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ARTICLE INFO ABSTRACT
Keywords: In this present paper, we propose and analyze a C'-conforming virtual element method to solve the so-called
Virtual element method one-layer stationary quasi-geostrophic equations (QGE) with applications in the large scale wind-driven ocean

Quasi-geostrophic equations
Stream-function formulation
Error estimates

circulation, formulated in terms of the stream-function. This problem corresponds to a nonlinear fourth order
partial differential equation. The C' virtual space and the discrete scheme are built in a straightforward way due
to the flexibility of the virtual approach. Under the assumption of small data, we prove well-posedness of the
discrete problem by using a fixed-point strategy and under standard assumptions on the computational domain,
we establish error estimates in H2-norm for the stream-function. Finally, we report four numerical experiments
that illustrate the behavior of the proposed scheme and confirm our theoretical results on different families of
polygonal meshes.

1. Introduction

The quasi-geostrophic equations (QGE) is one of the popular mathematical models employed for understanding the behavior of the large scale
wind-driven ocean circulation [40,45,46]. Due to their important role in the climate system, there has been a growing interest in recent years
towards developing efficient numerical schemes to solve such equations. We are going to consider the so-called one-layer QGE (also called as the
barotropic vorticity equation), where the flow is assumed to be homogeneous in the vertical direction. Thus, stratification effects are ignored in this
model and a bi-dimensional nonlinear fourth order partial differential equation, in terms of the stream-function variable, can be written. Despite the
simplifications, the model preserves many of the essential features of the underlying large scale ocean flows. Further details related to the derivation
of these equations can be found in [39,41]. On the other hand, we note that the QGE equations can be seen as an extension of the stream-function
formulation of the Navier-Stokes equations (NSE).

Different finite element discretizations have been developed recently for these equations. For instance, in [27] is presented a conforming finite
element based on the Argyris element, optimal error estimates are obtained and several numerical experiments are reported. In [36] the authors
present a B-spline based conforming finite element method to approximate the stream-function, also several numerical simulations are performed.
Error estimates for this method are presented in [33] and a posteriori error analysis has been recently analyzed in [2]. In [35], is presented a non-
conforming C°-discontinuous Galerkin method, the authors introduced the new variational form of the method and they established consistency
and error estimates. In addition, the quasi-geostrophic equations have been solved by using different finite element methods in terms of the stream-
function and vorticity variables in the following references [16,26,42,43]. Moreover, finite element methods for the Navier-Stokes equations in
stream-function formulation have been presented in [17,18,24,25,30].

It is well known that conforming finite element spaces of H? are of complex implementation and contain high order polynomials (see [21]).
In order to overcome this drawback, in this work, we extend the virtual element approach proposed in [4] for the numerical solution of the QGE
equations in stream-function formulation, which can be applied to general polygonal meshes and is simple in terms of degrees of freedom and
coding aspects. In fact, it has been shown that the VEM permits to easily implement highly regular discrete spaces on general polygonal meshes. For
instance, global discrete virtual spaces of H? to solve fourth order PDEs have been presented in [4,13,20] (see also [9,44]). Moreover, it has been
recently presented in [6] a C! virtual element method on polyhedral meshes. The numerical solution by virtual elements of incompressible flow
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problems (Stokes, Brinkman, Stokes-Darcy and Navier-Stokes equations) have been recently developed in the following references [3,7,8,10,14,15,
19,23,29,37,38,47,48].

According to the above discussion, in the present contribution, we are interested in keeping on exploring the flexibility of the VEM to solve the
QGE equations with applications in oceanic circulation. More precisely, we propose and analyze a conforming C! virtual element discretization of
lowest order, which is based on the virtual space introduced in [4], to solve the quasi-geostrophic equations in stream-function formulation. We
observe that the functions, in the virtual space, have continuous trace and the trace of the gradient is also continuous; thus, the method delivers
a conforming solution. We write a discrete formulation by using projector operators to construct discrete version of the local bilinear forms and
trilinear form along with a discrete load term. We prove well-posedness of the discrete virtual formulation by using the Banach fixed-point Theorem
and assuming that the data is in a certain sense small enough. We write error estimates in H2-norm for the stream-function under rather mild
assumptions on the polygonal meshes. Finally, we point out that, the present analysis for the stationary QGE equations constitutes a stepping-stone
towards other related problems. For instance, two-layer quasi-geostrophic model [42] or time dependent QGE equations [28].

Outline The paper is organized as follows: In Section 2, we recall the quasi-geostrophic equations in terms of the stream-function and introduce the
corresponding variational formulation for the system. In Section 3, we present the C!-virtual element discretization of the variational formulation.
Under the assumption of small data, we prove the existence and uniqueness of the discrete problem by using the Banach fixed-point Theorem. In
Section 4, we establish error estimates for the stream-function. Four numerical tests that allow us to assess the convergence properties of the method
and to check whether the experimental rates of convergence agree with the theoretical ones are reported in Section 5.

Notations Throughout the paper, we will follow the usual notation for Sobolev spaces and norms [1]. We will denote by Q c R? a polygonal
bounded simply connected domain and by n = (1;),_; , the outward unit normal vector to the boundary dQ. For D an open bounded domain, the
L?(D) inner-product will be denoted by (-,-)y p. In addition, we will denote by P,(D) the space of polynomials of degree up to # € N defined on
D. Moreover, ¢ and C, with or without subscripts, hats or tildes, will represent a generic positive constant independent of the mesh parameter
h, assuming different values in different occurrences. In addition, for any vector field v = (v;);-;, and any scalar field 6 we recall the differential
operators:

0,0 2,0
rotv 1=0,0, —0dyv;, VO := <a;‘9>, curld := <—5X6>'

2. The model problem

Let Q c R? be a polygonal bounded simply connected domain with boundary T := dQ. We consider the steady one-layer quasi-geostrophic
equations in stream-function formulation (for further details, see for instance [27]):

Re 'A%y —curly - V(Ay)—Ro'd,.w =Ro™!f  inQ,
(2.1)
y =0,y =0 onl,

where y is the stream-function of the velocity field u, i.e., u = curly, 9, denotes the normal derivative and f is the source term. The constants Re
and Ro denote the Reynolds and Rossby numbers, respectively. These parameters are defined by (see [27,31,32]):

UL U

Re := — and Ro:=—,
Ay p L2

where the coefficient f is the coefficient multiplying the y-coordinate in the g-plane (see [46]), L is the characteristic length scale, U is the
characteristic velocity scale and Ay is the eddy viscosity parametrization.
In order to write a weak formulation of problem (2.1), we consider the following space:

X :={¢p€H*Q):p=0,6=0 on T}.
We endow the space X with the following norm

®llx :=1l20 Ve X.

Now, we multiply the corresponding equation by a test function ¢ € X, integrate twice by parts in Q and using the boundary conditions, we obtain
the following variational problem: find y € X such that:

Re7'A(w,$) + Bw;w.9) —Ro™'Cly,p)=Ro™'F(¢) Ve X, 2.2)

where A,C : X X X — R are bilinear forms, B : X X X X X — R is a trilinear form and F : X — R is a linear functional, defined as follows:

Ay, d) :=/D2y/: D%¢ Yy, E X, (2.3)
Q

By, ¢) :=/Aijcurly/ V¢ Ve, w,dEX, 2.4
Q

Cly,d) 2=/6xw¢ Yy, pe X, (2.5)
Q

F(d>)5=/f¢ Vo e X, (2.6)
Q
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where we denote by “:” the usual scalar product of 2 x 2-matrices and by D?¢ the Hessian matrix of ¢.
Using integration by part and the boundary conditions, it is easy to see that bilinear form C(-,-) defined in (2.5) satisfies,

Cly,.p)=—-Ch.y) Vy.peX.

Now, we introduce the following bilinear form Cg,, : X X X - R:
1 1 1 1
Cokew(W, @) 1= EC(W,qﬁ) - EC(¢,W) =5 /‘%W‘P— 3 /ax¢ll’ Yy, peX. (2.7)
Q Q

Clearly

Cskew(vl’ $)=C(y, ) Yy, pe X.

Thus, according to the above equality, we rewrite the variational problem (2.2) in the following equivalent weak form: find y € X such that:
Re™ Ay, ) + By v, ) —Ro ™' Cyeen (W, p) =R0™'F(¢p) Vo€ X. (2.8

Remark 2.1. We observe that our VEM discretization will be based on the above weak form. In particular, to discretize the skew-symmetric bilinear
form Cg,,(:,-) (cf. (2.7)), we construct a simple discrete form that preserves the skew-symmetric property at discrete level, which makes the analysis
of the method simpler. For instance, we observe that the analysis of existence and uniqueness of the discrete problem and the convergence analysis
of the method (see Sections 3.3 and 4, respectively) are facilitated using the skew-symmetric bilinear form.

The following lemma establishes some properties for the forms (2.3), (2.4), (2.6) and (2.7), these properties will play an important role in the
forthcoming sections.

Lemma 2.1. There exist positive constants Cp,C, such that

|Aw, &) < llwlixllglx Vy.pE X, (2.9)
A.$) > 9115 Ve X, (2.10)
|B&w.d)| < Cp ¢y llvllx Nl Voy.pEX, (2.11)
By, ¢)=—B(:d.w) Viy.hEX, (2.12)
B(:¢.)=0 Vi.peX, (2.13)
|Coeen - D) < €y Il b1l x V. p EX, (2.14)
Copen (@) =0 VpeEX, (2.15)
IF@) < [1f1l-20ll$llx VpeEX. (2.16)

Proof. The proof follows standard arguments. []

In order to prove the well posedness of problem (2.8), we will employ a fixed-point strategy. Indeed, given ¢ € X, we define the following
operator

T:X—X
(—T@ =0,

where ¢ is the solution of the following linear problem: find ¢ € X such that

Q:(p.p)=Ro™'F(¢) VpeX, 2.17)

where the bilinear form Q,(-,+) is given by

Q:(@.9) :=Re”' A(¢. ) + B: 9. $) ~Ro™' Cyy, (0. h).

We note that y € X is a solution of problem (2.8) if and only if T(y) = w. Thus, to prove well posedness of (2.8), we will prove that T has a
unique fixed point by means of the classical Banach fixed-point Theorem (see [22, Theorem 3.7-1]).
The following lemma establishes that the bilinear form Q,(-,-) is bounded and elliptic. Thus, operator T is well defined.

Lemma 2.2. There exists a positive constant Cgy such that

(@9 <Collolixliolly  Ve.¢eX,

and

Q. p)=Re gl}  VhpeX.

214



D. Mora and A. Silgado Computers and Mathematics with Applications 116 (2022) 212-228

Proof. The result follows from Lemma 2.1. []

By a direct application of Lax-Milgram Theorem we conclude that problem (2.17) has a unique solution. In addition, from the definition of the
continuous problem (cf. (2.17)), (2.13), (2.15) and (2.16), the following continuous dependence holds

lollxy <Ro™'Re |l fll_o0-

Thus, operator T is well defined.
In what follows, we will prove that T is a contraction mapping. Let 6 :=Ro™'Re|| f||_, o, then we consider the following bounded set

Ni={¢peX:l¢lx <5},

and using the previous lemma, we have that T(N) C N.
The following lemma establishes that T is a contraction mapping and hence, according to the Banach fixed-point Theorem, it has a unique fixed
point in N (see [22, Theorem 3.7-11).

Lemma 2.3. Assume that
CpRo™'Re?||fll_pq < 1. (2.18)

Then, T is a contraction mapping in N'.

Proof. Let ¢}, y,8,y, €N, such that

T¢D=w and TG =wa,
then from the definition of the operator T'(-), we have
Re™ A1, ) + B ;w1 ¢) R0~ Cyey (1. $) =R F(d)  VhEX, (2.19)
Re™ Ay, §) + B(Ly; Wy, §) — Ro™! Cyo (5, ) = Ro™! F(¢h) Ve X. (2.20)
Subtracting (2.20) from (2.19), we get

Re ' A(y; —y2, )+ [BE 3 w1, 6) — B ¥, $)] — R0~ Cypeyy (1 — 42, 0) =0 V€ X.

Now, taking ¢ :=w; —y, in the above equation, we have that C,,(-,-) vanishes (cf. (2.15)). Thus, we get

Re™ Ay — wa.wy — ) + BEwi.wy —wo) — Bl vy —yp) =0.

Then, by adding and subtracting y, in the second term, we have
0 =R571A(W| =y, — o) + By —wo, vy — o) + B v, vy —wa) — B(Goswas vy — wo)
=Re™ Ay, —wa.w) —wo) + B, vy —w2) — BGos v vy — )

=Re ' A(y; — vo. w1 — o) + B, — L3 v,y — ),

where we have used (2.13). Therefore

Re™ Ay —yo, 9y — ) = =B — &swa, vy — v),s
by using (2.10), (2.11) and the Cauchy-Schwarz inequality, we obtain

Re™ !y, - W2||§( <Cllyallx IS = Sllx vy —wallx,
then, using the fact that y, € N, we get

lwy —wally < CgRe (Ro™Rell fll_p0) 16 — &l = CgROTIRE (£ 1|y 0lI¢; — Gl x-

Therefore, according to assumption (2.18), we obtain that T is a contraction mapping, which concludes the proof. []
The following result follows from Lemma 2.3 and the Banach fixed-point Theorem.

Theorem 2.1. If

4:=CgRe’ R0 f ]l pg < 1.

there exists a unique w € N solution to problem (2.8), which satisfies the following continuous dependence
lwllx <ReRo~'Ifll o0

In what follows, we will assume that the source term satisfies f € L*(Q). Now, we state an additional regularity result for the solution of
problem (2.8). The proof of this result can be found in [34, Lemma 2.3] (see also [11]).

Theorem 2.2. Let w € N be the unique solution of problem (2.8). Then, there exist s € (1/2,1] and C > 0 such that w € H**(Q) and
I ll2es0 < Cllf lloo-
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3. The virtual element scheme

In the present section, we will introduce a C!-virtual element discretization for the numerical approximation of (2.8). The discrete method will
be based on the virtual space introduced in [4] for the Cahn-Hilliard equation.

We begin with some notations and assumptions to construct the projectors on polynomial spaces, which are going to be used to build a conforming
virtual space of X and to construct the respective discrete bilinear forms, the discrete trilinear form and the discrete functional. Finally, we prove
existence and uniqueness of the discrete formulation by using the Banach fixed-point Theorem.

Let {Q,} » be a sequence of decompositions of Q into general polygonal elements K. We will denote by s the diameter of the element K and
by h the maximum of the diameters of all the elements of the mesh, i.e.,

h := max hg.

KeQ,

Also, we denote by Ny the number of vertices of K, by e a generic edge of Q,, and for all e € 0K, we define a unit normal vector n¢, that points
outside of K and a unit tangent vector .

3.1. Virtual spaces and polynomial projections
Now, for every polygon K € Q,, we introduce the following preliminary augmented local virtual space (see [4]):
X, (K):= {¢,, € H2(K) : A%, € Py(K), dplox € COOK), by, € P3(e) Ve € 0K, Vb, |ox € [c"(aK)]Z,a,,;qs,,u € P (e) Ve 0K } .
Next, for a given ¢, € X »(K), we introduce two sets O; and O, of linear operators from the local virtual space X »(K) into R:

+ O, : contains linear operators evaluating ¢, at the N vertices of K;
» O, : contains linear operators evaluating V¢, at the N vertices of K.

Now, we decompose the bilinear form A(:,-) as follows:

Ap.9)= Y AKw.¢)  Ve.gex, (3.1)
KeQ,
where
Ao, )= / D’¢:D%  Vo,¢€ H*(K). (3.2)
K

In a similar way, we can decompose the forms B(:;-,-) and Cg.,, (-, -), with the following local forms:

BX(y,¢) = / Alcurly -V V,w,dpe€ HA(K), (3.3)
K

K wh)=3 / owd-3 / ov  Vw.pe HAK). 3.4
K K

Projection operators The next step is to build some projector operators from the local virtual space onto P,(K) to construct the discrete version of
the local bilinear forms and trilinear form along with the discrete load term. The first projector will be constructed by using the local bilinear form
(3.2). Indeed, for each polygon K, we define the projector Hz‘D : Yh(K) - P,(K) C fh(K) as follows: for each ¢, € )?h(K), Hi’Dqﬁh € P,(K) is the
solution of the following local problem (on each polygon K):

AKIP ¢, q) = AX(§pq) Vg € PH(K).
((H?QD@,JI))K =((¢n. Dk Va€P(K),
where (¢, ¢;,))k is defined as follows:

Ng
(@ bWk 1= 2, oh DY) Vo, dy € COOK),
i=1

with v;, 1 <i < N, being the vertices of K.
The following result establishes that the projector 1'[?5D is computable using of the sets O; and O, (see [4]).

Lemma 3.1. The operator l'IlzK’D X (K) = P,(K) is explicitly computable for every ¢, € X n(K), using only the information of the linear operators O, and
0,.

Next, we introduce, for each K € Q,, our local enhanced virtual space as follows:

X,(K) := {(ﬁh € Xy(K) 1 by — 11, q)x =0, Vg€ PZ(K)} )

In the space X, (K), we have the following properties (for further details, see [4]):
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« the sets of linear operators O; and O, constitutes a set of degrees of freedom;
. l'Ii’D is well defined and it is computable using the information of the degrees of freedom O, and O,.

Now, for each K € Q,, we consider the L>-projection onto P,(K), defined as follows: for each ¢ € LZ(K),Hf ¢ € P5(K) is the unique function
such that

/qnf¢=/q¢ Vg € Py (K). (3.5)

K K

We observe that, using the definition of the local space X,(K), for each ¢ € X,(K), the polynomial function l'I;< ¢ € P,(K) is fully computable. In
fact, due to the particular property appearing in the definition of space X, (K), the right hand side in (3.5) is computable using l'li’D ¢. Actually, it is
easy to check that on the space X, (K) the projectors qu.') and Hé‘qu are the same operator. In fact:

/ Ik ¢ = / qI ¢ VgePy(K). (3.6)
K

X
Now, we will consider the following projection onto the polynomial space [P, (K)]*: we define l'[f( : [L2(K)]? = [P, (K)]?, for each v € [L*(K)]?
by
/nfv-q=/v-q Yq € [P, (K)]%. (3.7)
K X

Using integration by parts, it is easy to see that for any ¢, € X,(K), the vector functions l'[{‘curl ¢, € [P(K)]? and Hf V¢, € [P;(K)]> can be
explicitly computed from the degrees of freedom O, and O,. In fact, for all K € Q, and for all ¢, € X,,(K), using integration by parts on the right
hand side of (3.7) (with curl ¢,, instead of v), we have

/curl¢h-q=/¢hr0tq—/¢h(q‘t;) vq € [P, (K)]?
K K aK
=r0tq/(H§(’D¢h)—/¢h(¢1‘17<) vq € [P{(K)T,
K oK

where we have used the definition of Hf ¢, and (3.6). The first term on the right hand side above depends only on Hf(’Dqﬁh and this depends only on

the values of the degrees of freedom (see Lemma 3.1). The second term is an integral on the boundary of the element K, which is fully computable.
Similarly, we have that 1'[{( V¢, is fully computable from the degrees of freedom.

Also, we note that for each ¢, € X, (K) the projection function H(’)( Ag;, € Py(K) is computable using the degrees of freedom O; and O,. Indeed,
for each ¢, € X,,(K) and for all ¢, € Py(K) we have

/qon§A¢h=/qu¢h=/qoan¢h,

K K 0K

from the equality above we have that
K _ 1
15201 = i [ 2t
JK

where | K| denotes the area of polygon K.
Now, by combining the local spaces X,(K) and incorporating the homogeneous Dirichlet boundary conditions, we define the global virtual space
for the numerical approximation of (2.8): for every decomposition Q, of Q into polygons K, we define

Xy i={dn€X 1 ylx € X(K)}.

The degrees of freedom for X, are:

* OG, : pointwise values of ¢, on all vertices of Q, excluding the vertices on I’;
» OG, : pointwise values of V¢, on all vertices of Q, excluding the vertices on I'.

3.2. Construction of the discrete forms

In this section, we will construct the discrete version of the continuous bilinear forms, the trilinear form and the right-hand side, using the
projection operators introduced in Section 3.1.
First, let Sg(-, -) be any symmetric positive definite bilinear form to be chosen as to satisfy:

o AR (. b1) < SE Do) <1 AX(dy. ) Vb € X, (K), with TI: ¢, =0, (3.8)

with ¢, and ¢, positive constants independent of 4 and K.
Now, using the projector operator Hi’D and the bilinear form S[')‘ (-,+), we introduce the following computable discrete local bilinear form:

AP o) 1= AN (Pw T, ) + S (v = 0w = T500), 3.9)

as an approximation of the continuous bilinear form AX(.,-) (cf. (3.1)).
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We choose the following representation for the bilinear form S[’f (-,-) satisfying (3.8) (see [4,44]):

Nk
SKwpdp) =0 Z [Wh(vi)¢h(vi) + h%, Vy(v) - V¢h(Vi)] Yy, dp € Xp(K),
i=1

where v,,..., vy, are the vertices of the element K, h, corresponds to the maximum diameter of the elements with v; as a vertex. The parameter

O']I){ is a multiplicative factor to take into account the h-scaling, for instance, in the numerical test we have taken o'g as the trace of the matrix
ARy, TP ) (cf. (3.9)).
For the approximation of the local trilinear form BX(-;-,-) (cf. (3.3)), we consider the following computable form:
BK(&hwns d) :=/ (X az,) (MEeurly,)| - TEVY,  V8,w,.¢) € X,(K). (3.10)
K

For the approximation of the bilinear form CS’EEW(~, -) (cf. (3.4)), we consider the skew-symmetric discrete local form:

1 1
Coron Wi 9n) = 5 / N CR7A / 5y, T (0, p)- (3.11)
K K

We recall that all the above forms are computable using only the degrees of freedom O, and O,.
Then, we define the global bilinear forms and trilinear form as follows:

A XX Xy o R Ay gy = Y AR ), (3.12)
KeQ,
B X, X Xy x X, >R, BMCwp ) i= Y BMK (G dy). (3.13)
KeQy,
. . h,
Choy i Xy x X, =R, Ch ) i= Y CEK (yy. ), (3.14)
KeQ,

for all ¢,,,w),, ¢, € X,,. Moreover, we observe that the forms B"(:;-,-) and C:Lew(‘, -) can be extended to the whole X.
The next step consists in constructing a computable approximation of the right hand side (2.6), using the sets of degrees of freedom O, and O,.
With this aim, for each element K we define the following term:

F'K(gpy) 1= / X fé, = / [TE¢, VY, € X4(K),
K K
where we have used the L2-projection operator (3.5). Thus, we introduce the following approximation for the functional defined in (2.6):
Fh(gy) := z F'K(p,) Vo, € X, (3.15)
KeQy

The following result establishes the classical consistency and stability properties for the discrete local bilinear forms.

Proposition 3.1. The local bilinear forms AK(.,.), APK(.,.), Csllfew(-, ) and C:;(’fw(-, -), defined in (3.2), (3.9), (3.4) and (3.11), respectively, on each element
K satisfies the following properties:

+ Consistency: for all h > 0 and for all K € Q,, we have that

A (g, ¢p) = A% (g, 1) VgePy(K), Vo, € Xp(K), (3.16)
ClK (@ o) =CK (a.0))  VYaePyK). Ve, € X,(K), 3.17)

+ Stability and boundedness: There exist positive constants a; and a,, independent of h and K, such that:
ay AK (b, d1) < APK (B ) S AK (@ y) Vb € X4(K). (3.18)
Proof. The proof follows basically from the definition of the bilinear forms. We omit further details and refer to [4,5]. [

The following lemma, which can be seen as the discrete version of Lemma 2.1, establishes additional properties for the discrete forms.

Lemma 3.2. There exist positive constants E;,, 62 and C,, independent of h, such that the forms defined in (3.12)-(3.15) satisfy the following properties:

1A Wy b < s 1wl x bl x VW by € Xy, (3.19)
A d0) 2 a1 ||l Yoy € X, (3.20)

B (& dn) < CanllGall x vl x 1l x Vi Whs bh € X (3.21)
B ne ) =0 Ve bn € X, (3.22)
ICh o Wi @) < Ca il x bl x YWy by € X, (3.23)
Cliew @) =0 Yo, € Xp, (3.24)
[F"(p)l < 111 ool dnll x Yy, by € X (3.25)
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Proof. Properties (3.19) and (3.20) follow from (3.18) and the ellipticity of the bilinear form AX(.,-). To prove property (3.21), we use the definition
of the trilinear form B"(-;-,-) (cf. (3.13)) and Hélder inequality, we have

B" G )= ) / [(MXAg,) (MK curly,)] - TTK Vg,
KeQ, e
< Z ||H(I)<A§h||0,1<||ﬂf<curl Wh”L“(K)”H{(V(ﬁh“L“(K)'
KeQ),
Using the continuity of the operator H(If with respect to the L2-norm and the continuity of the operator l'If( with respect to the norm L*-norm (see

[8]), we have

B"Gpswpdp) <C 2 1AG, o,k leurl iy, || 4 ) IV @pll L4 k-
Ke,

Now, applying the Holder inequality (for sequences), we obtain
1/2 1/4 1/4
B G ¢n) <C < > ||Ach||§,K> < Y licurl wh||j4(K)> ( > ||V¢h||14m)
KeQy, KeQy, KeQy,
<CllaGllpqllcurlyyll 4l Vel 4q)-

Then, by Sobolev embedding theorem, it holds that

B" s wns b)) < Cnllullx 1wl x bl x
where Cp is a constant independent of .

Finally, (3.22)-(3.25) follow from the definition of the corresponding forms. We conclude the proof. []

3.3. Discrete problem and fixed-point strategy

In this section, we will write the discrete VEM formulation to solve the quasi-geostrophic equations presented in (2.8). Our scheme will be based
on the discrete forms and the results introduced in the previous section. Then, we will analyze a point-fixed strategy to establish the existence and
uniqueness of the discrete virtual scheme.

The discrete problem reads as follows: find y;, € X,,, such that

Re™' A"y, ) + By, ) —ROTICR | (wy ) =R FR(g)) Yy, € X, (3.26)

where A”(-,-) and C:;(ew(-, -) are the discrete bilinear forms defined in (3.12) and (3.14), respectively, B"(-;-,-) is the discrete trilinear form defined
in (3.13), and F”(-) is the functional introduced in (3.15).

In order to prove well posedness of (3.26), we are going to use, as in the continuous case, a fixed-point strategy. Indeed, given ¢, € X, we define
the following operator

T : X, — X,
Gy — T = o,
where g, is the solution of the following linear problem: find ¢, € X, such that
Q, (o dp) =Ro™' FM@y) Vg, € Xy, (3.27)
where the bilinear form th(" -) is given by

Q;, (@n: bp) :=Re™ A"y, bp) + B (L3 @1 b1) —RO™ Ch (@1, ).

The following lemma establishes that the operator T" is well-defined.
Lemma 3.3. Given ¢, € X, there exists a unique @, € X,, such that T"({,) = ¢,

Proof. We are going to use the Lax-Milgram Theorem to prove that problem (3.27) is well-posed. Indeed, using the properties (3.19), (3.21) and
(3.23), we have that Q, () is bounded with a positive constant independent of 4. On the other hand, for each ¢, € X, using (3.22) and (3.24),
we have

Q;, (b bp) =Re™ A" (b, by) + B (G by ) — RO~ CLL (s bp)
=Re™' A" (¢, $p)
2Re ayllgylly

where (3.20) has been used in the last inequality. Thus, by a direct application of the Lax-Milgram Theorem, we conclude that problem (3.27) has a
unique solution ¢, € X,. Moreover, from the definition of the discrete problem (cf. (3.27)), (3.22), (3.24) and (3.25), the following estimate holds

—1 po-l
lonllx < Cray” Ro™ Re || fllpq-

Therefore, operator T" is well-defined. []
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Now, we introduce the following set

Ny = {dp€ Xy : lignllx <R},

where R := Clafl Ro™'Re || fllg.o- As an immediate consequence of the previous lemma, we have that T"(N},) C N),.
Note that our discrete virtual scheme (3.26) is well-posed if only if operator 7" has a unique fixed point in N,.
The following lemma establishes that T is a contraction mapping in N,.

Lemma 3.4. Assume that

CprCiRO'RE | fllgq

2
o

<l (3.28)
Then, T" is a contraction mapping in N,

Proof. Let ¢! w).C2. w2 € N}, such that T"(¢]) =y and T"(¢?) =y}, then from the definition of the operator T"(-), we have

Re™' A"y, b)) + B"(Cpsw dbp) —Ro™ICh (v, b)) =Ro™' F'(¢) Vb, € N, (3.29)
Re™' A"y}, b)) + BN iwi. bp) —Ro™'Ch (Wi dp) =R F(¢)) Vb, EN. (3.30)
Subtracting (3.30) from (3.29), due to the properties of the bilinear forms A”(-,-) and Cﬁ(ew(~, -), we have that

Re™ At} —wl ) + [B" (s wh dp) — BMCHwi ¢l —Ro™ICh () — w2, ) =0,

for all ¢, € N},. Now, taking ¢,, := "’;11 - "’;2; in the above equality, we have that Cs}Lew(.’ -) vanishes (cf. (3.24)). Thus, we obtain

Re™ A"y, —wiw, —wi) + B' G vy, — i) = B Grwiwg, — wi) =0.
Then, adding and subtracting W,% in the second term of the left hand above, we get
0=Re ' A"y} —wlw} —wd + B"¢ v} —wiw) —wh + BN vl —wh — BNCwi vl —wh)
=Re"' A"y} w2yl -y + B v vl — v - BNk vl v
=Re” ' A"y} —wi.w) —wD) + B¢} - vl —wd),

where we have used (3.22). Then, we have
Re ' Ay —wi vy —wi) =—B" (& — Chwi vy — v,
then applying the Cauchy-Schwarz inequality, (3.20) and (3.21), we obtain

Re™'ay llw) — w5 < Canllwilix G — Shllx vy, —willx.
using the fact that y? € NV}, we obtain
CprCiRo™'RE/ llog

1_ 2 1 _
llw;, —w;llx < 2 18, = &l x-
i

Thus, according to assumption (3.28), we have that T" is a contraction mapping. The proof is complete. []
The following result is a direct consequence of Lemma 3.4 and the Banach fixed-point Theorem.

Theorem 3.1. If

Cp CiRo'RE | fllpq |
= <

> .
*

A (3.31)

there exists a unique y;, € N}, solution to problem (3.26), which satisfies the following continuous dependence

CiRo™'Re || flloq
lwpllxy £ ——.
@)
4. Convergence analysis
In this section, we will analyze the convergence properties of the discrete virtual element scheme presented in Section 3.3. In the forthcoming
analysis, we will make the following assumptions for the polygonal mesh Q,: there exists a real number Cg, >0 such that, for every h and every
K € Q; we have

Al: K €, is star-shaped with respect to every point of a ball of radius Cq, hg;
A2: the ratio between the shortest edge and the diameter hg of K is larger than Cy, .
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We introduce the following broken H-seminorm, for each integer # > 0:

1/2
|l :=< Y |¢|§,K> .

KeQ,

which is well defined for every ¢ € L%(Q) such that ¢|x € H?(K) for all polygon K € Q,,.
The following approximation results will play a relevant role in our error analysis (see [4,9,12]).

Proposition 4.1. Assume A2 is satisfied, then there exists a constant C > 0, such that for every ¢ € H®(K), there exists ¢, € Py(K), such that

lp—plox SCh |lsx. 0<6<3,£=0,1,....[5],

where [5] denotes the largest integer equal to or smaller than § € R.

Proposition 4.2. Assume that A1 — A2 are satisfied. Then, for each ¢ € H>**(Q), with s € (1/2,1] there exist ¢; € X,, and C > 0, independent of h, such
that

¢ —;llx <Ch*ldlrisq-
Proof. The proof follows repeating the arguments from [9, Proposition 4.2] (see also [4, Proposition 3.1]). []
We will also use the following approximation property (see [8]):

Lemma 4.1. Let K € Q,, and é, p two real numbers such that 0 <6 <1 and 0 < p < co. Then, there exists a constant C > 0, independent of hy, such that for
every v € [H(K)]?

lo =TI 0| L iy < Ch% |0l ys k-
Now, we start with the following bound.
Proposition 4.3. Let f € L*(Q) and let F(-) and F"(-) be the functionals defined in (2.6) and (3.15), respectively. Then, we have the following estimate:

“F_Fhux,g ‘= su w SChzllfllo,g-

4’4? f;‘oh llbnllx
Proof. The proof follows from the definition of the functionals F(-) and F”(-), together with approximation properties of the projector Hé‘ ..g
The next step is to establish two technical results for the trilinear forms B(-;-,-) and B"(-;-,-). We begin with the following lemma.
Lemma 4.2. Let v € H**(Q)n X, with s € (1/2,1]. Then for all w € X, we have that
|Bw:v,w) = B*wi0,10)] < CH(|0l] 1.0 + 10101045 01wl x-

Proof. Let v € H***(Q)n X and w € X, then adding and subtracting suitable terms and using orthogonality properties of the projectors H(’]‘ and I'If s
we have that

B(U;v,w)—Bh(U;v,w): z /[Avcurlv-Vw—(Hé(Avacurlv)-H{(Vw]

KeQp ¢
= Z /Aucurlu~(Vw—Hf<Vw)+ Z /(Av(curlu—l’[fcurlu))-Hwa
KeQy KeQy 4.1)

+ Z ((Au—Hé(Av) Hf(curl v) -H{(Vw
KeﬂhK

=T +T,+T;.

We will bound the terms in the last equality. Applying Holder inequality and approximation properties of projector Hf‘ (see Lemma 4.1), we bound
the term T, as follows

Ty < ) Clldwll g lleurl ofl oI Vo = TIE Vol «
KeQ,

< D CllAvl g lleur ]| o, CAIVIO], i,
KeQ,

then using Hélder inequality (for sequences) and the fact that H*(Q) & L*(Q), we obtain that
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1/4 1/4 1/2
Tls0h< > ||Av||‘;4(,0> < > ||cur1u||‘;4(K)> ( > |w|§,,<>

KeQy, KeQ, KeQ,
< ChIIAD|| g lleurl o]l g 1wl x (4.2)
< ChllAv]lsgllcurl vl o llwll x
< Chllvllpgsallvllissollwll x-

Now, for the term T,, we use again Holder inequality, approximation properties of projector Hf in Sobolev spaces (see Lemma 4.1), and
continuity of l'[f< with respect L*-norm (see [8]), to get

T,< ) Clldvlly g lleurl v = T curl v 1 e I Vaoll 14 g,
KeQy,

< Y Clidvlohflleurl ollysscg Vel -
KeQy,

Now, using again Hélder inequality (for sequences) and Sobolev embeddings H*(Q) & L*(Q) and H'+5(Q) & W**(Q), we obtain that

1/2 1/4 1/4
Tzscn‘< > ||Av||§,,(> < > ||cur1u||‘;w,4(,0> < )y IIVwH;(,Q)

KeQ, KeQ, KeQ,

< Ch¥||Av]lggleurlv]y saq)llVwll p4q) (4.3)
<Chlvlixleurl oy ollwllix

<Cr|vlixllvlizesqllwllix-

We continue with the term 7;. We use Holder inequality and the continuity of the projector Hf with respect L*-norm and the approximation
property for projector ITX, it holds that

T3< Y Cllav =T Avllo x ITEK curl v L ) ITE Veol| ok,
KeQy,

< D ChllAvll, g lleurl oll a g IVeoll 4 k-
KeQy,

By employing the Holder inequality (for sequences) and Sobolev embedding theorem, we have that

T3 < Ch* vllpgsolvlipsollwllx. (4.9

Finally, the proof follows from the estimates (4.2), (4.3), (4.4) and (4.1). [
Now, we state the second technical result.

Lemma 4.3. For all ¢, ¢, ¢ € X we have that
|B"(¢; 0, ¢) — B"&;: ¢, )] < Cn (I x Bl + o = ¢ + dlixUlellx + 1C1x)) 1l -

Proof. Let {,¢,¢ € X. Then, adding and subtracting suitable terms, using the trilinearity of the form B”(-;-,-) and the property (3.22), we have

B 0,¢) — B"(:¢, )
=B"@:0-(.9)+ B (90— C:¢.h)
=B"@:0—{+¢.0)— B"(9:,0) + B" (0 — { + $:¢. ) — BM@$: ¢, p)
=B"@:9—(+¢.¢)+ B (9 -+ d:¢.h)— B ;¢ ).

Thus, the proof follows from (3.21) with continuous arguments. []
The following theorem provides the rate of convergence of our virtual element scheme.

Theorem 4.1. Let y and y,, be the unique solutions of problem (2.8) and problem (3.26), respectively. Then, there exists a positive constant C, independent
of h, such that

lv —willx <C Rh°G(f;Re,Ro, 4, 4y),

where s € (1/2,1] is such that w € H**(Q) n X (cf. Theorem 2.2) and G is a suitable function independent of h.
Proof. Let y; € X, be the interpolant of y, such that Proposition 4.2 holds true. We set wj, :=y;, — ;. Thus,

lw —willx <llw —willx + llwpllx- (4.5
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The bound of first term on the right hand side above follows from Proposition 4.2. Thus, we bound the second term. Thank to properties (3.20),
(3.22) and (3.22), we have that

Re ™l [lwy]13 <Re™! A" (w),, wy,) = Re ' Ay, wy,) — Re ™! AR (yry, wy)

=Re™ APy, wy,) + B (i wp, wp) —Ro™ICE_ (w, wy) — Re™ APy, wy)

skew

= [Re™ A"y wp) + By y. wy) — R CE ()]

- B"yswp,wy) +RoTICE (wy,wy) —Re™ Ay, wy)

skew

=Ro™' F"(wy,) —Re™ A" (wy, wy,) = B"(wyswp,wy) +Ro™ICh | (wy,wy,),

where we have used the definition of the discrete scheme (3.26). Now, adding and subtracting the term Ro~! F(w;,) on the right hand side above,
and using the definition of the continuous problem (cf. (2.8)), we get

Re™'ay [lwy I} <Ro™ [F/(wy) = F(wy)| +Re™ [A(y, w0y) — A"(yry, wy,)]
+ By, wpy) = By wp,w,)] + Ro™ [Ceny (W) = Ch (. wy)]
S CROTF = F¥lys llwyllx +Re™" [AGy.w;) = A"(wp,wy)] (4.6)
+ By, wy) = B" Wy wr wp)] +Ro™ [Coen (W w0y) = Ch (o wy)]
=Tp+Ty+Tg+Te.

Now, we bound each term on the right hand side above. First, the term T can be easily bounded by using Proposition 4.3. Then, we estimate the
term T, as follows. Adding and subtracting y, € P,(K) such that Proposition 4.1 holds true, and using the consistency of the bilinear form A"X(-,.)
(cf. (3.16)), we have that

Ty=Re™ Y [A(w -y, w;) = Ay -y, wy)] < CRe™ RE Iy Il ollwyl x» “.7)
KeQ,

where we have used the continuity of the bilinear form A”X(.,.), Propositions 4.1 and 4.2 and Cauchy-Schwarz inequality. Analogously, the term
T can be estimated as follows
Te=Ro™' Y [CX\ @ = wew0) = ChX =y wp)] < CROTIA W llossallwpllx 4.8)
KeQy,

The next step is to bound the term Tz. We proceed as follows
Ty = [By:iy.wy) — B"yy: . wp)] + [B"(wyi vy wy) — BM iy, wy)]
= [Bwsy, wy) = B" Wy wis wp)] + [B" (wips wy, wy)] (4.9)
= By, wy) — B" (W) w7, w0p),

where we have used (3.22) to obtain the last equality. Now, we add and subtract the term B"(y;w,w),), then we use Lemmas 4.2 and 4.3 to obtain
that

Tp = [By;w,wy) — B"(wsy, wp)] + [B" (s, wy) — B (wys wy 0)] @.10)
<CR vy + vl llagsollwally + Con (lwhllx lwyllx + CR vy oUlwllx + lwallx)) lwyllx,
where we have used that w, =y, — y; and then Proposition 4.2.
Therefore, from (4.6), using (4.7)-(4.10), we obtain
Re™' o) [|wyllx < CRo™ P2[| fllgq + CRe™ + R0 [ llpys0+ CH (lwllx + 1w llips )W laiso

+ Corllwpllxllwpllx + Cor CA (w1l x + il Ol llags o
From the inequality above, we obtain

Re™ay (1= CorReq; Iwllx ) lewylly < CRO™ A% f g+ CRe™ +Ro™)A* Wl @11

+ CR(lwllx + W llhts@lwliarso + Cpn CR (lwll x + il )N lo4s0-
Next, from (3.31) and the fact that y,, € N, it holds that

_Cplwlly | Cor CiRE RO lha _

2
1

Therefore, from (4.11), (4.12) and Theorem 3.1, we get

1

. > 1—4,>0. (4.12)
Re™ oy a

CReRo™' 72 || fllpq . CRe (Re~! +Ro~HyAs i
ay (1—4y) ay (1—4y) 2t

llwllx <

CReh’ C/\BhCRC § (4.13)

h
+ m(”lﬂnx +lwlhssllyllasso + PRI U llx + ol llgsg
< Ch°G(f;Re,Ro, 4, 4p),

where we have also used Theorem 2.2. Finally, the proof follows from (4.5), (4.13) and Proposition 4.2. []
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Fig. 1. Sample meshes. Q] (top left), Q? (top right), Q} (bottom left) and Q} (bottom right).

5. Numerical results

In this section, we present four numerical experiments, to test the behavior of the proposed VEM discretization (3.26) and in order to verify the
theoretical results established in Section 4.

We have tested the virtual scheme by using different families of polygonal meshes (cf. Fig. 1). For reasons of brevity, we do not report the results
obtained with all meshes for all test problems. The non reported results are in accordance with the ones shown.

. Q}l: Sequence of CVT (Centroidal Voronoi Tessellation);
. Qi: Trapezoidal meshes;

. QZ: Distorted concave rhombic quadrilaterals;

. Q;‘l: Uniform triangular meshes.

In order to test the convergence of the proposed scheme, we introduce the following computable quantities:

2, .
&) =y — I wl 4 =012,

We will compute experimental rates of convergence for each individual error as follows:

_ log(e;(y)/e;(y))

; = , i=0,1,2,
W= ety

where h, h' denote two consecutive mesh sizes with their respective errors e; and e].

For each test to solve the resulting nonlinear system, we used the Newton method with maximum 10 iterations, a tolerance Tol= le — 8 and
we take y/,? =0 as an initial guess; moreover, we have taken the Reynolds number as Re = 1.667 and the Rossby number as Ro = le — 4 (see [27]).
Finally, we consider Q := (0, 1)> as computational domain in the first three examples and an L-shaped domain in the last example.

5.1. Test 1: smooth solution

In this numerical test, we take the load term in such a way that the analytical solution of the quasi-geostrophic equations (2.1) is given by:

1 . . 2,2
wx,y) == sin? (zx) sin®(zy)e™ V.
T

We report in Table 1 the convergence history of our virtual scheme on the meshes Q;’. The table includes the number of degrees of freedom
(dofs), the discrete errors e;(y), the convergence rates r;(y) for i =0, 1,2, and the number of iterations (iter) used by the Newton method to achieve
tolerance at each level of refinement.

We observe that the asymptotic O(h) decay of the discrete error e,(y) observed for the stream-function confirms the optimal convergence
predicted by Theorem 4.1. It can be also seen that the errors e,(y) and e,(y) decay much faster. However, we have not proved the higher order in
these cases. The table also shows that a maximum of four iterations are required for the Newton method.

Sample approximate solutions generated with the virtual method on a coarse mesh are portrayed in Fig. 2.
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Table 1

Test 1. Errors and experimental rates for the stream-function v, using the meshes Q}l.
dof's h eo(y) o (y) e (y) T, () e, (w) (W) iter
294 1/8 4.214341e-2 — 1.338770e-1 — 3.676844e-1 — 3
1371 1/16 1.100219e-2 1.937 4.993576e-2 1.422 1.924777e-1 0.933 3
5796 1/32 2.329921e-3 2.239 1.229111e-2 2.022 9.401329e-2 1.033 3
23874 1/64 5.576055e-4 2.062 3.109190e-3 1.983 4.633333e-2 1.020 3
96855 1/128 1.089853e-4 2.355 7.895256e-4 1.977 2.308295e-2 1.005 3

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Fig. 2. Test 1. Exact and approximate solutions y and y,, the streamlines of y, and the velocity field u, := curly, (top left, top right, bottom left, bottom right,
respectively), using the VEM method (3.26) with Q!, h=1/32.

Table 2

Test 2. Errors and experimental rates for the stream-function y,, using the meshes Qf,.
dofs h eo(y) To(y) e (w) () e (w) () iter
147 1/8 7.600646e-5 — 1.549666e-3 — 2.834095e-2 — 3
675 1/16 1.616079e-5 2.233 4.688010e-4 1.724 1.390167e-2 1.027 2
2883 1/32 2.976015e-6 2.441 1.110449e-4 2.077 7.254667e-3 0.938 2
11907 1/64 6.202604e-7 2.262 2.706962e-5 2.036 3.804474e-3 0.931 2
48387 1/128 1.451048e-7 2.095 6.730940e-6 2.007 1.938996e-3 0.972 3

5.2. Test 2: solution with western boundary layer

In this numerical example, we solve the quasi-geostrophic equations (2.1) by taking the load term in such a way that the analytical solution is
given by:

wix,y) = ((1=x) (1= e2%) sin(zy))*.

1
(207)?
We observe that in this case the solution has a boundary layer on the left hand side.

In Table 2 we report the convergence history of our virtual scheme on the meshes Qf,. The table includes the number of degrees of freedom

(dofs), the discrete errors e;(y), and the convergence rates r;(y) for i =0, 1,2. Once again, the expected order of convergence for the discrete errors
e,(y) is reached.

In addition, in Fig. 3 we display the stream-function (exact and numerical solution) and the approximate velocity field.
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Fig. 3. Test 2. Exact and approximate solutions vy, y;,, the streamlines of y;, and the velocity field u, := curly, and (top left, top right, bottom left, bottom right,
respectively) using the VEM method (3.26) with Q2, h=1/64.

Table 3

Test 3. Errors and experimental rates for the stream-function y;,, using the meshes Q3.
dof's h eo(w) To(w) e (w) (W) & (y) 5 (y) iter
123 1/4 1.153577e-2 — 2.116982e-1 - 4.17475e+0 — 4
531 1/8 9.705065e-3 0.249 1.328881e-1 0.671 3.21654e+0 0.376 3
2211 1/16 2.444361e-3 1.989 4.017754e-2 1.725 1.72708e+0 0.897 3
9027 1/32 4.937103e-4 2.307 9.985092e-3 2.008 8.549397e-1 1.014 4
36483 1/64 1.118995e-4 2.141 2.479913e-3 2.009 4.275213e-1 0.999 4

5.3. Test 3: solution with vortex in the top-right corner of the domain

In this numerical example, we solve the quasi-geostrophic equations (2.1) by taking the load term in such a way that the analytical solution is
given by:

1= (o)) (o (220
v ,y—4”2 eRi — 1 e — 1 '

In this experiment it is expected to observe a counter-clockwise rotating vortex with center (x,, y.) which depends on the values of R, and R,. The
coordinates of the center of the vortex are given by:

_ 1 el _1l eRe 41
xc—R—llog > Ye =g, log > :

In particular, we have chosen R, = R, =4, then the center of the vortex is located at the top-right corner of the domain. More precisely, (x.,y,) =
(0.83125,0.83125).

We proceed to study the accuracy of our VEM scheme by solving the discrete problem on a sequence of polygonal meshes Qi. Once again, we
compute the discrete errors e;(y) for i =0, 1,2. The error history is collected in Table 3, which indicates that the scheme, as predicted by the theory,
converges with an O(h) in the discrete error e,(y). The table also shows that a maximum of four iterations are required for the Newton method.

In Fig. 4 we display the stream-function (exact and numerical solution) and the approximate velocity field.

5.4. Test 4: L-shaped domain

Finally, we solve the quasi-geostrophic equations (2.1) on an L-shape domain: Q := (-1, 1)? \ ([0, 1) x (=1,0]). We take the right hand side term
and non-homogeneous Dirichlet boundary conditions in such a way that the exact solution in polar coordinates is given by

w(r,0) =r/3sin (%9)
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Fig. 4. Test 3. Exact and approximate solutions y, y, and the velocity field u;, := curly, (top left, top right and bottom, respectively) using the VEM method (3.26)

with @}, h=1/32.
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Table 4
Test 4. Errors and experimental rates for the stream-function y,, using the meshes Q?.
dof's h e(w) 7o) e;(w) () e (w) () iter
483 1/8 2.985997e-4 — 6.677776e-3 — 2.614276e-1 — 4
2115 1/16 1.448822e-4 1.043 2.446762e-3 1.448 1.643765e-1 0.669 4
8835 1/32 6.100395e-5 1.247 9.069247e-4 1.431 1.040009e-1 0.660 4
36099 1/64 2.538614e-5 1.264 3.4119%4e-4 1.410 6.577727e-2 0.660 4
145923 1/128 1.063002e-5 1.255 1.316359%-4 1.374 4.155790e-2 0.662 4
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Fig. 5. Test 4. Exact and approximate solutions v, y;, (left and right, respectively) using the VEM method (3.26) with Q, h=1/16.

The analytical solution contains a singularity at the re-entrant corner of Q; here, we have y € H3/3-¢(Q) for all £ > 0.

Table 4 shows the errors and experimental convergence rates of our virtual scheme on the meshes Q‘}t. Since the analytical solution is singular,
we are not going to obtain linear (in H2) and quadratic (in H'! and L?) order of convergences as in the previous examples. More precisely, according
to the regularity of y, we expect an order of convergence in H? as O(h?/3).

It can be seen from Table 4 that the expected order of convergence for the discrete errors e,(y) is obtained. We also observe that the errors e(y)
and e, (y) decay much faster.

Finally, Fig. 5 shows the stream-function (exact and numerical solution).
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