(g)- On the other hand,
we have [|T—Th|ez) < |T—Trlluee) + | Tr—ThllLr £y Substituting these estimates
into (8.11), we obtain

15 S w1ip (W5 | Tlwe () + IT = Trllue(zy + 1 BnllLee) | Tlws o) |V Erllo, 5,
where we also used that Ey, = T7 — T}. If we sum over all the elements in E in T,
and apply Holder’s inequality (1/p+ 1/q+ 1/2 = 1), we obtain

Z 1 < wup(P®|Tlwe) + 1 Tlst1.0 + [|Brllue@)ITlwi @) [ VER 0.0
Ee€T,

where we have used that |7 —T7||r o) S [IV(T=T1) |00 S h*|T|s11,0, which follows
from a basic Sobolev embedding and the error bound in Lemma 16. As a result,

Ci .
(8.12) n < G IVE o + s TV Enlos.

Cso1(T') comes from Prop. 4: [T'|w1 (o) < Cool(T) ™1 = (K1ipCq /)™, and Cyip(T) > 0
is a suitable constant. In a final step, we combine (8.10) with (8.12) and obtain

Cll ( ) s
813) I= > (F+I7 -1 +1f) < c FI( )I\VEhllosz+9l(H ,T)W*||V Ep||o,0-
EcTy, S0

Step 2.2. Let us now control IT in (8.5). As a first step, we note that according to
Remark 3, ¢(u, T; Ep) = ¢**¢¥ (u, T'; E;,) because u € Z. We use this property, the fact
that CSkew(uh, Th, Eh) = czkew(uh; Th —T], Eh)—l—cffe“’(uh; T[, Eh) = czkew(uh; T], Eh),
and add subtract ¢;*¢¥(u; T, Ej) to rewrite 11 as follows:

IT = ;% (up; Ty — T, En) + ¢;°“(up, — w; T, Ey) + ;7 (w; T, Ep,) — ¢**“(w; T, E},).
Define II; := Ske“’(uh; T —T,Ep) + c,sfe“’(uh —w; T, Ey). To bound 11y, we first use
the estimate (6.14) and obtain

II; < €(|uh|1,SZ|T —Trhio+u—unli0lTha) | Erla.

We now use the interpolation error bounds of Lemmas 15 and 16 to arrive at

~

CC R
(8.14) II; < o ! lenl1,0/Enl1,0 + B(u, T)h®|ELl|1 q,
ata

where we also used (8.2). Define 11§ := ¢;*“F(u;T, Ey) — ¥ B (u; T, Ey,), for
E € Ty, and 1l = ;%% (u; T, E,) — ¢**¥(u; T, Ej,). We note that

(8.15) TIF = % [ / (0P . TOE VT F B, — / (u-VT)Eh]
E E

1 1
) [/ (I Pw - TP VE )T T — / (u- VEh)T] = 515, -
E E

1
312
The control of 1I¥ 2o and HQEb follow from the arguments given in the proof of [13,
Lemma 4.3]. If we sum the obtained bounds over all elements in E in Tr, and apply
a suitable Holder’s inequality, we arrive at

(8.16) Iy < B(w, T)h*|Ep|1,0.
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A collection of the bounds (8.14) and (8.16) shows that

(8.17) 1 < lest

len|i,o|Enli,0 + B(w, T)h*|Ey|10

data

Step 2.3. We have now arrived at the estimation of term III. The bound for this
term follows from the arguments in [10, Section 4.7]:

(8.18) I < &(9)h* 2| Bl q,

Step 2.4. Finally, if we substitute the bounds for I, IT, and III obtained in (8.13),
(8.17) and (8.18), respectively, into (8.5) we obtain

(8.19) |En|1.0 < Conalrlen|ia + €(k,u, T)R® + &(g)h*T2.

Step 3. An estimate for en. We start with the coercivity bound in (6.10) for
an(+;+,+), the definition of ey, namely e;, = u; — up, and add and subtract the term
a(T;u, ep) to obtain

(8.20) awvilenlt g < an(Thien, en) = an(Th;ur, en) — an(Th; un, ep)
' = ap(Th;uz, en) — a(T;u, ep) + a(T;u, en) — ap(Th; un, €n).

We now use the first equations of the continuous and discrete systems, (5.1) and (6.8),
respectively, to obtain

awvilenli o < lan(Thsur, en) — a(T;u, en)] + (X5 (wn; un, en) — ey (u;u, ep)]

+ [ern(un;un, en) — cr(u;u, en)] + [dn(un, en) — d(u, en)] + (f — fr.en)oq,
where we have also used that e, = u; — up € Zy, C Z; see Remark 6.

Step 3.1. Define Ty := [ap(Th;ur,er) — a(T;u,ep)]. The control of J; follows
from [8, estimate (5.16)]:

Clip(u)
(8.21) 3, < )

|Enl10lenlio + D (v, w, T)h en|1 0.

Here, the constant Cso1(u) comes from Prop. 4: Ceol(u)|ulwi(e) < 1, and Cip(u)
denotes a suitable positive constant.

Step 3.2. Define Js := cf\’fe,;““(uh;uh, en)—cn(u;u, ep). Note that cﬁ\’few (u;u,ep) =
cn(u;u, ep) because u € Z; see Remark 3. So we rewrite the term J as follows:

T2 = [eX5 (uns un, en) — VR (wsu, en)] + (N5 (us u, en) — N (usu, en)].

Since u € VN H*(Q) and e, € V, we can apply [13, Lemma 4.3] to obtain

Jop = ci’,ﬁw(u; u,ep) — ci’few(u;u, en) S E(u)h’lenlra.

Define J3 4 := cf\’,“fhw(uh;uh, ep) — ci’,“e,f’(u, u, ep). Apply [13, Lemma 4.4] to obtain

Cn Cles o [ Cest Ces
32,(1 < N ebt|eh|iQ +CN (Cest + Aest ) @(U)hs|€h|1,9.
data data data

If we combine the previously derived bounds, we arrive at

C(N Ccst
Cdata

(8.22) Jp < lenlT o + €(w)h’[en]1,o-
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Step 3.3. Define J3 := cpp(up;un, en) — cr(u;u,ep). We add and subtract
crn(u;u,ep) to obtain J3 = [cpp(up;un, en) — crn(u;u,en)] + [crn(u;u,ep) —
cr(u;u, ep)] =: J3.4 + J3. We bound Js , with the help of [38, Lemma 5.3]:

(8.23) J3,0 < Cror (E(w)h®len|1,0 + |eh|isz) ;

where Cioy = C[(Cest/Caata)” 2 + (éest/édm)r—ﬂ and C is the constant in [38,
Lemma 5.3]. Since w € VNH*T(Q), a bound for J3 5 follows from [38, Lemma 5.2]:

(8.24) Jap < OB (Julss1,0 + [uls0)luli G lenlio < €(u)h®len]io.
If we combine the bounds (8.23) and (8.24), we obtain
(8.25) T3 < Crorlenl? o + E(uw)h’|en]1 0.

Step 3.4. Define Jy := dp(up, en) — d(u,ep). The control of Jy is standard. To
derive an estimate, we first analyze the local term JF := dP(uy,, e;) — dF(u, ). In
view of (H%Euh, H%Eeh —ep)o,e =0, we rewrite JF as follows:

(826) 34E = (H%Euh —u, H%Eeh)oyE + (’LL, Hg’Eeh — eh)oﬁE

= (H%Euh —u, HZ’Eeh)07E+ (U—HZ’E’U,h, H%Eeh_eh)O,E = (H%Euh —u, eh)oﬁE.

As a result, I < |TL " uy, — ullo, | lenllo,z. We control [T uy, — ul|o 5 as follows:

(8.27) T Pup — ullo,p < |lun — ullo.s + | TL) P u — ullo,x

<l —urlos + llenllos + T Pw — ullo g

A basic bound for | TI;""u — u|jo & and an application of Lemma 15 thus show that

Iy < ||eh|‘3,E + ChSE+1|u|s+1,D(E)Heh”07E'

If we sum over all the elements in E in 7}, and apply Holder’s inequality for sums, we
obtain an estimate for J4:

(8.28) J1 < CPlenli g + E(u)h*en|10,

where we have also used the Poincaré inequality (2.1).
Step 3.5. Define J5 := (f — f},,en)o.q- An estimate for Js is direct:

(8.29) J5 SF(HRlenh o

Step 3.6. A final estimate for |ep|1,q. Replace the estimates (8.21), (8.22), (8.25),
(8.28), and (8.29) into the bounded derived for |es|? , to obtain

@NCest 2 2 C]i (U)
OBt o < Sipl), g
(a*l/* Co for len|t o < Csol(u)| wl1alen]1.o

+D(v,u, T)h*|en]r.0 + F(F)R°H|enl1a,
We now replace the bound (8.19) for |E}|1,q into the previous estimate to obtain

(8.30) |6h|1yg < Chnalu (E)ﬁ(u, K, W, T)hs + ‘ﬂ(f, g)hs+2) .
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Step 4. A final estimate for |En|1,q. We replace (8.30) into the bound (8.19) to
finally arrive at

(8.31)  |En|1,0 < Chinal,rChinat,u (M(v, &, w, T)R® +N(f, g)h*?)
+ &k, u, T)h* + &(9)h* T2 < M(v, &, w, T)h* +N(F, g)h* 2.
Step 5. An estimate for e,. In this last step, we derive an error estimate for
the pressure error |lex|[z2(q). To do so, we let v, € V, and use the definition of ey,

namely e, = p; — p;, and the first equations of the continuous and discrete systems
(5.1) and (6.8), respectively, to obtain

b(vha Eh) = b(vhv p]) - b(vhv ph) = b('Uh, Pr— p) +b('Uh, p) —b('Uh, ph) = b(vhv Pr— p)
+ [an (T wn, vn) — a(T;w,v5)] + [5G (wn; wn, o) — v (u; u, vy)]
+ [ern(wn; wn, vn) — cr(w;w, vp)] + [dn(un, vi) — d(w, vi)] + (F = f1), vn)o.0-

Step 5.1. Define 8 = [an(Th; un,vr) — a(T;u,vp)]. The control of the term R
can be found in [8, page 3419]:

(8.32) K1 S|u—unlialvrlio + 1T — Thlialveli,o + 2w, w, T)h v 0
S m(uv R, U, T)hs|vh|1,ﬂ + m(fa g)h’s+2|vh|1,ﬂv

where we have used (8.30) and (8.31) to obtain the last bound.
Step 5.2. Define R := cf\’f)e,;“(uh;uh,vh) — ke (u;u, vy,). An estimate for the
term K> can be obtained as follows. First, we rewrite £2 as

R = [eN5 (uns un, ) — e (wsw, vn)] + (X5 (us w, vn) — (s, vp))

= [cf\]}”'f’;lw(uh —u;up, V) — cf\]}”'f’;lw(u; u—up,vp)]+ [cf\]}”'fhw(u; u,vp) — cf\]}”'ew(u; u, vp)].
Define Ry 4 := ci’,“e,;ﬂ(uh —u;up, V) — cf\’,“fhw(u; u — Up, vy). A bound for R, follows

from the use of the bound (6.12) and the error estimate (8.30). In fact, we have

Ro.a < On(lunlia+ |uli0)lu —unlolvnio

(8.33) | "
S m(l/, l{vuaT)h’ |vh|1,§2 +m(fvg)h |’Uh|11Q.

It thus suffices to bound R 1= 5 (w; u, vp) — N (u; u, vy). Since u € H*FH(Q)N
V, we can use the bound in [13, Lemma 4.3] and obtain R < E(u)h®|vy|1,q. This
bound and (8.33) yield the control of & :

(8.34) Ro < M(v, k,u, T)R¥ |10 + R(F, 9)h o1
Step 5.3. Define 83 := cp p(un; un, vp) — cr(u;u, vy). We add and subtract the
term cp p(u;u,vy) and rewrite 83 as follows:
R3 = [cpn(un;un, vi) — crp(usu,vp)] + [crn(u; w,vy) — cp(u;u, vy)).

Define R3 o = cpp(wn; un, vr) — cpp(u;u,vp). A direct application of the bound in
[38, Lemma 5.3] shows that

Rz < Cllunliq + ull Hlu —unliolvah o < Crorlu — unh olvali 0
S m(uv R, U, T)hs|vh|1,ﬂ + m(fa g)h’s+2|vh|1yﬂ'
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Define 83 := cpp(u;u,vy) — cp(u;u,vp). Since w € VN HSTL(Q), we can directly
apply the bound from [38, Lemma 5.2] to obtain

Rap < Ch*(luls. + |uhiyso)lul] G lonlLa < Eu)h®o)o.
The two estimates derived above allow us to control the term Ks:
(8.35) Rz <My, k, u, T)h¥ |10 + R(F, 9)h v

Step 5.4. Define 8y := dp,(up,vp) — d(u,vp,) and &Y = dF (up,vp) — d¥ (u,vy)
for E € Ty,. Following the arguments that lead to (8.26), we deduce that

&Y = (@) Puy — u,vi)o,p < CIT) Pwy — ullo,slvnl1 e

< C(llun — ullo.s + 1T Pu — ullo.5) vnl1, 6.

If we sum over all the elements E € T, and apply Hoélder’s inequality, we obtain

R S (lun — ulo + 1T Pu — ullo.0)|vali0

(8.36)
S m(l/, R, U, T)h’s|vh|1.,§2 + m(fa g)h’s+2|vh|1-,9'

Step 5.5. Define 85 := (f — f,,vn)o,0 and Re := b(vp, p; — p). The term Ky was
already estimated in (8.29). A bound for the term £ follows from the definition of
p; and the Bramble-Hilbert bound (8.1): £ < P(p)h?|vnli q-

Step 5.6. In view of the discrete inf-sup condition (6.3), the bounds (8.32), (8.34),
(8.35), and (8.36), we conclude

(837) Hp - thO,Q S D(Va K, U, T7 p)h’s + m(fa g)h’s+2'

This concludes the proof. ad

9. Numerical experiments. In this section, we report some numerical exper-
iments to evaluate the performance of the proposed VEM. Our goal is to compute
the experimental convergence rates in the norms used in the theoretical analysis. The
results of this section were obtained using a MATLAB code with & = 2, where the
nonlinear problem (6.8) was solved using the fixed-point iteration described in Algo-
rithm 1. The refinement parameter N used to characterize each mesh is the number
of elements on each edge of €2. In Figure 1 we present examples of the meshes we will
use for our tests.

9.1. Fixed-point iteration. Let us describe the fixed-point iteration used to
solve the coupled problem (6.8).

Algorithm 1: Fixed-point iteration

Input: Initial mesh 7y, initial guess (ul), pY, 7)) € Vi, x Qp x Vy,, the coefficients v(-)
and k(-), fj, € [L2(Q)]?, gn € L2(Q), r € [3,4], and tol = 1076.
1: For n >0, find (u]t!, pi't!) € V), x Qp, such that

n+1 n+1

an(Thsup ™t vp) + e (up; up ™ on) + cpn (up;up ™!

avh)
+dp (u) T vp) + b(wn, i) = (Frevn)o.0s
b(u7}2+17qh) = 07
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for every (vp,qp) € Vi X Qp. Then, T,;H’l € Vy, is found as the solution of
1 1 1
an (T35 T Sh) + 6P (up 5 Tt Sn) = (gns Sh)oas

for every Sy, € V.
20 I [(wp ™, pp TP — (ult, pit, T)| > tol, set n < n+ 1 and go to step 1.
Otherwise, return (up, py, Th) = (up ™t ppt, Tot). Here, | - | denotes the

Euclidean norm.

Fic. 1. Initial meshes. From top left to bottom right: 7—,11, 7—,12, 7—,13, 7—,:1, 7;L5, and 7;?, with N = 8.

To complete the proposed VEM (6.8), we need to describe the bilinear forms
SE(.,-) and SE(.,-) that satisfy (6.5) and (6.7), respectively. For this purpose, we
proceed as in [8, 10] and use the so-called dofi—dofi stabilization, which is defined as
follows: for each E, we denote by iy, U and fh, ﬁh, the real-valued vectors containg
the values of the local degrees of freedom associated with wp, vy in Vj and with Tj,
Ry, in Vj,, respectively. Then, we set

S‘b;(uh,vh) = ﬁh-v';l, S%(Th,Rh) ::ﬁ-ﬁh.

To calculate the error between the exact velocity component w of the solution
and the corresponding approximation obtained with our VEM, namely, u;, we will
use the following computable quantity

1
2
leulr,o = (Z lu — Hg’Euhﬁ,E) :

EcTh

A similar expression is used to calculate the error between 7" and Tj,. Finally, to
calculate the pressure error we consider |lepllo.0 == ||p — Pyllo,0-
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9.2. Unit square. Let us first test our method on the unit square Q = (0,1)2.
The viscosity coefficient v, the thermal diffusivity coefficient x, and the parameter r
are as follows [16]:

1. Test 1: v(T)=14T, &(T) =1 +sin(T), and r = 3.
2. Test 2: v(T)=1+e T, k(T)=2+sin(T), and r = 4.
The data f and g are chosen so that the exact solution to problem (1.1) is

w(zy,29) = (=23 (x1 — 1)%29 (22 — 1) (202 — 1), 23 (22 — 1)%x1 (21 — 1)(221 — 1)),

p(x1,m2) = 122(1 — 21)(1 — 22) — 1/36, and T'(x1,22) = 2303(1 — 21)%(1 — 22)%."

In Figures 2 and 3, we present the experimental convergence rates in the semi-
norm for the velocity error and the temperature error and in the L?-norm for the
pressure error for tests 1 and 2. We have calculated these errors for the six families of
meshes shown in Figure 1 with different levels of refinement. The plots also include
a reference line with slope —2, which indicates the optimal convergence rate of the
method.

- leal

=0=lealy e

I o= lerly; -o=eslo7:
—o=lerli 2 =o=lesl
erhp \ gl
-l § =x=leslo;
erhg lleglozs
lehgs llegloge
—slope -2 —slope -2

F1G. 2. Test 1: Exzperimental convergence rates for |ew|1,0, ler|1,0, and |lepllo, on different
polygonal meshes.

- lealy
0= euly

laly
e e

o= lerly: -0=[eslu;
—o=lerli 2 \ =o=lesl
erhp RIS gl
-l .
erhg
ez
— slope-2

A
N lleglogs

lleslozs
—slope 2

a7
eulzg
— slope 2

F1G. 3. Test 2: Exzperimental convergence rates for |ew|1,0, ler|1,0, and |lepllo,o on different
polygonal meshes.

Figures 2 and 3 show that the theoretical predictions of Theorem 17 are confirmed.
We also note that optimal experimental convergence rates are obtained for each of
the mesh families considered. This is computational evidence of the robustness of the
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VEM with respect to the geometry of the mesh. Figure 4 shows the solution obtained
with our method using a particular family of polygonal meshes.

iiisssezes
Wesaey
\ %0&38"\

Fi1c. 4. Virtual element approzimatiopn: magnitude of the velocity uy (left above), pressure pp,
(right above), and temperature T, (below) in T

The next goal is to prove computationally that our VEM is divergence-free. To
accomplish this task, we calculate the value of the L?-norm of the discrete divergence
of the velocity field wuy. In Table 1, we present the values of | divuy|oq that we
computed for five mesh families at different refinement levels. As the results in Table
1 show, the method is indeed divergence-free, and this again is independent of the
polygonal mesh used.

TABLE 1
Test 2: || divupllo,o computed for five mesh families.

|| diV’U/hHO,Q
N T T Ty T, Ty
8 | 4.3865e-19 | 4.7045e-19 | 6.9960e-19 | 6.3543e-19 | 8.0372e-19
16 | 4.6768e-19 | 4.5652¢-19 | 6.3817e-19 | 6.2734e-19 | 7.4630e-19
32 | 4.8928e-19 | 5.5585e-19 | 5.6303e-19 | 5.0117e-19 | 5.8633e-19
64 | 4.6112e-19 | 5.5279e-19 | 5.6886e-19 | 5.0243e-19 | 5.7873e-19

9.3. Influence of the viscosity. In this test, we investigate the influence of the
viscosity coefficient v(-) on the calculation of the error in the approximation of the
velocity, pressure, and temperature variables. It is well-known that most standard
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approximation techniques are not robust with respect to this coefficient. To perform
this study, we choose different values of v and investigate the experimental conver-
gence rates on different polygonal meshes. We use a similar configuration as in the
previous tests: = (0,1)?, s = 3, and the solution (u,p,T) as previously described.
For simplicity, we assume that k = 1 and consider constant values for the viscosity
parameter: v = 107,104,108,

Jeuly

—e—vith v =101
—o-with v =104
o with v =108 @ i
—slope 2 —e-withy =101
~o-with v =104
' ' withy =108 1! ~o-vwithy =101
(U —slope 2 —o-vith v = 1074
~~_ Eide withy =108
02 e 10? Sos —slope -2

0t > 10! N

FiG. 5. Test 3: Velocity error for v =10~1,10=%,10~8 on the meshes 7;},7};2, and 7—}13

—~e—vith v =101
|=0=with » =1074

withy =10°8
—slope -2

—~e—vith v =101
|=0=with » =1074

withy =108
—slope -2

—s=withy=10"1
0= with v =1074|

with v = 1078]
—slope 2

N N

F1G. 6. Test 3: Pressure error for v =10"1,10"4,10=8 on the meshes 7;11, 7;12 and ThS

Our results are shown in Figures 5, 6 and 7. In Figure 5, we observe that the
optimal experimental convergence rate for the velocity error is no longer achieved
when the viscosity coefficient becomes smaller. This phenomenon occurs for different
meshes, which leads to the conclusion that the loss of convergence for the velocity
does not depend on the geometry of the mesh, but only on the physical parameter.
A different behavior is observed for the temperature error and the pressure error: the
optimal convergence rate is also attained when the viscosity becomes smaller. We
would like to note that this is independent of the considered polygonal mesh. The
results obtained for the velocity error and the pressure error are in agreement with the
numerical tests reported in [38]. Our results also show that the method works for the
temperature error in the same way as for the pressure error. We emphasize that the
derivation of an optimal error estimate that is robust with respect to the coefficients
v(-) and k(+) is not analyzed in our work and is a valuable option for future extensions
of the study presented here.
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Jerh lerlyy el

~e—vith v =101 ~e—vith v =101 —o-withy =101

|=o0=with v =1074 |=o=with » =1074 | ~0-with v =1074|
withy =108 withy =108 with v =108

—slope -2 —slope -2 —slope -2

FiG. 7. Test 8: Temperature error for v =10"1,107%,10~8 on the meshes 7711,7712 and 'T,?
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