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1. Introduction. Let Ω ⊂ R
2 be an open and bounded domain with Lipschitz

boundary ∂Ω. In this work, we are interested in designing and analyzing a divergence-
free virtual element method (VEM) for the temperature distribution of a fluid modeled
by a convection-diffusion equation coupled with a convective Brinkman–Forchheimer
problem. This model can be described by the following nonlinear system of partial
differential equations (PDEs):

(1.1)




− div(ν(T )∇u) + (u · ∇)u + u+ |u|r−2u+∇p = f in Ω,

div(u) = 0 in Ω,
− div(κ(T )∇T ) + u · ∇T = g in Ω,

together with the Dirichlet boundary conditions u = 0 and T = 0 on ∂Ω. The
unknowns of the system are the velocity field u, the pressure p, and the temperature
T of the fluid. The data are the external force f , the external heat source g, the
viscosity coefficient ν, and the thermal diffusion coefficient κ. We note that ν(·) and
κ(·) are coefficients that can depend nonlinearly on the temperature. Finally, the
parameter r is chosen such that r ∈ [3, 4]. For a discussion of this parameter r, the
Forchheimer term in (1.1), and its physical implications, we refer to the reader to [16]
and the references therein.

Beginning with the pioneering works [10, 11], great efforts have been made to
develop and analyze VEMs. These methods are a relatively new family of solution
techniques that allow general polytopal meshes, arbitrary polynomial degrees, and yet
conforming H1-approximations. The peculiarity of VEMs is that the discrete spaces
consist of functions that are not known pointwise, but about which a limited amount
of information is available. This limited information is sufficient to construct stiffness

∗DA is partially supported by ANID-Chile through grant ACT210087. EO is partially supported
by ANID-Chile through FONDECYT grant 1220156. GR is partially supported by ANID-Chile
through FONDECYT grant 1231619 and Universidad de Los Lagos Regular R02/21.
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‡Departamento de Matemática, Universidad del B́ıo-B́ıo, Concepción, Chile. (flepe@ubiobio.cl)
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matrices and right-hand sides. On the other hand, VEMs allow great flexibility with
regard to the shape of the elements; for example, convex and non-convex elements are
permitted. This is an advantage over the classical finite element methods (FEMs),
which make it possible to deal with domains that are difficult to discretize with tri-
angles or quadrilaterals. For these reasons, the VEM is generally considered as a
generalization of the FEM. The analysis of VEMs has been successfully developed for
a large number of problems. We refer the interested reader to [7, 14] for a recent re-
view and discussion. As for the development of VEMs for various linear and nonlinear
flow problems, we refer the reader to the non-exhaustive list [1, 5, 6, 8, 12, 13, 24, 38].
An important feature of some methods for the treatment of incompressible fluids is
that the divergence-free condition is preserved at the discrete level.

The aim of the present work is to develop and analyze a VEM to approximate the
velocity, pressure, and temperature variables that solve the system (1.1). Our analy-
sis is inspired by the recent work [8], in which the authors propose a divergence-free
VEM to solve the coupling between the Navier–Stokes equations and a suitable heat
equation. Here, the viscosity coefficient depends on the temperature variable. In our
work, we complement and extend the results in [8] in the following two directions:
First, the model we consider allows the dependence of the thermal diffusion coeffi-
cient κ(·) on the temperature variable. Second, we consider the so-called convective
Brinkman–Forchheimer equations. In contrast to [8], our model also considers the
term u + |u|r−2u, with r ∈ [3, 4]. The consideration of this term was suggested by
Forchheimer [21], who realized that Darcy’s law is not adequate for moderate Reynolds
numbers. Indeed, Forchheimer found that the relationship between the Darcy veloc-
ity and the pressure gradient was nonlinear and that this nonlinearity appeared to be
quadratic (r = 3) for a variety of experimental data [21]. This leads to a modifica-
tion of the Darcy equations, usually referred to as the Darcy–Forchheimer equations
[3, 4, 19, 27, 30, 32]. In [21], Forchheimer also noted that some data sets could not
be described by the quadratic correction so he also postulated that the correction of
Darcy’s law could allow a polynomial expression for u, e.g., u + |u|u + |u|2u and
u+ |u|r−2u; see [29, page 59], [20, Section 2.3], and [34, page 12]. In practice, r takes
the value 3 and 4 in several applications [9, 20, 22, 28, 31, 33, 37] and also fractional
values such as r = 7/2 [33, page 133]. This is the reason why we consider r ∈ [3, 4].
In view of these considerations, (1.1) can be seen as an extension of the model in [8].

1.1. Contributions. To the best of our knowledge, this is the first paper that
analyzes a VEM for the nonlinear coupled problem (1.1). Since several sources of
nonlinearity are involved, analyzing a solution technique is far from trivial. In the
following, we list what we consider to be the main contributions of our work:
• A VEM: Inspired by the scheme proposed in [8] and the discrete spaces proposed

and analyzed in [12, 13], we propose the VEM (6.8).
• Existence and uniqueness of discrete solutions: We derive an existence result

for the discrete problem (6.8) without restriction on the problem data by using a fixed
point strategy; see Theorem 11. Moreover, we obtain a global uniqueness result when
the problem data is suitably restricted; see Theorem 14.
• Optimal error estimates: Assuming that the continuous and discrete problems

admit unique solutions and under suitable regularity assumptions for the continuous
solution, we derive optimal error estimates for the proposed VEM; see Theorem 17.
The analysis borrows ideas and components from [8], [13], and [38].

1.2. Outline. The paper is structured as follows: We begin with section 2, where
we introduce notations and basic assumptions that we will use in our work. In sections
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3 and 4, we summarize some results related to the convective Brinkmann–Forchheimer
problem and a suitable heat equation, respectively. Section 5 is devoted to review
existence, uniqueness, and stability results for the coupled problem (1.1). The core
of our work begins in section 6, where we first introduce the standard techniques for
analyzing VEMs and propose our discrete scheme (6.8). In section 7, we prove the
existence of discrete solutions without restriction on the problem data, as well as a
global uniqueness result when the problem data is appropriately restricted. Section
8 is devoted to the development of a rigorous analysis of error estimates. Finally, in
section 9, we report a series of numerical tests in which we evaluate the performance
of the proposed method for different configurations and polygonal meshes.

2. Notation and preliminary remarks. Let us establish the notation and the
framework within which we will work.

2.1. Notation. In this paper, Ω is an open and bounded polygonal domain of
R

2 with Lipschitz boundary ∂Ω. If X and Y are normed vector spaces, we write
X →֒ Y to denote that X is continuously embedded in Y . We denote by X

′ and
‖ · ‖X the dual and the norm of X , respectively. For p ∈ (1,∞), we denote by
q ∈ (1,∞) its Hölder conjugate, which is such that 1/p+ 1/q = 1. The relation a . b

means that a ≤ Cb, with a positive constant C that is independent of a, b, and the
discretization parameters. The value of C can change at each occurrence.

We use the standard notation for Lebesgue and Sobolev spaces. The spaces
of vector-valued functions and the vector-valued functions themselves are denoted by
bold letters. In particular, we use the following notation: V := H1

0(Ω), V := [H1
0(Ω)]

2,
and Q := L2

0(Ω). As usual, the dual of H
1
0(Ω) is denoted by H−1(Ω). We also introduce

the space Z := {v ∈ V : div v = 0}. We conclude this section with the classical and
well–known Poincaré inequality: For v ∈ V, there exists C = C(Ω) such that

(2.1) ‖v‖1,Ω ≤ C|v|1,Ω ∀v ∈ V.

For the sake of simplicity, we assume that the vector-valued couterpart of (2.1), i.e.,
‖v‖1,Ω ≤ C|v|1,Ω for all v ∈ V, holds with the same constant C.

2.2. Data assumptions. We make the following assumptions on the viscocity
ν(·) and the diffusion coefficient κ(·).

A0) κ(·) is extrictly positive, bounded, and Lipschitz continuous, i.e., there exist
constants κ∗, κ

∗, κlip > 0 such that

0 < κ∗ ≤ κ(r) ≤ κ∗, |κ(r1)− κ(r2)| ≤ κlip|r1 − r2| ∀r, r1, r2 ∈ R.

A1) ν(·) is extrictly positive, bounded, and Lipschitz continuous, i.e., there exist
constants ν∗, ν

∗, νlip > 0 such that

0 < ν∗ ≤ ν(r) ≤ ν∗, |ν(r1)− ν(r2)| ≤ νlip|r1 − r2| ∀r, r1, r2 ∈ R.

3. A convective Brinkman–Forchheimer problem. We present existence
and uniqueness results for the following weak formulation of a convective Brinkman–
Forchheimer problem: Given f ∈ [H−1(Ω)]2, find (u, p) ∈ V ×Q such that

(3.1) aL(u,v) + cN (u;u,v) + cF (u;u,v) + d(u,v) + b(v, p) = 〈f ,v〉 , b(u, q) = 0,

for all (v, q) ∈ V × Q. Here, 〈·, ·〉 denotes the duality pairing between [H−1(Ω)]2

and V. The forms that occur in (3.1) are defined as follows: aL : V × V → R,
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cN , cF : V ×V ×V→ R, d : V ×V→ R, and b : V ×Q→ R are such that

aL(v,w) :=

ˆ

Ω

ν∇v : ∇w, cN (z;v,w) :=

ˆ

Ω

(z · ∇)v ·w,(3.2)

cF (z;v,w) :=

ˆ

Ω

|z|r−2v ·w, d(v,w) :=

ˆ

Ω

v ·w,(3.3)

and b(v, q) := −
´

Ω
q div(v).

We list some of the most important properties that these forms satisfy:
• aL(·, ·) is a coercive and continuous bilinear form: For every v,w ∈ V, we have

aL(v,v) ≥ ν∗|v|
2
1,Ω, aL(v,w) ≤ ν∗|v|1,Ω|w|1,Ω.

• cN (·; ·, ·) is skew-symmetric: For every z ∈ Z and v,w ∈ V, we have

(3.4) cN (z;v,w) + cN (z;w,v) = 0, cN (z;v,v) = 0.

In addition, cN (·; ·, ·) is continuous: For every z,v,w ∈ V, we have

(3.5) cN(z;v,w) ≤ CN |z|1,Ω|v|1,Ω|w|1,Ω.

• cF (·; ·, ·) is continuous: For every z,v,w ∈ V, we have

(3.6) cF (z;v,w) ≤ CF |z|
r−2
1,Ω |v|1,Ω|w|1,Ω.

• b(·, ·) is a continuous bilinear form: For every q ∈ Q and v ∈ V, we have

(3.7) b(v, q) ≤ |v|1,Ω‖q‖0,Ω.

Moreover, b(·, ·) satisfies an inf-sup condition: There exists a constant β > 0 such
that

(3.8) sup
v∈V

b(v, q)

|v|1,Ω
≥ β‖q‖0,Ω ∀q ∈ Q.

3.1. Existence, stability, and uniqueness results. We present existence,
uniqueness, and stability results for solutions of (3.1). In particular, we present the
existence of solutions without restriction on the data and a global uniqueness result
when the data is suitably restricted [16, Theorem 1, Proposition 2, and Theorem 3].

Proposition 1 (existence, stability, and uniqueness). Let Ω ⊂ R
2 be an open

and bounded domain with Lipschitz boundary ∂Ω, and let f ∈ [H−1(Ω)]2. Then, there
exists at least one solution (u, p) ∈ V ×Q for problem (3.1) which satisfies

|u|1,Ω ≤ ν−1
∗ ‖f‖−1, ‖p‖0,Ω ≤ β−1Λ(f )‖f‖−1,

where Λ(f) := 1 + ν∗ν−1
∗ + CNν−2

∗ ‖f‖−1 + C2ν−1
∗ + CF ν

1−r
∗ ‖f‖r−2

−1 . If, in addition,
CN‖f‖−1 < ν2∗ , then there is a unique pair (u, p) ∈ V ×Q that solves (3.1).

4. A nonlinear heat equation. We consider the following nonlinear heat equa-
tion in weak form: Given g ∈ H−1(Ω) and v ∈ Z, find T ∈ V such that

(4.1) a(T ;T, S) + c(v;T, S) = 〈g, S〉 ∀S ∈ V.
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Here, 〈·, ·〉 denotes the duality pairing between H−1(Ω) and H1(Ω). The forms a and
b are defined as follows:

a : V ×V ×V→ R, a(X ;R,S) :=

ˆ

Ω

κ(X)∇R · ∇S,(4.2)

c : V ×V ×V→ R, c(z;R,S) :=

ˆ

Ω

(z · ∇R)S.(4.3)

We list some of the most important properties that these forms satisfy:
• Given X ∈ V, the form a(X ; ·, ·) is coercive and continuous:

(4.4) a(X ;S, S) ≥ κ∗|S|
2
1,Ω, a(X ;R,S) ≤ κ∗|R|1,Ω|S|1,Ω ∀R,S ∈ V.

• c(·; ·, ·) is skew-symmetric: For every z ∈ Z and R,S ∈ V, we have

(4.5) c(z;R,S) + c(z;S,R) = 0, c(z;S, S) = 0.

In addition, c(·; ·, ·) is continuous: For every z ∈ V and R,S ∈ V, we have

(4.6) c(z;R,S) ≤ C|z|1,Ω|R|1,Ω|S|1,Ω.

4.1. Existence, stability, and uniqueness results. We present existence,
stability, and uniqueness results for problem (4.1) [16, Theorem 4 and Remark 6].

Proposition 2 (existence, stability, and uniqueness). Let Ω ⊂ R
2 be an open

and bounded domain with Lipschitz boundary ∂Ω, and let g ∈ H−1(Ω). Then, there
exists at least one solution T ∈ H1

0(Ω) of problem (4.1) which satisfies

|T |1,Ω ≤ κ−1
∗ ‖g‖−1.

If, in addition, (4.1) has a solution T1 ∈W1
q(Ω) ∩H1

0(Ω) such that

κ−1
∗ κlipCp→֒2|T |W1

q
(Ω) < 1,

then problem (4.1) has no other solution T2 ∈ H1
0(Ω). Here, Cp→֒2 > 0 is the best

constant in H1
0(Ω) →֒ Lp(Ω), where p <∞, and q is chosen such that 1/p+1/q = 1/2.

5. The coupled problem. We now introduce a weak formulation for the system
(1.1) and review existence and uniqueness results. The weak formulation is as follows:
Given f ∈ [H−1(Ω)]2 and g ∈ H−1(Ω), find (u, p, T ) ∈ V ×Q×V such that

(5.1)





a(T ;u,v) + cN (u;u,v) + cF (u;u,v) + d(u,v) + b(v, p) = 〈f ,v〉 ,
b(u, q) = 0,

a(T ;T, S) + c(u;T, S) = 〈g, S〉 ,

for all (v, q, S) ∈ V × Q × V. The forms cN (·; ·, ·), cF (·; ·, ·), d(·, ·), and b(·, ·) are
defined in Section 3 while a(·; ·, ·) and c(·; ·, ·) are defined in Section 4. The form a is
defined as follows:

(5.2) a : V ×V ×V→ R, a(X ;v,w) :=

ˆ

Ω

ν(X)∇v : ∇w.

Since ν satisfies the properties in A1), it is immediate that, given X ∈ V,

(5.3) a(X ;v,v) ≥ ν∗|v|
2
1,Ω, a(X ;v,w) ≤ ν∗|v|1,Ω|w|1,Ω ∀v,w ∈ V.
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Remark 3 (skew-symmetry). Let z ∈ Z. Define the forms cskewN (z; ·, ·) : V×V→
R and cskew(z; ·, ·) : V × V → R by cskewN (z;v,w) := 1/2[cN(z;v,w) − cN (z;w,v)]
and cskew(z;R,S) := 1/2[c(z;R,S)−c(z;S,R)], respectively. As discussed in Sections
3 and 4, cN and c are skew-symmetric. As a result, cN (z;v,w) = cskewN (z;v,w) for
every v,w ∈ V and c(z;R,S) = cskew(z;R,S) for every R,S ∈ V. This observation
will be important for the development of a virtual element numerical scheme.

5.1. Existence, stability, and uniqueness results. We review the existence
of solutions for the system (5.1) without restriction on the data and a global unique-
ness result when the data is suitably restricted and the solution is slightly smoother
[16, Theorems 8 and 10].

Proposition 4 (existence, stability, and uniqueness). Let Ω ⊂ R
2 be an open

and bounded domain with Lipschitz boundary ∂Ω, let f ∈ [H−1(Ω)]2, and let g ∈
H−1(Ω). Let ν and κ be as in Section 2.2. Then, the nonlinear system (5.1) has at
least one solution (u, p, T ) ∈ V ×Q×V. Moreover, we have

|u|1,Ω ≤ ν−1
∗ ‖f‖−1, ‖p‖0,Ω ≤ β−1Λ(f)‖f‖−1, |T |1,Ω ≤ κ−1

∗ ‖g‖−1,

where Λ(f) is defined in the statement of Proposition 1. Furthermore, if the system
(5.1) has a solution (u1, p1, T1) ∈ (V ∩W1

2+ε(Ω)) × Q × (V ∩W1
2+ε(Ω)) for some

ε > 0 such that

CN

ν2∗
‖f‖−1 +

νlipCεC
2
4→2‖g‖−1|u1|W1

2+ε
(Ω)

ν∗κ∗(κ∗ − κlipCǫ|T1|W1
2+ε

(Ω))
< 1,

κlipCǫ|T1|W1
2+ε

(Ω) < κ∗,

then the system (5.1) has no other solution (u2, p2, T2) ∈ V×Q×V. Here, C4→֒2 and
Cε denote the best constant in V →֒ L4(Ω) and V →֒ L2(2+ε)/ε(Ω) respectively.

6. A virtual element approximation. In this section, we introduce a virtual
element approximation for the nonlinear system (5.1) and derive error estimates. For
this purpose, we first introduce some notions and basic ingredients [10, 14]. From now
on, we assume that Ω is a polygonal and bounded domain with Lipschitz boundary.

Let {Th}h>0 be a sequence of decompositions of Ω into general polygonal elements
E. Here, h := max{hE : E ∈ Th} and hE denotes the the diameter of the element E.
We denote by |E| the area of the element E ∈ Th.

6.1. Mesh regularity. We make the following assumptions on the sequence
{Th}h>0 [10, 12, 13, 8, 14]: There exists ̺ > 0 such that for all h and every E in Th,

A2) E is star-shaped with respect to a ball Br with radius r ≥ ̺hE [10, assumption
A0.2] and

A3) the distance between any two vertices of E is ℓ ≥ ̺hE [10, assumption A0.3].

6.2. Basic ingredients. Let k ∈ N, t ∈ R
+, and let p ∈ [1,+∞]. Let A be

an open and bounded domain in R
2. We introduce some basic spaces that will be

useful later. First, we introduce Pk(A) — the set of polynomials on A of degree less
than or equal to k — with the convention that P−1(A) = {0}. Secondly, Pk(Th) =
{q ∈ L2(Ω) : q|E ∈ Pk(E) ∀E ∈ Th}. Finally, we introduce the space Wt

p(Th) = {v ∈
L2(Ω) : v|E ∈ Wt

p(E) ∀E ∈ Th}. We equip the space Wt
p(Th) with the broken norm

‖ · ‖Wt
p(Th) and the broken seminorm | · |Wt

p(Th), which are defined by

‖v‖Wt
p(Th) :=

[
∑

E∈Th

‖v‖pWt
p(E)

] 1
p

, |v|Wt
p(Th) :=

[
∑

E∈Th

|v|pWt
p(E)

] 1
p

, p ∈ [1,+∞),
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respectively. If p = +∞, then ‖v‖Wt
∞

(Th) := max{‖v‖Wt
∞

(E) : E ∈ Th}. We denote
the vector-valued counterparts of Pk(A), Pk(Th), W

t
p(Th) by [Pk(A)]

2, [Pk(Th)]
2, and

Wt
p(Th), respectively.
For an element E ∈ Th, we denote by xE the centroid of E. For a multi-index

α = (α1, α2) ∈ N
2, we define |α| = α1 +α2. Let n ∈ N. A natural basis associated to

the space Pn(E) is the set of normalized monomials

(6.1) Mn(E) :=
{
mα : α ∈ N

2, |α| ≤ n
}
, mα(x) :=

(
x− xE

hE

)
α

.

Let m ∈ N be such that m ≤ n. We also introduce

(6.2) Pn\m(E) := span
{
mα : α ∈ N

2, m+ 1 ≤ |α| ≤ n
}
.

6.3. Projections. In this section we introduce some appropriate projections
that will be useful for our analysis. Let E ∈ Th, and let n ∈ N ∪ {0}. We introduce
the L2(E)-orthogonal projection as follows:

Π0,E
n : L2(E)→ Pn(E) : (qn, v −Π0,E

n v)L2(E) = 0 ∀qn ∈ Pn(E).

We denote by Π0,E
n the vector-valued couterpart of Π0,E

n . We also introduce the
H1(E)-seminorm projection, which is defined as follows:

Π∇,E
n : H1(E)→ Pn(E) : (∇qn,∇(v −Π∇,E

n v))L2(E) = 0 ∀qn ∈ Pn(E)

and
´

∂E
(v −Π∇,E

n v) = 0. We denote by Π∇,E
n the vector-valued couterpart of Π0,E

n .

6.4. Virtual element spaces for the velocity variable. Following [12, 13],
we introduce a finite-dimensional local virtual space for E ∈ Th:

Wh(E) := {vh ∈ [H1(E)]2∩[C0(∂E)]2 : −∆vh−∇q ∈ x⊥
Pk−1(E), for some q ∈ L2

0(E),

div vh ∈ Pk−1(E), vh|e ∈ [Pk(e)]
2 ∀e ⊂ ∂E}, x⊥ := (x2,−x1).

With this space at hand, we introduce Vh(E) as a restriction of the space Wh(E):

Vh(E) := {vh ∈Wh(E) : (vh −Π∇,E
k vh,x

⊥qk−1)L2(E) = 0 ∀qk−1 ∈ Pk−1\k−3(E)}.

A similar definition of Vh(E) can be found in [8, definition (3.7)]; compare with [13,
definition (17)].

We recall some properties of the virtual space Vh(E) [12, 36], which are based
on the description in [8, Section 3.2] and [13, Proposition 3.1].
(P1) Polynomial inclusion: [Pk(E)]2 ⊆ Vh(E);
(P2) Degrees of freedom (DoFs): the following linear operators DV constitute

a set of DoFs for the virtual element space Vh(E):
DV1 the values of vh at the vertices of E,
DV2 the values of vh at k − 1 distinct points of every edge e ∈ ∂E,
DV3 the moments of vh

1

|E|

ˆ

E

vh ·m
⊥mα ∀mα ∈ Mk−3(E), m⊥ =

x⊥ − x⊥
E

hE
.

DV4 the moments of div vh

hE

|E|

ˆ

E

div vhmα ∀mα ∈ Mk−1(E), |α| = α1 + α2 > 0.
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As a final ingredient, we introduce Ξ0,E
k−1 : ∇Vh(E)→ [Pk−1(E)]2×2 such that

(qk−1,∇vh − Ξ∇,E
k−1∇vh)L2(E) = 0 ∀qk−1 ∈ [Pk−1(E)]2×2.

The following remark is in order.

Remark 5 (computability). The DoFs DV allow an exact computability of

Π0,E
k : Vh(E)→ [Pk(E)]2, Ξ0,E

k−1 : ∇Vh(E)→ [Pk−1(E)]2×2

in the following sense: Given vh ∈ Vh(E), Π0,E
k vh and Ξ0,E

k−1∇vh can be computed
using only, as unique information, the DoFs values DV of vh [13, Proposition 3.2].

Finally, we define the global velocity space Vh as follows [12, 13, 8]:

Vh := {vh ∈ V : vh|E ∈ Vh(E)∀E ∈ Th}.

6.5. Finite element space for the pressure variable. We introduce the
following finite element space for approximating a pressure variable:

Qh := {qh ∈ Q: qh|E ∈ Pk−1(E)∀E ∈ Th}.

It is important to note that the pair (Vh,Qh) satisfies the following discrete inf-sup
condition: there exists a constant β̃ > 0 independent of h such that

(6.3) sup
vh∈Vh

b(vh, qh)

|vh|1,Ω
≥ β̃‖qh‖0,Ω ∀qh ∈ Qh;

[13, Proposition 3.4]. Let us now introduce the discrete kernel

(6.4) Zh := {vh ∈ Vh : b(vh, qh) = 0 ∀qh ∈ Qh}.

The following observation is important:

Remark 6 (divergence-free). Let vh ∈ Vh. Given that div vh|E ∈ Pk−1(E), we
deduce that Zh ⊆ Z: the functions in the discrete kernel are exactly divergence-free.

6.6. Virtual element spaces for the temperature variable. To introduce
a virtual element space for approximating a temperature variable, we first introduce,
for each E ∈ Th, the finite-dimensional local virtual space [2, definition (16)]

Uh(E) := {Sh ∈ H1(E) ∩ C0(∂E) : ∆Sh ∈ Pk(E), Sh|e ∈ Pk(e) ∀e ∈ ∂E}.

With this space at hand, on each E ∈ Th we introduce [8, definition (3.13)]

Vh(E) := {Sh ∈ Uh(E) : (Sh −Π∇,E
k Sh, qk)L2(E) = 0 ∀qk ∈ Pk\k−2(E)}.

We recall some properties of the space Vh(E) based on the presentation in [8,
Section 3.3] and [2, Section 2]:
(P3) Polynomial inclusion: Pk(E) ⊆ Vh(E);
(P4) Degrees of freedom: the following linear operators DV constitute a set of

DoFs for the virtual element space Vh(E):
DV 1 the values of Sh at the vertices of E,
DV 2 the values of Sh at k − 1 distinct points of every edge e ∈ ∂E,
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DV 3 the moments of Sh

1

|E|

ˆ

E

Shmα ∀mα ∈ Mk−2(E).

Remark 7 (computability). The DoFs DV allow an exact computability of

Π0,E
k : Vh(E)→ Pk(E), Π0,E

k−1 : ∇Vh(E)→ [Pk−1(E)]2,

[13, Proposition 3.2]; compare with Remark 5.

Finally, we introduce a global virtual space to approximate a temperature variable

Vh := {Sh ∈ V : Sh|E ∈ Vh(E)∀E ∈ Th}.

6.7. Virtual element forms. With the discrete spaces Vh, Qh, and Vh in
hand, and following [8, 13, 38] we now introduce discrete versions of the continuous
forms involved in the weak problem (5.1).

• The discrete counterpart of a(·; ·, ·) (cf. (5.2)) is defined by

ah(·; ·, ·) : Vh ×Vh ×Vh → R, ah(Xh;vh,wh) :=
∑

E∈Th

aEh (Xh;vh,wh),

where aEh (·; ·, ·) : Vh(E)×Vh(E) ×Vh(E)→ R is given by

aEh (Xh;vh,wh) :=

ˆ

E

ν(Π0,E
k Xh)Ξ

0,E
k−1∇vh : Ξ0,E

k−1∇wh

+ ν(Π0,E
0 Xh)S

E
V
((I−Π0,E

k )vh, (I−Π0,E
k )wh).

Here, SE
V
(·, ·) : Vh(E)×Vh(E)→ R is a computable symmetric form that satisfies

(6.5) |vh|
2
1,E . SE

V (vh,vh) . |vh|
2
1,E ∀vh ∈ Vh(E) ∩ ker(Π0,E

k ).

• The discrete counterpart of a(·; ·, ·) (cf. (4.2)) is defined by

(6.6) ah(·; ·, ·) : Vh ×Vh ×Vh → R, ah(Xh;Rh, Sh) :=
∑

E∈Th

aEh (Xh;Rh, Sh),

where aEh (·; ·, ·) : Vh(E)×Vh(E)×Vh(E)→ R is given by

aEh (Xh;Rh, Sh) :=

ˆ

E

κ(Π0,E
k Xh)Π

0,E
k−1∇Rh ·Π

0,E
k−1∇Sh

+ κ(Π0,E
0 Xh)S

E
T
((I−Π0,E

k )Rh, (I−Π0,E
k )Sh).

Here, SE
T
(·, ·) : Vh(E)×Vh(E)→ R is a computable symmetric form that satisfies

(6.7) |Xh|
2
1,E . SE

T (Xh, Xh) . |Xh|
2
1,E ∀Xh ∈ Vh(E) ∩ ker(Π0,E

k ).

• The discrete counterpart of cN(·; ·, ·) (cf. (3.2)) is defined by

cN,h(·; ·, ·) : Vh ×Vh ×Vh → R, cN,h(zh;vh,wh) :=
∑

E∈Th

cEN,h(zh;vh,wh),
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where cEN,h(·; ·, ·) : Vh(E)×Vh(E)×Vh(E)→ R is given by

cEN,h(zh;vh,wh) :=

ˆ

E

[Ξ0,E
k−1(∇vh)Π

0,E
k zh] ·Π

0,E
k wh.

Following [13, equation (38)] and [8, equation (3.24)], we define

cskew,E
N,h (zh;vh,wh) :=

1
2 (c

E
N,h(zh;vh,wh)− cEN,h(zh;wh,vh)),

and cskewN,h (zh;vh,wh) :=
∑

E∈Th

cskew,E
N,h (zh;vh,wh).

• The discrete counterpart of cF (·; ·, ·) (cf. (3.3)) is defined by

cF,h(·; ·, ·) : Vh ×Vh ×Vh → R, cF,h(zh;vh,wh) :=
∑

E∈Th

cEF,h(zh;vh,wh),

where cEF,h(·; ·, ·) : Vh(E)×Vh(E)×Vh(E)→ R is given by

cEF,h(zh;vh,wh) := cEF (Π
0,E
k zh;Π

0,E
k vh,Π

0,E
k wh).

• The discrete counterpart of c(·; ·, ·) (cf. (4.3)) is defined by

ch(·; ·, ·) : Vh ×Vh ×Vh → R, ch(vh;Rh, Sh) :=
∑

E∈Th

cEh (vh;Rh, Sh),

where cEh (·; ·, ·) : Vh(E) ×Vh(E)×Vh(E)→ R is given by

cEh (vh;Rh, Sh) :=

ˆ

E

(Π0,E
k vh ·Π

0,E
k−1∇Rh)Π

0,E
k Sh.

Following [8, equation (3.25)], we define

c
skew,E
h (vh;Rh, Sh) :=

1
2 (c

E
h (vh;Rh, Sh)− cEh (vh;Sh, Rh)),

and cskewh (vh;Rh, Sh) :=
∑

E∈Th

c
skew,E
h (vh;Rh, Sh).

• The discrete counterpart of d(·, ·) (cf. (3.3)) is defined by

dh(·, ·) : Vh ×Vh → R, dh(vh,wh) :=
∑

E∈Th

dEh (vh,wh),

where dEh (·, ·) : Vh(E)×Vh(E)→ R is given by

dEh (vh,wh) :=

ˆ

E

Π0,E
k vh ·Π

0,E
k wh.

Remark 8 (skew-symmetry). We note that cskewN,h and cskewh are skew-symmetric
by construction, i.e., for zh ∈ Vh,

cskew,E
N,h (zh;vh,vh) = 0, cskewh (zh;Rh, Rh) = 0,

for every vh ∈ Vh and every Rh ∈ Vh. As usual, this property simplifies the analysis
of the corresponding discrete problem [25, 35].
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Remark 9 (the no discretization of b). As mentioned in [12, 13], we do not intro-
duce any approximation of the bilinear form b. We note that b(vh, qh) for vh ∈ Vh and
qh ∈ Qh is computable from the DoFs DV1,DV2,DV4 because qh is a polynomial
on each element E ∈ Th.

6.8. Virtual element forcing. From now on we will assume that f ∈ L2(Ω)
and g ∈ L2(Ω). Within this framework, we define the discrete sources fh ∈ [Pk(Th)]

2

and gh ∈ Pk(Th) to be such that, for each E ∈ Th,

fh|E := Π0,E
k f , gh|E := Π0,E

k g.

6.9. The virtual element method. With all the ingredients and definitions
introduced in the previous sections, we finally design a virtual element discretization
for the nonlinear system (5.1): Find (uh, ph, Th) ∈ Vh ×Qh ×Vh such that

(6.8)





ah(Th;uh,vh) + cskewN,h (uh;uh,vh) + cF,h(uh;uh,vh)

+dh(uh,vh) + b(vh, ph) = (fh,vh)0,Ω,
b(uh, qh) = 0,

ah(Th;Th, Sh) + cskewh (uh;Th, Sh) = (gh, Sh)0,Ω,

for all (vh, qh, Sh) ∈ Vh ×Qh ×Vh.

Remark 10 (reduced formulation). Using the space Zh defined in (6.4), the prob-
lem (6.8) can be reformulated as follows: Find (uh, Th) ∈ Zh ×Vh such that

(6.9)





ah(Th;uh,vh) + cskewN,h (uh;uh,vh) + cF,h(uh;uh,vh)

+dh(uh,vh) = (fh,vh)0,Ω,
ah(Th;Th, Sh) + cskewh (uh;Th, Sh) = (gh, Sh)0,Ω,

for all (vh, Sh) ∈ Zh ×Vh.

To provide an analysis for the discrete problem (6.8), we list some properties that
the discrete forms satisfy:
• For any Xh ∈ Vh, ah(Xh; ·, ·) is a coercive and continuous bilinear form: There
exist α∗ > 0 and α∗ > 0 such that, for every vh,wh ∈ Vh we have

(6.10) ah(Xh;vh,wh) ≤ α∗ν∗|vh|1,Ω|wh|1,Ω, ah(Xh;vh,vh) ≥ α∗ν∗|vh|
2
1,Ω.

These inequalities result from standard properties of Π0,E
n and Ξ0,E

k−1 in conjunction
with basic inequalities and the properties A1 and (6.5) that ν and SV satisfy.
• For any Xh ∈ Vh, ah(Xh; ·, ·) is a coercive and continuous bilinear form: There
exist β∗ > 0 and β∗ > 0 such that, for every Rh, Sh ∈ Vh, we have

(6.11) ah(Xh;Rh, Sh) ≤ β∗κ∗|Rh|1,Ω|Sh|1,Ω, ah(Xh;Sh, Sh) ≥ β∗κ∗|Sh|
2
1,Ω.

These inequalities follow from very similar arguments to those that lead to (6.10).
• cskewN,h (·; ·, ·) is continuous: For every zh,vh,wh ∈ Vh, we have

(6.12) cskewN,h (zh;vh,wh) ≤ ĈN |zh|1,Ω|vh|1,Ω|wh|1,Ω.

A proof of this estimate is essentially contained in [13, Proposition 3.3].
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• cF,h(·; ·, ·) is continuous: For every zh,vh,wh ∈ Vh, we have

(6.13) cF,h(zh;vh,wh) ≤ ĈF |zh|
r−2
1,Ω |vh|1,Ω|wh|1,Ω.

A proof of this estimate can be found in [38, Lemma 4.1].
• cskewh (·; ·, ·) is continuous: For every vh ∈ Vh and Rh, Sh ∈ Vh, we have

(6.14) cskewh (vh;Rh, Sh) ≤ Ĉ|vh|1,Ω|Rh|1,Ω|Sh|1,Ω,

This bound can be obtained with arguments similar to those in the proof of [13,
Proposition 3.3].
• dh(·, ·) is continuous: For every vh,wh ∈ Vh, we have

(6.15) dh(vh,wh) ≤ ‖vh‖0,Ω‖wh‖0,Ω.

This bound follows directly from the Cauchy-Schwarz inequality in L2(E), the L2-

stability of Π0,E
k , and the Cauchy-Schwarz inequality in R

#Th .
• b(·, ·) is continuous: For every qh ∈ Qh and vh ∈ Vh, we have

(6.16) b(vh, qh) ≤ |vh|1,Ω‖qh‖0,Ω.

7. Existence and uniqueness of solutions for our VEM. In this section,
we derive an existence result for the discrete problem (6.8) without restriction on the
problem data by using a fixed point strategy. Moreover, we obtain a global uniqueness
result when the problem data is suitably restricted.

Theorem 11 (existence of discrete solutions). Under the data assumptions A0)
and A1), the nonlinear system (6.8) admits at least one solution (uh, ph, Th) ∈ Vh×
Qh ×Vh. Moreover, the following estimates hold uniformly in h:

|uh|1,Ω ≤ α−1
∗ ν−1

∗ C‖fh‖0,Ω, ‖ph‖0,Ω ≤ β̃−1ΓC‖fh‖0,Ω,

|Th|1,Ω ≤ β−1
∗ κ−1

∗ C‖gh‖0,Ω,
(7.1)

Here, Γ := 1+(α∗ν∗)
−1(α∗ν∗+CĈNα−1

∗ ν−1
∗ ‖fh‖0,Ω+Cr−2ĈFα

2−r
∗ ν2−r

∗ ‖fh‖
r−2
0,Ω +C2).

Proof. We proceed in two steps.
Step 1. Existence of solutions: Let us first analyze the existence of solutions to

the reduced problem (6.9). To this purpose, we define A(uh,Th) : Zh × Vh → R, for
(uh, Th) ∈ Zh ×Vh, as follows:

A(uh,Th)(vh, Sh) := ah(Th;uh,vh)+cskewN,h (uh;uh,vh)+cF,h(uh;uh,vh)+dh(uh,vh)

− (fh,vh)0,Ω + ah(Th;Th, Sh) + cskewh (uh;Th, Sh)− (gh, Sh)0,Ω.

Set (vh, Sh) = (uh, Th) and use the skew-symmetry of cskewN,h (·; ·, ·) and cskewh (·; ·, ·) and
the coercivity properties in (6.10) and (6.11) to obtain

A(uh,Th)(uh, Th) ≥ α∗ν∗|uh|
2
1,Ω + β∗κ∗|Th|

2
1,Ω + cF,h(uh;uh,uh) + dh(uh,uh)

− ‖fh‖0,Ω‖uh‖0,Ω − ‖gh‖0,Ω‖Th‖0,Ω,

Since dh(uh,uh) ≥ 0 and cF,h(uh;uh,uh) ≥ 0, we thus obtain that

A(uh,Th)(uh, Th) ≥ α∗ν∗|uh|
2
1,Ω+β∗κ∗|Th|

2
1,Ω−C (‖fh‖0,Ω|uh|1,Ω − ‖gh‖0,Ω|Th|1,Ω)

≥ (min{α∗, β∗}min{ν∗, κ∗})|(uh, Th)|
2
1,Ω − C‖(fh, gh)‖0,Ω|(uh, Th)|1,Ω,
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where |(vh, Sh)|1,Ω := (|vh|
2
1,Ω + |Sh|

2
1,Ω)

1
2 and ‖(f , g)‖0,Ω := (‖f‖20,Ω + ‖g‖20,Ω)

1
2

for every (vh, Sh) ∈ Vh × Vh and (f , g) ∈ L2(Ω) × L2(Ω). Hence, we obtain that
A(uh,Th)(uh, Th) ≥ 0 for every (uh, Th) ∈ Zh ×Vh such that

|(uh, Th)|
2
1,Ω =

C2‖(fh, gh)‖
2
0,Ω

(min{α∗, β∗}min{ν∗, κ∗})2
=: µ2.

With reference to [26, Chap. IV, Corollary 1.1], there thus exists (uh, Th) ∈ Zh ×Vh

such that A(uh,Th)(vh, Sh) = 0 for all (vh, Sh) ∈ Zh × Vh and |(uh, Th)|1,Ω ≤ µ .

‖(fh, gh)‖0,Ω; i.e., the nonlinear system (6.9) has at least one solution (uh, Th) ∈
Zh×Vh. Finally, the existence of a solution for the system (6.8) follows immediately
from the inf-sup condition (6.3).

Step 2. Stability bounds: Let us first derive the bound for the velocity field uh in
(7.1). To to this, we set (vh, qh) = (uh, 0) in (6.8) and use the coercivity property in
(6.10), the skew-symmetry of cskewN,h (·; ·, ·), d(uh,uh) ≥ 0, and cF,h(uh;uh,uh) ≥ 0 to
obtain the following bounds:

α∗ν∗|uh|
2
1,Ω ≤ ah(Th;uh,uh) + cF,h(uh;uh,uh) + dh(uh,uh)

= (fh,uh)0,Ω ≤ C‖fh‖0,Ω|uh|1,Ω.

This immediately yields the the desire bound for the velocity field. The estimate for
the temperature follows similar arguments. Finally, the estimate for the pressure can
be obtained using (6.3), (6.8), (6.10), (6.12), and (6.13). This concludes the proof.

In the following, we present two elementary results that are useful to show the
uniqueness of the solutions of system (6.8).

Lemma 12 (Lipschitz property). Let Xh, Sh ∈ Vh, and let vh ∈ Vh such that
vh ∈ W1

q(Th) for some q > 2. Then, there exists CV > 0 depending on Ω, the
polynomial degree k, and the shape regularity constant ̺ such that, for any wh ∈ Vh,

|ah(Xh;vh,wh)− ah(Sh;vh,wh)| ≤ CV νlip|Xh − Sh|1,Ω|vh|W1
q(Th)|wh|1,Ω.

Proof. See [8, Lemma 4.3].

Lemma 13 (Lipschitz property). Let Xh, Sh ∈ Vh, and let Rh ∈ Vh such that
Rh ∈ W1

q(Th) for some q > 2. Then, there exists CT > 0 depending on Ω, the
polynomial degree k, and the shape regularity constant ̺ such that, for any Ph ∈ Vh,

|ah(Xh;Rh, Ph)− ah(Sh;Rh, Ph)| ≤ CTκlip|Xh − Sh|1,Ω|Rh|W1
q(Th)|Ph|1,Ω.

Proof. The proof is similar to that of Lemma 12, so we skip the details.

We are now in a position to show the uniqueness of solutions for system (6.8).

Theorem 14 (uniqueness of discrete solutions). Let us assume that assumptions
A0) and A1) hold. If

CV νlipĈC‖gh‖0,Ω|uh|W1
q(Th)

α∗ν∗β∗κ∗(β∗κ∗ − CTκlip|Th|W1
q(Th))

+
ĈNC

α2
∗ν

2
∗

‖fh‖0,Ω < 1,(7.2)

CTκlip|Th|W1
q(Th) < β∗κ∗,(7.3)

and the nonlinear system (6.8) admits a solution (uh, ph, Th) ∈ Zh × Qh × Vh such
that uh ∈W1

q(Th) and Th ∈W1
q(Th) for some q > 2, then this solution is unique.
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Proof. We begin the proof with the assumption that there is another solution
(ûh, p̂h, T̂h) ∈ Zh ×Qh ×Vh of system (6.8). Define

uh := uh − ûh ∈ Zh, Th := Th − T̂h ∈ Vh, ph := ph − p̂h ∈ Qh.

Step 1. A bound for |Th|1,Ω. We begin by noting that it follows directly from the
definition of cskewh (·; ·, ·) that

(7.4) cskewh (ûh;Th, Th) = 0 =⇒ cskewh (ûh;Th, Th) = cskewh (ûh; T̂h, Th).

We now use the fact that (uh, Th) and (ûh, T̂h) solve the system (6.9) to set vh = 0
and Sh = Th ∈ Vh in the corresponding systems and obtain

ah(Th;Th, Th) + cskewh (uh;Th, Th) = ah(T̂h; T̂h, Th) + cskewh (ûh; T̂h, Th).

We add and subtract the term ah(T̂h;Th, Th) and use (7.4) to obtain

ah(T̂h;Th, Th) =
[
ah(T̂h;Th, Th)− ah(Th;Th, Th)

]
− cskewh (uh;Th, Th).

We then use the coercivity property in (6.11), the bound (6.14), and the estimate of
Lemma 13 to obtain

(7.5) β∗κ∗|Th|
2
1,Ω ≤ CTκlip|Th|

2
1,Ω|Th|W1

q(Th) + Ĉ|uh|1,Ω|Th|1,Ω|Th|1,Ω.

This yields (β∗κ∗ − CTκlip|Th|W1
q(Th))|Th|1,Ω ≤ Ĉ|uh|1,Ω|Th|1,Ω. Note that β∗κ∗ −

CTκlip|Th|W1
q(Th) > 0. We now invoke the stability bound for Th in (7.1) to obtain

(7.6) |Th|1,Ω ≤
ĈC‖gh‖0,Ω

β∗κ∗(β∗κ∗ − CTκlip|Th|W1
q(Th))

|uh|1,Ω.

Step 2. We now obtain a bound for uh. To do this, we first note that, due to the
skew-symmetry of cskewN,h (·; ·, ·), we have the following

(7.7) cskewN,h (ûh;uh,uh) = 0 =⇒ cskewN,h (ûh;uh,uh) = cskewN,h (ûh; ûh,uh).

We now use the fact that (uh, Th) and (ûh, T̂h) solve system (6.9) to set vh = uh ∈ Vh

in the first equation of the corresponding systems and obtain

ah(Th;uh,uh) + cskewN,h (uh;uh,uh) + cF,h(uh;uh,uh) + dh(uh,uh)

= ah(T̂h; ûh,uh) + cskewN,h (ûh; ûh,uh) + cF,h(ûh; ûh,uh) + dh(ûh,uh).

We add and subtract the term ah(T̂h;uh,uh) and use (7.7) to obtain

ah(T̂h;uh,uh) + [cF,h(uh;uh,uh)− cF,h(ûh; ûh,uh)] + dh(uh,uh)

=
[
ah(T̂h;uh,uh)− ah(Th;uh,uh)

]
− cskewN,h (uh;uh,uh).

We then use the left-hand side bound in (6.10), [18, Chapter I, Lemma 4.4], the bound
in Lemma 12, (6.12), and the fact that dh(uh,uh) ≥ 0 to obtain

(7.8) α∗ν∗|uh|
2
1,Ω ≤ CV νlip|Th|1,Ω|uh|W1

q(Th)|uh|1,Ω + ĈN |uh|
2
1,Ω|uh|1,Ω.
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We now use the bound for uh in Theorem 11 and (7.6) to arrive at

α∗ν∗|uh|
2
1,Ω ≤

CV νlipĈC‖gh‖0,Ω|uh|W1
q(Th)

β∗κ∗(β∗κ∗ − CTκlip|Th|W1
q(Th))

|uh|
2
1,Ω +

ĈNC

α∗ν∗
‖fh‖0,Ω|uh|

2
1,Ω.

The previous inequality allows us to conclude that

(
1−

CV νlipĈC‖gh‖0,Ω|uh|W1
q(Th)

α∗ν∗β∗κ∗(β∗κ∗ − CTκlip|Th|W1
q(Th))

−
ĈNC

α2
∗ν

2
∗

‖fh‖0,Ω

)
|uh|

2
1,Ω ≤ 0.

Step 3. In view of (7.2), we immediately conclude that uh = 0. We now invoke
(7.6) to obtain that Th = 0. Finally, the inf-sup condition (6.3) and the arguments
developed in Step 2 show that ph = 0. This concludes the proof.

8. Error estimates for our VEM. In the following, we derive error bounds
for the formulation with virtual elements (6.8). For this purpose, we will make the
following regularity assumptions:

A4) The solutions (u, p, T ) ∈ V × Q × V and the data f , g, κ, ν of system (6.8)
satisfy the following regularity properties for some 0 < s ≤ k:

i) u ∈ Hs+1(Ω), p ∈ Hs(Ω), and T ∈ Hs+1(Ω).
ii) f ∈ Hs+1(Ω) and g ∈ Hs+1(Ω).
iii) ν(T ) and κ(T ) belong to Ws

∞(Ω).
Before deriving a priori error estimates, we recall some preliminary approximation

properties.

Lemma 15 (an approximation property for Vh). Assume that A2) and A3)
hold. Let v ∈ V ∩Hs+1(Ω). Then, there exists vI ∈ Vh such that

‖v − vI‖0,E + h|v − vI |1,E . hs+1
E |v|s+1,D(E).

for all E ∈ Th. Here, D(E) denote the union of the polygons in Th intersecting E and
0 < s ≤ k. Moreover, if v ∈ Z, then vI ∈ Zh.

Proof. A proof of the error bound follows from the arguments in the proof of [13,
Theorem 4.1] in combination with the error bound of [12, Proposition 4.2].

Lemma 16 (an approximation property for Vh). Assume that A2) and A3)
hold. Let S ∈ V ∩Hs+1(Ω). Then, there exists SI ∈ Vh such that

‖S − SI‖0,E + h|S − SI |1,E . hs+1
E |S|s+1,D(E).

for all E ∈ Th. Here, D(E) denote the union of the polygons in Th intersecting E and
0 < s ≤ k.

Proof. A proof of this error bound can be found in [17, Theorem 11].

We will also make use of a Bramble–Hilbert Lemma [15, Lemma 4.3.8]: Let
0 ≤ t ≤ s ≤ ℓ+1 and 1 ≤ q, p ≤ ∞ such that s−2/p > t−2/q. Then, for any E ∈ Th,

(8.1) inf
qℓ∈Pℓ(E)

|S − qℓ|W t
q (E) . h

s−t+2/q−2/p
E |S|W s

p (E) ∀S ∈W s
p (E).

To simplify the presentation of the material, we will write the continuous and
discrete stability bounds for (u, T ) and (uh, Th) as in [8]. This is

(8.2) |u|21,Ω + |T |21,Ω ≤ C2
estC

−2
data, |uh|

2
1,Ω + |Th|

2
1,Ω ≤ Ĉ2

estĈ
−2
data.
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As in [8], we will also use the following notation here: We denote by A(·), B(·), C(·),
D(·), etc. generic constants that are independent of h, but may depend on appropriate
norms of u, p, T , ν, κ, f , g, Ω, or the polynomial degree k.

We are now ready to state and prove the main result of this section.

Theorem 17 (error estimates). Let us assume that the assumptions A0), A1),
A2), A3), and A4) hold. Let us also assume that the smallness assumptions of
Proposition 4 and Theorem 14 hold. Let (u, p, T ) ∈ V × Q × V and (uh, ph, Th) ∈
Vh ×Qh ×Vh be the unique solutions of problems (5.1) and (6.8), respectively. If

Cfinal,T :=
ĈCest

Cdata

(
β∗κ∗ −

Clip(T )

Csol(T )

)−1

> 0,

C−1
final,u :=

(
α∗ν∗ −

ĈNCest

Cdata
− Cfor − C2 −

Clip(u)

Csol(u)
Cfinal,T

)
> 0,

then the following a priori error estimates hold

|u− uh|1,Ω + |T − Th|1,Ω ≤M(ν, κ,u, T )hs +N(f , g)hs+2

‖p− ph‖0,Ω ≤ O(ν, κ,u, T, p)hs +N(f , g)hs+2.

Proof. We follow the proof of [8, Proposition 5.3] and proceed in several steps.
Step 1. Interpolation error estimates. We introduce uI ∈ Vh and TI ∈ Vh as

the interpolants of u ∈ V and T ∈ V given by Lemmas 15 and 16, respectively. We
also introduce pI ∈ Qh as follows: for each E ∈ Th, pI |E := Π0,E

k−1p. As a direct
consequence of Lemmas 15 and 16 and the Bramble-Hilbert bound (8.1), we obtain

(8.3) |u−uI |1,Ω . hs|u|s+1,Ω, |T − TI |1,Ω . hs|T |s+1,Ω, ‖p− pI‖0,Ω . hs|p|s,Ω.

Define eh := uI − uh, Eh := TI − Th, and eh := pI − ph. Since u ∈ Z, we have
that uI ∈ Zh and thus that eh ∈ Zh. In the following, we bound eh, Eh, and eh.

Step 2. An estimate for Eh. We start with the coercivity bound in (6.11), the
definition of Eh, namely Eh := TI − Th, and add and subtract a(T ;T,Eh) to obtain

(8.4)
β∗κ∗|Eh|

2
1,Ω ≤ ah(Th;Eh, Eh) = ah(Th;TI , Eh)− ah(Th;Th, Eh)

= ah(Th;TI , Eh)− a(T ;T,Eh) + a(T ;T,Eh)− ah(Th;Th, Eh).

We now use the third equations of the continuous and discrete systems, (5.1) and
(6.8), respectively, to arrive at the following estimate:

(8.5) β∗κ∗|Eh|
2
1,Ω ≤ [ah(Th;TI , Eh)− a(T ;T,Eh)]

+
[
cskewh (uh;Th, Eh)− c(u;T,Eh)

]
+ (g − gh, Eh)0,Ω =: I + II + III.

Step 2.1. We estimate I. To do so, we first rewrite I using the definitions of a and
ah, given in (4.2) and (6.6), respectively, and a localization argument and obtain

I =
∑

E∈Th

{
ˆ

E

κ(Π0,E
k Th)(Π

0,E
k−1∇TI −∇T ) ·Π

0,E
k−1∇Eh −

ˆ

E

κ(T )∇T · ∇Eh

+

ˆ

E

κ(Π0,E
k Th)∇T ·Π

0,E
k−1∇Eh + κ(Π0,E

0 Th)S
E
T ((I−Π0,E

k )TI , (I−Π0,E
k )Eh)

}
.
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We construct further differences as follows:

I =
∑

E∈Th

{
ˆ

E

κ(Π0,E
k Th)(Π

0,E
k−1∇TI −∇T ) ·Π

0,E
k−1∇Eh

+

ˆ

E

(
κ(Π0,E

k Th)− κ(T )
)
∇T ·Π0,E

k−1∇Eh −

ˆ

E

κ(T )∇T · (∇Eh −Π0,E
k−1∇Eh)

+ κ(Π0,E
0 Th)S

E
T ((I−Π0,E

k )TI , (I−Π0,E
k )Eh)

}
=:

∑

E∈Th

(IE1 + IE2 − IE3 + IE4 ).

Using the definition of Π0,E
k−1, I

E
3 can be rewritten as IE3 =

´

E
(I −Π0,E

k−1)(κ(T )∇T ) ·

∇Eh. As in [8, page 3417], the terms IE1 , I
E
3 , and IE4 can be controlled simultaneously

under the assumption A0) and (6.7). In fact, we have

(8.6)
∑

E∈Th

(IE1 − IE3 + IE4 ) ≤ C
∑

E∈Th

(
κ∗‖Π0,E

k−1∇TI −∇T ‖0,E

+‖(I−Π0,E
k−1)(κ(T )∇T )‖0,E + κ∗‖∇(I−Π0,E

k )TI‖0,E

)
‖∇Eh‖0,E,

where we used ‖Π0,E
k−1∇Eh‖0,E ≤ ‖∇Eh‖0,E and ‖∇(I − Π0,E

k )Eh‖0,E . ‖∇Eh‖0,E.
We now use the triangle inequality, Lemma 16, and a basic error bound for the L2(E)-
projection (see, e.g. [17, Theorem 7]) to obtain

(8.7) ‖Π0,E
k−1∇TI−∇T ‖0,E ≤ ‖∇(T−TI)‖0,E+‖(I−Π0,E

k−1)∇T ‖0,E . hs
E |T |1+s,D(E).

An estimate for ‖∇(I−Π0,E
k )TI‖0,E can be derived in view of similar arguments:

(8.8) ‖∇(I−Π0,E
k )TI‖0,E ≤ ‖∇(I−Π0,E

k )(TI − T )‖0,E + ‖∇(I−Π0,E
k )T ‖0,E

. ‖∇(TI − T )‖0,E + ‖∇(I−Π0,E
k )T ‖0,E . hs

E |T |1+s,D(E).

Finally, we bound ‖(I−Π0,E
k−1)(κ(T )∇T )‖0,E as follows:

(8.9) ‖(I−Π0,E
k−1)(κ(T )∇T )‖0,E . hs

E |κ(T )∇T |s,E . hs
E‖κ(T )‖W s

∞
(E)|T |s+1,E .

If we substitute the estimates (8.7), (8.8), and (8.9) into (8.6) we arrive at the bound

(8.10)
∑

E∈Th

(IE1 − IE3 + IE4 ) ≤ A(κ, T )hs‖∇Eh‖0,Ω,

where A = A(κ, T ) is a constant that depends on κ and T .
We now turn to the derivation of a bound for IE2 . For this purpose, we invoke

Hölder’s inequality (1/p+1/q+1/2 = 1, where q = 2+ε > 2 is given by the uniqueness
assumptions of Proposition 4) and the stability of the L2(E)-projection in L2(E) and
Lp(E) to obtain

(8.11) IE2 ≤ κlip‖T −Π0,E
k Th‖Lp(E)|T |W1

q(E)‖∇Eh‖0,E ≤ κlip(‖T −Π0,E
k T ‖Lp(E)

+ ‖Π0,E
k (T − Th)‖Lp(E))|T |W1

q(E)‖∇Eh‖0,E . κlip(‖T −Π0,E
k T ‖Lp(E)

+ ‖T − Th‖Lp(E))|T |W1
q(E)‖∇Eh‖0,E.
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A standard error bound yields ‖T −Π0,E
k T ‖Lp(E) . hs

E |T |Wp
s(E). On the other hand,

we have ‖T−Th‖Lp(E) ≤ ‖T−TI‖Lp(E)+‖TI−Th‖Lp(E). Substituting these estimates
into (8.11), we obtain

IE2 . κlip(h
s
E |T |Wp

s(E) + ‖T − TI‖Lp(E) + ‖Eh‖Lp(E))|T |W1
q(E)‖∇Eh‖0,E,

where we also used that Eh = TI − Th. If we sum over all the elements in E in Th
and apply Hölder’s inequality (1/p+ 1/q + 1/2 = 1), we obtain

I2 :=
∑

E∈Th

IE2 . κlip(h
s|T |Wp

s(Ω) + hs|T |s+1,Ω + ‖Eh‖Lp(Ω))|T |W1
q(Ω)‖∇Eh‖0,Ω

where we have used that ‖T −TI‖Lp(Ω) . ‖∇(T −TI)‖0,Ω . hs|T |s+1,Ω, which follows
from a basic Sobolev embedding and the error bound in Lemma 16. As a result,

(8.12) I2 ≤
Clip(T )

Csol(T )
‖∇Eh‖

2
0,Ω + A(κ, T )hs‖∇Eh‖0,Ω.

Csol(T ) comes from Prop. 4: |T |W1
q(Ω) < Csol(T )

−1 := (κlipCq/κ∗)
−1, and Clip(T ) > 0

is a suitable constant. In a final step, we combine (8.10) with (8.12) and obtain

(8.13) I =
∑

E∈Th

(IE1 + IE2 − IE3 + IE4 ) ≤
Clip(T )

Csol(T )
‖∇Eh‖

2
0,Ω + A(κ, T )hs‖∇Eh‖0,Ω.

Step 2.2. Let us now control II in (8.5). As a first step, we note that according to
Remark 3, c(u, T ;Eh) = cskew(u, T ;Eh) because u ∈ Z. We use this property, the fact
that cskewh (uh;Th, Eh) = cskewh (uh;Th−TI, Eh)+cskewh (uh;TI , Eh) = cskewh (uh;TI , Eh),
and add subtract cskewh (u;T,Eh) to rewrite II as follows:

II = cskewh (uh;TI − T,Eh) + cskewh (uh − u;T,Eh) + cskewh (u;T,Eh)− cskew(u;T,Eh).

Define II1 := cskewh (uh;TI − T,Eh) + cskewh (uh − u;T,Eh). To bound II1, we first use
the estimate (6.14) and obtain

II1 ≤ Ĉ (|uh|1,Ω|T − TI |1,Ω + |u− uh|1,Ω|T |1,Ω) |Eh|1,Ω.

We now use the interpolation error bounds of Lemmas 15 and 16 to arrive at

(8.14) II1 ≤
ĈCest

Cdata
|eh|1,Ω|Eh|1,Ω +B(u, T )hs|Eh|1,Ω,

where we also used (8.2). Define IIE2 := c
skew,E
h (u;T,Eh) − cskew,E(u;T,Eh), for

E ∈ Th, and II2 := cskewh (u;T,Eh)− cskew(u;T,Eh). We note that

(8.15) IIE2 =
1

2

[
ˆ

E

(Π0,E
k u ·Π0,E

k−1∇T )Π
0,E
k Eh −

ˆ

E

(u · ∇T )Eh

]

−
1

2

[
ˆ

E

(Π0,E
k u ·Π0,E

k−1∇Eh)Π
0,E
k T −

ˆ

E

(u · ∇Eh)T

]
=:

1

2
IIE2,a −

1

2
IIE2,b.

The control of IIE2,a and IIE2,b follow from the arguments given in the proof of [13,
Lemma 4.3]. If we sum the obtained bounds over all elements in E in Th and apply
a suitable Hölder’s inequality, we arrive at

(8.16) II2 ≤ B(u, T )hs|Eh|1,Ω.
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A collection of the bounds (8.14) and (8.16) shows that

(8.17) II ≤
ĈCest

Cdata
|eh|1,Ω|Eh|1,Ω +B(u, T )hs|Eh|1,Ω

Step 2.3. We have now arrived at the estimation of term III. The bound for this
term follows from the arguments in [10, Section 4.7]:

(8.18) III . G(g)hs+2|Eh|1,Ω,

Step 2.4. Finally, if we substitute the bounds for I, II, and III obtained in (8.13),
(8.17) and (8.18), respectively, into (8.5) we obtain

(8.19) |Eh|1,Ω ≤ Cfinal,T |eh|1,Ω + C(κ,u, T )hs +G(g)hs+2.

Step 3. An estimate for eh. We start with the coercivity bound in (6.10) for
ah(·; ·, ·), the definition of eh, namely eh = uI − uh, and add and subtract the term
a(T ;u, eh) to obtain

(8.20)
α∗ν∗|eh|

2
1,Ω ≤ ah(Th; eh, eh) = ah(Th;uI , eh)− ah(Th;uh, eh)

= ah(Th;uI , eh)− a(T ;u, eh) + a(T ;u, eh)− ah(Th;uh, eh).

We now use the first equations of the continuous and discrete systems, (5.1) and (6.8),
respectively, to obtain

α∗ν∗|eh|
2
1,Ω ≤ [ah(Th;uI , eh)− a(T ;u, eh)] + [cskewN,h (uh;uh, eh)− cN (u;u, eh)]

+ [cF,h(uh;uh, eh)− cF (u;u, eh)] + [dh(uh, eh)− d(u, eh)] + (f − fh, eh)0,Ω,

where we have also used that eh = uI − uh ∈ Zh ⊆ Z; see Remark 6.
Step 3.1. Define I1 := [ah(Th;uI , eh) − a(T ;u, eh)]. The control of I1 follows

from [8, estimate (5.16)]:

(8.21) I1 ≤
Clip(u)

Csol(u)
|Eh|1,Ω|eh|1,Ω +D(ν,u, T )hs|eh|1,Ω.

Here, the constant Csol(u) comes from Prop. 4: Csol(u)|u|W1
q(Ω) < 1, and Clip(u)

denotes a suitable positive constant.
Step 3.2. Define I2 := cskewN,h (uh;uh, eh)−cN(u;u, eh). Note that c

skew
N (u;u, eh) =

cN (u;u, eh) because u ∈ Z; see Remark 3. So we rewrite the term I2 as follows:

I2 = [cskewN,h (uh;uh, eh)− cskewN,h (u;u, eh)] + [cskewN,h (u;u, eh)− cskewN (u;u, eh)].

Since u ∈ V ∩Hs+1(Ω) and eh ∈ V, we can apply [13, Lemma 4.3] to obtain

I2,b := cskewN,h (u;u, eh)− cskewN (u;u, eh) . E(u)hs|eh|1,Ω.

Define I2,a := cskewN,h (uh;uh, eh)− cskewN,h (u;u, eh). Apply [13, Lemma 4.4] to obtain

I2,a ≤
ĈNCest

Cdata
|eh|

2
1,Ω + ĈN

(
Cest

Cdata
+

Ĉest

Ĉdata

)
E(u)hs|eh|1,Ω.

If we combine the previously derived bounds, we arrive at

(8.22) I2 ≤
ĈNCest

Cdata
|eh|

2
1,Ω + E(u)hs|eh|1,Ω.
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Step 3.3. Define I3 := cF,h(uh;uh, eh) − cF (u;u, eh). We add and subtract
cF,h(u;u, eh) to obtain I3 = [cF,h(uh;uh, eh) − cF,h(u;u, eh)] + [cF,h(u;u, eh) −
cF (u;u, eh)] =: I3,a + I3,b. We bound I3,a with the help of [38, Lemma 5.3]:

(8.23) I3,a ≤ Cfor

(
E(u)hs|eh|1,Ω + |eh|

2
1,Ω

)
,

where Cfor = C[(Cest/Cdata)
r−2 + (Ĉest/Ĉdata)

r−2] and C is the constant in [38,
Lemma 5.3]. Since u ∈ V ∩Hs+1(Ω), a bound for I3,b follows from [38, Lemma 5.2]:

(8.24) I3,b ≤ Chs(|u|s+1,Ω + |u|s,Ω)|u|
r−2
1,Ω |eh|1,Ω ≤ E(u)hs|eh|1,Ω.

If we combine the bounds (8.23) and (8.24), we obtain

(8.25) I3 ≤ Cfor|eh|
2
1,Ω + E(u)hs|eh|1,Ω.

Step 3.4. Define I4 := dh(uh, eh) − d(u, eh). The control of I4 is standard. To
derive an estimate, we first analyze the local term IE4 := dEh (uh, eh) − dE(u, eh). In

view of (Π0,E
k uh,Π

0,E
k eh − eh)0,E = 0, we rewrite IE4 as follows:

(8.26) IE4 = (Π0,E
k uh − u,Π0,E

k eh)0,E + (u,Π0,E
k eh − eh)0,E

= (Π0,E
k uh−u,Π

0,E
k eh)0,E+(u−Π0,E

k uh,Π
0,E
k eh−eh)0,E = (Π0,E

k uh−u, eh)0,E .

As a result, IE4 ≤ ‖Π
0,E
k uh − u‖0,E‖eh‖0,E. We control ‖Π0,E

k uh − u‖0,E as follows:

(8.27) ‖Π0,E
k uh − u‖0,E ≤ ‖uh − u‖0,E + ‖Π0,E

k u− u‖0,E

≤ ‖u− uI‖0,E + ‖eh‖0,E + ‖Π0,E
k u− u‖0,E.

A basic bound for ‖Π0,E
k u− u‖0,E and an application of Lemma 15 thus show that

IE4 ≤ ‖eh‖
2
0,E + Chs+1

E |u|s+1,D(E)‖eh‖0,E.

If we sum over all the elements in E in Th and apply Hölder’s inequality for sums, we
obtain an estimate for I4:

(8.28) I4 ≤ C2|eh|
2
1,Ω + E(u)hs+1|eh|1,Ω,

where we have also used the Poincaré inequality (2.1).
Step 3.5. Define I5 := (f − fh, eh)0,Ω. An estimate for I5 is direct:

(8.29) I5 . F(f)hs+2|eh|1,Ω.

Step 3.6. A final estimate for |eh|1,Ω. Replace the estimates (8.21), (8.22), (8.25),
(8.28), and (8.29) into the bounded derived for |eh|

2
1,Ω to obtain

(
α∗ν∗ −

ĈNCest

Cdata
− Cfor − C2

)
|eh|

2
1,Ω ≤

Clip(u)

Csol(u)
|Eh|1,Ω|eh|1,Ω

+D(ν,u, T )hs|eh|1,Ω + F(f )hs+2|eh|1,Ω,

We now replace the bound (8.19) for |Eh|1,Ω into the previous estimate to obtain

(8.30) |eh|1,Ω ≤ Cfinal,u

(
M(ν, κ,u, T )hs +N(f , g)hs+2

)
.
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Step 4. A final estimate for |Eh|1,Ω. We replace (8.30) into the bound (8.19) to
finally arrive at

(8.31) |Eh|1,Ω ≤ Cfinal,TCfinal,u

(
M(ν, κ,u, T )hs +N(f , g)hs+2

)

+ C(κ,u, T )hs +G(g)hs+2 ≤M(ν, κ,u, T )hs +N(f , g)hs+2.

Step 5. An estimate for eh. In this last step, we derive an error estimate for
the pressure error ‖eh‖L2(Ω). To do so, we let vh ∈ Vh and use the definition of eh,
namely eh = pI − ph and the first equations of the continuous and discrete systems
(5.1) and (6.8), respectively, to obtain

b(vh, eh) = b(vh, pI)−b(vh, ph) = b(vh, pI−p)+b(vh, p)−b(vh, ph) = b(vh, pI−p)

+ [ah(Th;uh,vh)− a(T ;u,vh)] +
[
cskewN,h (uh;uh,vh)− cskewN (u;u,vh)

]

+ [cF,h(uh;uh,vh)− cF (u;u,vh)] + [dh(uh,vh)− d(u,vh)] + (f − fh),vh)0,Ω.

Step 5.1. Define K1 := [ah(Th;uh,vh)− a(T ;u,vh)]. The control of the term K1

can be found in [8, page 3419]:

(8.32) K1 . |u− uh|1,Ω|vh|1,Ω + |T − Th|1,Ω|vh|1,Ω +D(ν,u, T )hs|vh|1,Ω

≤M(ν, κ,u, T )hs|vh|1,Ω +N(f , g)hs+2|vh|1,Ω,

where we have used (8.30) and (8.31) to obtain the last bound.
Step 5.2. Define K2 := cskewN,h (uh;uh,vh) − cskewN (u;u,vh). An estimate for the

term K2 can be obtained as follows. First, we rewrite K2 as

K2 = [cskewN,h (uh;uh,vh)− cskewN,h (u;u,vh)] + [cskewN,h (u;u,vh)− cskewN (u;u,vh)]

= [cskewN,h (uh−u;uh,vh)− cskewN,h (u;u−uh,vh)]+ [cskewN,h (u;u,vh)− cskewN (u;u,vh)].

Define K2,a := cskewN,h (uh − u;uh,vh)− cskewN,h (u;u− uh,vh). A bound for K2,a follows
from the use of the bound (6.12) and the error estimate (8.30). In fact, we have

(8.33)
K2,a ≤ ĈN (|uh|1,Ω + |u|1,Ω)|u− uh|1,Ω|vh|1,Ω

≤M(ν, κ,u, T )hs|vh|1,Ω +N(f , g)hs+2|vh|1,Ω.

It thus suffices to bound K2,b := cskewN,h (u;u,vh)−c
skew

N (u;u,vh). Since u ∈ Hs+1(Ω)∩
V, we can use the bound in [13, Lemma 4.3] and obtain K2,b ≤ E(u)hs|vh|1,Ω. This
bound and (8.33) yield the control of K2 :

(8.34) K2 ≤M(ν, κ,u, T )hs|vh|1,Ω +N(f , g)hs+2|vh|1,Ω.

Step 5.3. Define K3 := cF,h(uh;uh,vh)− cF (u;u,vh). We add and subtract the
term cF,h(u;u,vh) and rewrite K3 as follows:

K3 = [cF,h(uh;uh,vh)− cF,h(u;u,vh)] + [cF,h(u;u,vh)− cF (u;u,vh)].

Define K3,a = cF,h(uh;uh,vh) − cF,h(u;u,vh). A direct application of the bound in
[38, Lemma 5.3] shows that

K3,a ≤ C(|uh|
r−2
1,Ω + |u|r−2

1,Ω )|u− uh|1,Ω|vh|1,Ω ≤ Cfor|u− uh|1,Ω|vh|1,Ω

≤M(ν, κ,u, T )hs|vh|1,Ω +N(f , g)hs+2|vh|1,Ω.
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Define K3,b := cF,h(u;u,vh)− cF (u;u,vh). Since u ∈ V ∩Hs+1(Ω), we can directly
apply the bound from [38, Lemma 5.2] to obtain

K3,b ≤ Chs(|u|s,Ω + |u|1+s,Ω)|u|
r−2
1,Ω |vh|1,Ω ≤ E(u)hs|vh|1,Ω.

The two estimates derived above allow us to control the term K3:

(8.35) K3 ≤M(ν, κ,u, T )hs|vh|1,Ω +N(f , g)hs+2|vh|1,Ω.

Step 5.4. Define K4 := dh(uh,vh) − d(u,vh) and KE
4 := dEh (uh,vh) − dE(u,vh)

for E ∈ Th. Following the arguments that lead to (8.26), we deduce that

KE
4 = (Π0,E

k uh − u,vh)0,E ≤ C‖Π0,E
k uh − u‖0,E |vh|1,E

≤ C(‖uh − u‖0,E + ‖Π0,E
k u− u‖0,E)|vh|1,E .

If we sum over all the elements E ∈ Th and apply Hölder’s inequality, we obtain

(8.36)
K4 . (|uh − u|1,Ω + ‖Π0,E

k u− u‖0,Ω)|vh|1,Ω

≤M(ν, κ,u, T )hs|vh|1,Ω +N(f , g)hs+2|vh|1,Ω.

Step 5.5. Define K5 := (f − fh,vh)0,Ω and K6 := b(vh, pI − p). The term K5 was
already estimated in (8.29). A bound for the term K6 follows from the definition of
pI and the Bramble–Hilbert bound (8.1): K6 . P(p)hs|vh|1,Ω.

Step 5.6. In view of the discrete inf-sup condition (6.3), the bounds (8.32), (8.34),
(8.35), and (8.36), we conclude

(8.37) ‖p− ph‖0,Ω ≤ O(ν, κ,u, T, p)hs +N(f , g)hs+2.

This concludes the proof.

9. Numerical experiments. In this section, we report some numerical exper-
iments to evaluate the performance of the proposed VEM. Our goal is to compute
the experimental convergence rates in the norms used in the theoretical analysis. The
results of this section were obtained using a MATLAB code with k = 2, where the
nonlinear problem (6.8) was solved using the fixed-point iteration described in Algo-
rithm 1. The refinement parameter N used to characterize each mesh is the number
of elements on each edge of Ω. In Figure 1 we present examples of the meshes we will
use for our tests.

9.1. Fixed-point iteration. Let us describe the fixed-point iteration used to
solve the coupled problem (6.8).

Algorithm 1: Fixed-point iteration

Input: Initial mesh Th, initial guess (u
0
h, p

0
h, T

0
h) ∈ Vh×Qh×Vh, the coefficients ν(·)

and κ(·), fh ∈ [L2(Ω)]2, gh ∈ L2(Ω), r ∈ [3, 4], and tol = 10−6.
1: For n ≥ 0, find (un+1

h , pn+1
h ) ∈ Vh ×Qh such that

ah(T
n
h ;u

n+1
h ,vh) + cskewN,h (un

h;u
n+1
h ,vh) + cF,h(u

n
h;u

n+1
h ,vh)

+dh(u
n+1
h ,vh) + b(vh, p

n+1
h ) = (fh,vh)0,Ω,

b(un+1
h , qh) = 0,
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for every (vh, qh) ∈ Vh ×Qh. Then, T
n+1
h ∈ Vh is found as the solution of

ah(T
n
h ;T

n+1
h , Sh) + cskewh (un+1

h ;T n+1
h , Sh) = (gh, Sh)0,Ω,

for every Sh ∈ Vh.
2: If |(un+1

h , pn+1
h , T n+1

h ) − (un
h, p

n
h, T

n
h )| > tol, set n ← n+ 1 and go to step 1.

Otherwise, return (uh, ph, Th) = (un+1
h , pn+1

h , T n+1
h ). Here, | · | denotes the

Euclidean norm.

Fig. 1. Initial meshes. From top left to bottom right: T 1

h
, T 2

h
, T 3

h
, T 4

h
, T 5

h
, and T 6

h
, with N = 8.

To complete the proposed VEM (6.8), we need to describe the bilinear forms
SE
V
(·, ·) and SE

T
(·, ·) that satisfy (6.5) and (6.7), respectively. For this purpose, we

proceed as in [8, 10] and use the so-called dofi–dofi stabilization, which is defined as

follows: for each E, we denote by ~uh, ~vh and ~Th, ~Rh, the real-valued vectors containg
the values of the local degrees of freedom associated with uh, vh in Vh and with Th,
Rh in Vh, respectively. Then, we set

SE
V (uh,vh) := ~uh · ~vh, SE

T (Th, Rh) := ~Th · ~Rh.

To calculate the error between the exact velocity component u of the solution
and the corresponding approximation obtained with our VEM, namely, uh, we will
use the following computable quantity

|eu|1,Ω :=

(
∑

E∈Th

|u−Π0,E
2 uh|

2
1,E

) 1
2

.

A similar expression is used to calculate the error between T and Th. Finally, to
calculate the pressure error we consider ‖ep‖0,Ω := ‖p− ph‖0,Ω.
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9.2. Unit square. Let us first test our method on the unit square Ω = (0, 1)2.
The viscosity coefficient ν, the thermal diffusivity coefficient κ, and the parameter r
are as follows [16]:

1. Test 1: ν(T ) = 1 + T , κ(T ) = 1 + sin(T ), and r = 3.
2. Test 2: ν(T ) = 1 + e−T , κ(T ) = 2 + sin(T ), and r = 4.

The data f and g are chosen so that the exact solution to problem (1.1) is

u(x1, x2) = (−x2
1(x1 − 1)2x2(x2 − 1)(2x2 − 1), x2

2(x2 − 1)2x1(x1 − 1)(2x1 − 1)),

p(x1, x2) = x1x2(1− x1)(1− x2)− 1/36, and T (x1, x2) = x2
1x

2
2(1− x1)

2(1− x2)
2.¨

In Figures 2 and 3, we present the experimental convergence rates in the semi-
norm for the velocity error and the temperature error and in the L2-norm for the
pressure error for tests 1 and 2. We have calculated these errors for the six families of
meshes shown in Figure 1 with different levels of refinement. The plots also include
a reference line with slope −2, which indicates the optimal convergence rate of the
method.
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Fig. 2. Test 1: Experimental convergence rates for |eu|1,Ω, |eT |1,Ω, and ‖ep‖0,Ω on different
polygonal meshes.
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Fig. 3. Test 2: Experimental convergence rates for |eu|1,Ω, |eT |1,Ω, and ‖ep‖0,Ω on different
polygonal meshes.

Figures 2 and 3 show that the theoretical predictions of Theorem 17 are confirmed.
We also note that optimal experimental convergence rates are obtained for each of
the mesh families considered. This is computational evidence of the robustness of the
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VEM with respect to the geometry of the mesh. Figure 4 shows the solution obtained
with our method using a particular family of polygonal meshes.

Fig. 4. Virtual element approximatiopn: magnitude of the velocity uh (left above), pressure ph
(right above), and temperature Th (below) in T 5

h

The next goal is to prove computationally that our VEM is divergence-free. To
accomplish this task, we calculate the value of the L2-norm of the discrete divergence
of the velocity field uh. In Table 1, we present the values of ‖ divuh‖0,Ω that we
computed for five mesh families at different refinement levels. As the results in Table
1 show, the method is indeed divergence-free, and this again is independent of the
polygonal mesh used.

Table 1

Test 2: ‖divuh‖0,Ω computed for five mesh families.

‖ divuh‖0,Ω
N T 1

h T 2
h T 3

h T 4
h T 5

h .
8 4.3865e-19 4.7045e-19 6.9960e-19 6.3543e-19 8.0372e-19
16 4.6768e-19 4.5652e-19 6.3817e-19 6.2734e-19 7.4630e-19
32 4.8928e-19 5.5585e-19 5.6303e-19 5.0117e-19 5.8633e-19
64 4.6112e-19 5.5279e-19 5.6886e-19 5.0243e-19 5.7873e-19

9.3. Influence of the viscosity. In this test, we investigate the influence of the
viscosity coefficient ν(·) on the calculation of the error in the approximation of the
velocity, pressure, and temperature variables. It is well-known that most standard
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approximation techniques are not robust with respect to this coefficient. To perform
this study, we choose different values of ν and investigate the experimental conver-
gence rates on different polygonal meshes. We use a similar configuration as in the
previous tests: Ω = (0, 1)2, s = 3, and the solution (u, p, T ) as previously described.
For simplicity, we assume that κ = 1 and consider constant values for the viscosity
parameter: ν = 10−1, 10−4, 10−8.
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Fig. 5. Test 3: Velocity error for ν = 10−1, 10−4, 10−8 on the meshes T 1

h
,T 2

h
, and T 3

h
.
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Fig. 6. Test 3: Pressure error for ν = 10−1, 10−4, 10−8 on the meshes T 1

h
,T 2

h
and T 3

h
.

Our results are shown in Figures 5, 6 and 7. In Figure 5, we observe that the
optimal experimental convergence rate for the velocity error is no longer achieved
when the viscosity coefficient becomes smaller. This phenomenon occurs for different
meshes, which leads to the conclusion that the loss of convergence for the velocity
does not depend on the geometry of the mesh, but only on the physical parameter.
A different behavior is observed for the temperature error and the pressure error: the
optimal convergence rate is also attained when the viscosity becomes smaller. We
would like to note that this is independent of the considered polygonal mesh. The
results obtained for the velocity error and the pressure error are in agreement with the
numerical tests reported in [38]. Our results also show that the method works for the
temperature error in the same way as for the pressure error. We emphasize that the
derivation of an optimal error estimate that is robust with respect to the coefficients
ν(·) and κ(·) is not analyzed in our work and is a valuable option for future extensions
of the study presented here.
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Fig. 7. Test 3: Temperature error for ν = 10−1, 10−4, 10−8 on the meshes T 1

h
, T 2

h
and T 3

h
.
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[16] G. Campana, P. Munoz, and E. Otárola, Finite element approximation for a convective
Brinkman–Forchheimer problem coupled with a heat equation, 2024. arXiv: 2403.09872.

[17] A. Cangiani, E. H. Georgoulis, T. Pryer, and O. J. Sutton, A posteriori error estimates
for the virtual element method, Numer. Math., 137 (2017), pp. 857–893.

[18] E. DiBenedetto, Degenerate Parabolic Equations, Universitext, Springer New York, 2012.
[19] F. A. Fairag and J. D. Audu, Two-level Galerkin mixed finite element method for Darcy-

Forchheimer model in porous media, SIAM J. Numer. Anal., 58 (2020), pp. 234–253.
[20] M. Firdaouss, J.-L. Guermond, and P. Le Quéré, Nonlinear corrections to darcy’s law at
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