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In this paper, we propose and analyze a C L_virtual element method of high order to solve the Brinkman
problem formulated in terms of the stream function. The velocity is obtained as a simple post-process
from stream function and a novel strategy is written to recover the fluid pressure. We establish optimal
a priori error estimates for the stream function, velocity and pressure with constants independent of
the viscosity. Finally, we report some numerical test illustrating the behavior of the virtual scheme and
supporting our theoretical results on different families of polygonal meshes.
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1. Introduction

During the past decades, the numerical solution of incompressible flow problems have acquired great
interest due to the variety of applications in different sciences: engineering, biomedicine, oceanography
and environmental processes, among others. Different formulation and discretizations of the Stokes,
Brinkman, Oseen, Navier—Stokes and Stokes—Darcy equations have been analyzed in the past years; see
for instance Gatica et al. (2011); Guzman & Neilan (2012); Vassilevski & Villa (2014); Cai & Chen
(2016); John et al. (2017); Botti et al. (2018, 2019); Camaifio et al. (2018); di Pietro & Krell (2018);
Lederer et al. (2018); Anaya et al. (2016, 2019); Fu et al. (2019) and the references therein.

The aim of the present paper is to introduce and analyze a virtual element method (VEM) to
solve the Brinkman problem in polygonal simply connected domains, formulated in terms of the
stream function of the velocity field (fourth-order partial differential equation (PDE)), which stands
as a suitable framework for the study of Stokes and Darcy flows (cf. Juntunen & Stenberg, 2010;
Guzmién & Neilan, 2012; Vassilevski & Villa, 2014; Anaya et al., 2015; Howell et al., 2016), as well as
semidiscretizations of transient Stokes equations. The VEM introduced in Beirdo da Veiga et al. (2013)
is a recent generalization of the finite element method that allows to use general polygonal/polyhedral
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meshes. The method has been applied successfully in a large range of problems in fluid mechanics; see
for instance Antonietti er al. (2014); Benedetto et al. (2016); Cangiani et al. (2016); Beirdo da Veiga
et al. (2017, 2018, 2019b); Caceres & Gatica (2017); Caceres et al. (2017); Vacca (2018); Gatica et al.
(2018b, 2021); Irisarri & Hauke (2019); Liu et al. (2019); Liu & Chen (2019); Zhao et al. (2019), where
Stokes, Brinkman, Stokes—Darcy and Navier—Stokes equations have been recently developed.

In particular, we are interested in a formulation where the stream function is the principal unknown
of the system (Girault & Raviart, 1986). Salient features in formulations of this kind include that there
is only one scalar variable, the incompressible condition is satisfied automatically, the stream function
is one of the most useful tools in flow visualization and the matrix associated to the linear system turns
out to be positive definite. On the other hand, we note that the primary fields velocity and pressure are
not present in the formulation. However, if pressure profiles are required, they can be recovered using
different manners. For instance, for the Navier—Stokes equation, in Cayco & Nicolaides (1986) has been
presented an algorithm for pressure recovery, which is based on a mixed finite element discretization
with discrete stream function as a data on the right-hand side (see also Cayco & Nicolaides, 1989). In
Beirao da Veiga et al. (2019b), it has been recently proposed a VEM least squares method to recover
the pressure field from the stream function, and it is based on the discrete inf-sup stable pair proposed
in Beirfio da Veiga et al. (2017) for the Stokes problem. Here, we will also propose a novel strategy to
recover the fluid pressure by using the flexibility of the virtual approach.

It is well known that conforming discretizations of a primal formulation to solve fourth-order PDEs
require C'-continuity. The construction of conforming finite elements with C'-continuity is difficult in
general, since they generally involve a large number of degrees of freedom (see for instance Ciarlet,
2002, Section 6.1). However, this can be easily achieved by using VEM. More precisely, we will follow
the VEM approach presented in Brezzi & Marini (2013); Chinosi & Marini (2016) (see also Mora et al.,
2018; Beirdo da Veiga et al., 2019a, 2020; Mora & Veldsquez, 2020) to build global discrete spaces of
H?($2) of arbitrary order to solve the fourth-order Brinkman problem on general polygonal meshes. In
addition, we will propose a strategy to recover the remaining quantities of interest: velocity and pressure.

According to the above discussion, in the present paper, we are interested in keeping on exploring
the flexibility and ability of the VEM to solve fluid flow problems. More precisely, we will propose and
analyze a C'-conforming discretization of arbitrary order k > 2 using virtual element for the Brinkman
equations formulated in terms of the stream function. We will write two well-posed primal discrete
formulations (cf. (2.3) and (3.20)) and we will establish optimal order error estimates with constants
independent of the viscosity. In addition, the velocity field is then obtained from the discrete stream
function by a simple post-process. An error estimate is derived for the velocity in H'. Moreover, for
k = 3, we propose a novel strategy to approximate the fluid pressure by means of a second-order
variational problem, with a datum coming from the discrete stream function with the help of a proper
polynomial projector, which is discretized by employing the enhanced C° virtual element space from
Ahmad et al. (2013). An error estimate in H' is derived for the fluid pressure under the assumption
that the family of polygonal meshes is quasi-uniform. In summary, the advantages of the proposed
VEM are as follows: the possibility to use polygonal meshes, it provides an attractive and competitive
alternative to solve the Brinkman problem in terms of the computational cost, the resulting linear system
for the stream function is positive definite; it is possible to obtain the velocity and pressure fields in a
simple way.

The rest of the paper is organized as follows: in Section 2 we introduce the variational formulation
of the Brinkman equations in terms of the stream function of the velocity field. We prove existence
and uniqueness of this formulation by using the Lax—Milgram Theorem. In Section 3 we present the
virtual element discretization of arbitrary order kK > 2. We also prove the existence and uniqueness of
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the discrete formulation using the Lax—Milgram Theorem. In Section 4 we prove stability results and
obtain error estimates for the stream function. In addition, we recover the velocity field and the fluid
pressure. In Section 5 we report a set of numerical examples, which allows us to assess the performance
of the proposed method.

Throughout the paper we will follow the usual notation for Sobolev spaces and norms (Adams &
Fournier, 2003). We will denote a simply connected polygonal Lipschitz bounded domain of R? by £2,
and n = (n;)|-;<, is the outward unit normal vector to the boundary 02. The vector ¢ = (¢,);.;<, 1S
the unit tangent to 32 oriented such that #; = —n,, t, = n;. For D an open bounded domain the L?(D)
inner product will be denoted by (-, ~)0’D. Moreover, ¢ and C, with or without subscripts, tildes or hats,
will represent a generic constant independent of the mesh parameter /i, assuming different values in
different occurrences.

2. Model problem

Let 2 C R? be a simply connected polygonal domain with boundary I" := 3£2. We consider the
Brinkman problem (for more details, see for instance, Girault & Raviart, 1986; Quarteroni & Valli,
1994): given a sufficiently smooth force density f € [L*(£2)]?, we seek (u, p) such that:

K 'a—vdiv(Vu)+Vp=f in £,
diva=0 in £,
u=20 on I,

. Do =0,

@2.1)

where u and p are the velocity and the pressure fields, respectively. In the model, v is the viscosity
of the fluid and K denotes the permeability tensor of the Brinkman region. We assume that the fluid
viscosity satisfies 0 < v < C,, this includes the case where v — 0, and the system (2.1) becomes a
singular perturbation of the Darcy equations. We assume that K~ is a sufficiently smooth and uniformly
symmetric positive definite tensor, i.e., there exist two positive (uniform) constants A, A, > 0 such that

mnTp<n"K'p<an’n  VypeR
We introduce the following spaces
H .= [H\(@) = {v c[H' ()P :v=0 on F}
and

0:=13@ = g€ 22 (4. Vo =0}
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The standard velocity-pressure variational formulation of the Brinkman problem reads as follows:
find (u, p) € H x Q, such that

/K*Iu-v—i—v/ Vu:Vv—/pdivv:/f-v VveH,
Q Q Q Q

(2.2)
/quivu=0 VgeO.

It is well known that (2.2) admits a unique solution (see Girault & Raviart, 1986). Let us introduce
the following space of functions in H with vanishing divergence

Z :={veH:divv=0}

Then, (2.2) can be written in the following form: find u € Z such that

/K‘1u~v+v/ Vu:VV:/f-v Vvel.
Q Q Q

Now, we reformulate the above problem as follows: since £2 is a simply connected domain, a well-
known result states that a vector function v € Z if and only if there exists a scalar function ¢ € H>(£2)
(called stream function, see Girault & Raviart, 1986), such that

v=curlp € H.
The function ¢ is defined up to a constant. Thus, we consider the following space
W= H3(2) = {go €HXR2):9=8,0=0 on F},

where 9,, denotes the normal derivative. We endow W with the following v-dependent norm

1/2
lely = (leBo+vivke)  Veew.

Then, (2.2) can be formulated as follows: find ¢ € W, such that
/ K~ 'curl ¢ - curl ¢ + v/ D?y : D?¢ = / f-curlgp VopeWw, (2.3)
Q Q Q

where D¢ := (0;9)1<ij<2 denotes the Hessian matrix of ¢ and ‘:” denotes the usual scalar product of
2 x 2-matrices. We have that v € W is the stream function of the velocity fieldu € Z (i.e., u = curl ¢).

Now, in order to rewrite the problem in a compact way, we introduce the following bilinear forms
and linear functional, for any ¥,¢ € W:

A(‘ﬂ’ ¢) = Acur] (‘ﬂ’ ¢) + UAA(Wa ¢)’ (24)
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Ayt (W, $) 1= /9 K~ 'curl ¢ - curl ¢, (2.5)
A (U, h) :=/QD2¢: D¢, (2.6)
F(¢) := / f- curl ¢. .7

2

The following lemma will allow us to establish the well posedness of formulation (2.3).

LEmMMA 2.1 There exists a constant o > 0, independent of v, such that

Alp, ) > aglglly, Vo eWw.

As a consequence of Lemma 2.1 and the Lax—Milgram Theorem we state the solvability of the
continuous problem (2.3).

THEOREM 2.2 There exists a unique i € W solution to problem (2.3), which satisfies the following
continuous dependence on the data

lVilw = Clifllo o

where the constant C > 0 is independent of v.
We state the following additional regularity result for the solution of problem (2.3).

THEOREM 2.3 Letm > —1. Suppose that f € [H" (£2)]2, then there exist s > 1/2 and a constant C > 0,
such that the solution i of problem (2.3) satisfies ¥ € H2ts (£2) and

V1450 < Clifll,, -

Proof. The proof follows from the classical regularity result for the biharmonic problem (see Grisvard,
1985; Bacuta et al., 2002; Brenner & Sung, 2005). O

The constant s in the theorem above is called the index of elliptic regularity of the biharmonic
problem with homogeneous Dirichlet boundary conditions. For instance, if §2 is convex, then s > 1,
in this case s will depend on the regularity of f. On the other hand, if £2 is nonconvex, for any f, the
theorem holds, but now for all s < s, where 5, € (1/2,1) depends on the largest reentrant angle of £2
(see Grisvard (1985) for the precise equation determining s).

3. Virtual element discretization

In this section we will write a VE discretization for the numerical approximation of problem (2.3) of
arbitrary order k > 2. First, we introduce some basic tools, notations and assumptions to construct a
conforming virtual space of W, and to write the corresponding discrete bilinear forms and the discrete
linear functional to write the discrete problem. Finally, we prove existence and uniqueness of the discrete
formulation.
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3.1 Mesh assumptions

Let {7;,} , be a sequence of decompositions of §2 into general polygonal elements K. Let iy denote the
diameter of the element K and /& the maximum of the diameters of all the elements of the mesh, i.e.,
h := maxg 7, hg. In what follows we denote by N¥ the number of vertices of K, by V; a generic vertex
of K,withl <i < N§, by e a generic edge of 7. For all e € 9K we denote by i, = |e| the length of
edge and we define a unit normal vector n§ that points outside of K and a unit tangent vector £} to K.
Also, we denote by x, and xy the midpoint of e and the baricenter of K, respectively.

For the theoretical analysis we will make the following assumptions: there exists a real number
C > 0 such that, for every h and every K € Ty, we have

Al: the ratio between the shortest edge and the diameter iy of K is larger than Cy;

A2: K € T, is star-shaped with respect to every point of a ball of radius Cy-/h.

3.2 Local and global virtual spaces

For any subset D C R? and non-negative integer £, we denote by P, (D) the space of polynomials of
degree up to £ defined on D, and denote by M (K) the set of the two-dimensional scaled monomials
defined on each polygon K as follows:

B
xX—x
MG(K) = [( - K) 1B =£}, 3.1)
K
where for a non-negative multi-index 8 = (B, 8,), we set |B| := B, + B, and xf = x’f B4 2, with
x = (x,x). We define My(K) = [, M{(K) =: {mj};.i1 as a basis of P (K), where

n, = dim(P,(K)). Analogously, we consider the set of the scaled monomials defined on each edge e:

2 L
X—X X—X X—X
=31 ¢ ¢ ¢ .
ME(e) I ’ he ’( he ) | ,( he ) }

Now, for any k > 2 and for every polygon K € 7,, we introduce the following preliminary local
virtual space:

VEK) = {th € H*(K) : A%¢), € Pr_»(K), ¢y lax € C°(OK), |, € P (e) Ve € 9K,

Voulox € [COOK) 2 8y by, € Pyle) Ve € aK} :

where r := max{3, k} and « = k—1.
Next, for a given ¢, € V,]; (K), we introduce five sets D; — D5 of linear operators from the local
virtual space V,’l‘ (K) into R.

e D, : the values of ¢,(V;) for each vertex V; of K;
e D, : the values of hy, V¢, (V;) for each vertex V; of K;
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e D, :fora > I the moments fe q({)an;(th(;)d; Vge M, _,(e), Vedgee;

1
e D, :for r > 3 the moments E feq(g)qﬁh(g)d{ Vge M, _4(e), Vedgee;

1
e Dy : for k > 4 the moments m fK q(x)¢;,(x) dx Vg e M;_4(K), Vpolygon K,

where hy, corresponds to the average of the diameters corresponding to the elements with V; as a vertex.

REMARK 3.1 In the above construction we have used the scaled monomials M, as a basis for the
space P, because they ensure that the linear operators introduced in D; — D5 scale as 1 with respect
to the diameter iy (see Brezzi & Marini, 2013, and Beirdo da Veiga et al., 2014, Remarks 1.1 and 2.5).
Additionally, we have that the linear operators introduced in D, and D, also scale as 1 with respect to
the diameter /. In turn, this fact allows to build easily bilinear forms satisfying the stability property
(ct. (3.7)).

In order to construct the discrete scheme we decompose the bilinear forms (2.4)—(2.6) in the
following element by element contribution:

Ap@.d) = D AK(p.0) = D /KD%: D’¢  Ve.peW,

KeT, KeT,

At (0:0) = D Al (0.6) = D /KK_lcuﬂ(p-curM) Vo,peW.

KeTy, KeTy,

Also, we split

Ag.d) = D A5, i= D (AKn . 0) +vaK@.9)  Vopew.

KeTy KeTy,

In what follows we are going to build discrete version of the local bilinear forms listed above. With
this aim, and for k > 2, we define the following projector operator HI]?A : V;l‘ (K) — P(K) < V;: (K)
for each ¢, € V,’f (K), as the solution of the local problems (on each polygon K):

AR (T2, q) = AK (¢ 9) Vg € PLK),

Moy, = VI, =V,
where ¢, is defined as follows:
N§
~ 1 0
b= g 2 (V) Vo, € CUOK), (3.2)

Vo i=1

and V;,1 <i < N§, are the vertices of K.
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The following result establishes that the projector HIIE’A is computable using the output values of the
sets D; — D5 (see Chinosi & Marini, 2016).

LemMA 3.2 The operator H,]?A : V}]f (K) — P,(K) is explicitly computable for every ¢, € V;l‘ (K),
using only the information of the linear operators D; — Ds.

For each k > 2 and for any K € 7, our local virtual space is given by:

WEK) = H¢h e VK(K) : /Kq* e, = /Kq* by V' e M 5(K) UMZ_Z(K)],

where MZ_3 (K) and MZ_Z(K ) are scaled monomials of degree k — 3 and k — 2, respectively (see (3.1)),
with the convention that M* | (K) = @ (see for instance Chinosi & Marini, 2016, for further details).

‘We have that W}lf (K) C ‘75 (K), as a consequence the projector HIIQ’A is well defined on W;f (K) and
computable using the information the linear operators D; — Ds. In addition, we have that P, (K) C
W}]f (K); this will guarantee the good approximation properties for the space. Moreover, it has been
established in Chinosi & Marini (2016) that the sets of linear operators D; — D5 constitutes a set of
degrees of freedom for W}’j (K) (see also Ahmad et al., 2013).

Additionally, we observe that the condition appearing in the definition of the local space W,’j (K) will
be useful to construct an L?-projection, which will be employed to build the discrete bilinear forms. In
particular, we consider the LZ(K)—projection onto P,_,(K). For each ¢ € L*(K), H,f(_ 2P € P (K)
satisfies

/K (ITE ,¢)q = /K bq  VqeP_,K). (3.3)

The following lemma establishes that I7 ,f_ , is computable on Wﬁ (K). The proof follows from the
definition of the local virtual space and the set of degrees of freedom.

LeEmmA 3.3 The operator H,ﬁ 5 W{f (K) — P;_,(K) is explicitly computable for each ¢, € W,’lC (K),
using only the information of the set of degrees freedom D; — Ds.

In what follows, for each polygon K € 7, we denote by Nld;f the number of degrees freedom of
W,’f (K) and by dof;, with 1 < i < dim(W,’f (K)), the operator that to each smooth enough function ¢
associates the ith local degree of freedom dof’;(¢).

Now, we will consider the following projection onto the polynomial space [P,_; (K )%, which will
be used to construct a local approximation of Afurl (-,-): we define IT ,’f_l : [L2 (K )]2 — [P (K )]2, for
each v € [L*>(K)]? by

/Hz'f_lv-q=/v'q Vq e [P (K. (3.4)
K K

We observe that for any ¢, € W{f (K), the vector function IT kalcurl ¢, € [P (K )]? can be explicitly
computed from the degrees of freedom D; — Ds. In fact, for all K € 7}, and for all ¢, € W} (K), using
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integration by parts in the right-hand side of (3.4) (with curl ¢, instead of v), we have

/curl¢h'q=/¢hr0tq —/ é(q - ty) Vq e [P (K
K K 0K

:/ (H/f_z(Ph) rotq _/ on(q - ty) vVqe [Pk_l(K)]Z,
K 0K

where we have used (3.3). The first term on the right-hand side above depends only on /T ,ﬁ »®;,» and this
depends only on the values of the degrees of freedom (see Lemma 3.3). The second term is an integral
on the boundary of the element K, which is fully computable.

Now, for k > 2, we introduce an additional projector, which will be used to write the virtual scheme;
we define H}é’vl : W;f (K) — P(K) < W;l‘ (K) for each ¢, € W;f (K) as the solution of the following
local problem.

/ curl HIIE’Vquh -curlg = / curl ¢, - curl ¢ YV q € P (K), (3.5a)
K K
vl —~

" ¢, = ), (3.5b)

where ‘5;1 has been defined in (3.2). The following result states that this operator is fully computable.
LemMMA 3.4 The operator HIIE’VL : W}]f (K) — P(K) < W;’f (K) is explicitly computable for each
¢, € W}]f (K), using only the information of the set of degrees freedom D; — Ds.

Proof. First we note that (3.5b) is computable using the information of the set D;. On the other hand,
we integrate by parts on the right-hand side of (3.5a) to obtain:

/ curl ¢, - curlg = —/ ¢, Aq —/ ¢>h8n;<q Y g € P(K)
K K 9K
= _/ ¥ ,¢,4q —/ ndugq ¥ q € P(K),
K 9K

where once again we have used the fact that Ag € P,_,(K) and the definition of the projection /T, ,f_ )

(cf. (3.3)). The previous equality allows us to conclude that the polynomial Hi’vl@l can be explicitly
computed from the degrees of freedom D; — Ds. d

Now, we introduce the global virtual space by combining the local spaces W}]f (K) and incorporating
the homogeneous boundary conditions. For every decomposition 7, of £2 into polygons K, we define

W, = {¢h eW: ¢ylx € W,’;(K)}.
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We have that the dimension of W, R| := dim(W,,), is given by:

R, =3Ny + Ng(a — 1 + 7 — 3) + Ng dim(Py,_4(K))

k=3)k—=2)

= 3Ny + Ng(a +r —4) + Ny > : (3.6)

where N is the number of internal edges, Ny, is the number of internal vertices and Ny the number of
elements of 7, (see Brezzi & Marini, 2013; Chinosi & Marini, 2016).

3.3 Construction of discrete forms

In this section we will construct the discrete version of the continuous local bilinear forms and the
right-hand side, using the projection operators introduced in Section 3.2.

First, let s’j(-, -) and sfurl (-, ) be any symmetric positive definite bilinear forms to be chosen as to
satisfy:

coAK (@ d) < 5@y b)) < € AK (¢, B1) V ¢, € WE(K), with T34, =0,

3.7
AKX Gty < 5K @) < GAK L @b Yy € WEK), with TTEY g, =0 o
2% curl h>Yh/) = Pcurl \Yh> YR/ = “3curl h>Yh h h ’ K h — Y

with ¢y, ¢y, ¢, and ¢ positive constants independent of /2 and K. A classical choice for the bilinear forms
sg(-, -) and sfurl (-, ) satisfying (3.7) is given by the Euclidean scalar product associated to the degrees
of freedom (see Beirdo da Veiga et al., 2013; Brezzi & Marini, 2013; Cangiani et al., 2017b). We will
choose the following representation:

NS N

K K
KW t) 1=k D dof () dofi(¢y)  and sk (W, b)) 1= 0f D dof,(¥)dofi(¢y),  (3.8)

i=1 i=1

where the parameter cf]{(f > 0 is a multiplicative factor to take into account the inverse of the permeability
tensor. In particular, we define o{é as the arithmetic mean of the mean values of the diagonal elements
of tensor K~ (see Beirdo da Veiga et al., 2016b).

The following result establishes that sﬁ(-, -) and sfurl (-, -) satisfy the stability property (3.7).

ProrosiTION 3.5 The bilinear forms defined in (3.8) satisfy the stability property (3.7).

Proof. The proof follows using the same arguments presented in Cangiani et al. (2017b, Proposition
5.3) (see also Brezzi & Marini, 2013, Section 4.4). First, we have that the stabilizing bilinear forms
sg(-, -) and sfurl (-, -) are the Euclidean scalar product (multiplied by positive constants) associated to
the degrees of freedom; therefore, these forms are positive definite. In addition, by considering that the

degrees of freedom (cf. D; — Ds) scale like 1 (see Remark 3.1), and that A§(~, -) scales like hgz, it is

easy (o see that the bilinear form Slj(', -) scales like h,_<2, too. Using the same arguments we have that
sK 4 ¢ o) scalesas AK (). .
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Then, we set the following global bilinear form,

AW dy) = D AWty Y U4, € W, (3.9)
KeTy,
where
AL = AP W)+ A W) Y U0, € WEKD, (3.10)

h,K
curl

with AIZK(-, -yand A’ (-, -) are the local bilinear forms on W;f(l() X W,’l‘(K) defined by

ALK () = AK (T, 1T 8y) + 55 (0, — TRV ¢ — TR 9y). 3.11)

h _ k L 1L
Acﬁl V> @p) = /KK "I curl yy, - T curl ¢, + Shrt (¥ — HK’V Vs by — Hi’v )
(3.12)

The following result establishes the usual consistency and stability properties for the discrete local
forms.

h,K
curl

ProrosITION 3.6 For k& > 2 the local bilinear forms A}ZKC, 9, AP (L) and AK (., ) (defined in

(3.11), (3.12) and (3.10), respectively) on each element K, satisfy

o Consistency: for all h > 0 and for all K € 7, we have that

Ao =AK@. o) YaePUK), Y, e WHK). (3.13)
o Stability and boundedness: there exist positive constants o;,i = 1,. .., 6, independent of K, such
that:
AK hK K k
AN (D b)) <AL (D, &) < AL (D, &) V ¢, € W,(K), (3.14)
a3 AK L (D ) < ALK @) < AR (08 Y by € WEKD, (3.15)
asAK (@ dp) < A"K (¢, 01) < agAK (9 0) Y by € WEKD. (3.16)

Proof. The proof follows standard arguments in the VEM literature (see Beirdo da Veiga et al., 2013,
2016a; Antonietti et al., 2016; Cangiani et al., 2017b). O

Since K~! is a full tensor the bilinear form Ailﬁl (-, -) does not satisfy the consistency property. In

order to overcome this drawback we have the following auxiliary results, which will be useful to prove
the theoretical results.
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LemMA 3.7 Let K € 7, and let T be a smooth and symmetric tensor field defined on K. For any p, q
smooth enough vector fields defined on K, we have

Tp.@ox — (TAL P AL 1q), < ITp— L (TP)loglla — T5 dlog

+ITq—If (TPllggllp — T pllog
+Crllp— I plloglla — TF_ qllgx-

where Cp > 0 1is a constant depending on T .

Proof. For simplicity we consider the following notation: p := IT kK_lp andq =11 kK_ 14- Then using
the symmetry of T, adding and subtracting suitable terms and using the properties of the projection
n kK_l , we have that

(Tp, Q)O,K — (Tp, q)O,K
=(Tp.@ox — (Tp.Dox + (TP, Pox — @ TP
=Tp.a—Qoxg+@®P—-P.TQox

= Tp.a-Dox — (Tra—1), +@-P.TDox~ (p-P.Ta)
=(Tp-Tp.a-a) +(p-PTa-Ta)
= (Tp-Tp.q —E)O’K+ (p-p.Td-Ta- Tq+Tq)O’K
= (Tp ~Tp.q —E)O’K + (p -p.Tq —ﬂ)O’K —P-p.TW@—@)og-
Then, the result follows from the Cauchy-Schwarz inequality with Cp = ||T || oo (k252 (I

As an immediate consequence of Lemma 3.7 we have the following result.

LeEmMA 3.8 Forall K € 7, and for all ¢, ¢, € Wﬁ(K), we have

K h,K
Acurt (Pn> 1) — Acant (@ B1)
< IK " curl g, — I§_| (K~ curl ¢,) | & llcurl ¢, — I curl ¢, [l ¢
+ 1K™ curl ¢, — H§_ (K" curl ¢,) | g llcurl ), — If_ curl gl «

+ Cglleurl ¢, — IT{_ curl ¢, ||, llcurl ¢, — ITE_ curl g o «
kV+ JASS
+ St (0 — T @iy — T ¢y,

where C > 0 is a constant depending on the tensor KL

The next step consists in constructing a computable approximation of the right-hand side (2.7). With
this aim, we define, for each element K, the following computable (using the sets of degrees of freedom
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D; — Ds) term:

F'E () = / g f-curlg, = / f-1m5 curlg, V¢, € WHK).
K K
Thus, we introduce the following element as an approximation of (2.7):

Fi(gy) =D F"@) VW, (3.17)

KeTy,

REMARK 3.9 If f is a smooth function then using integration by parts in (2.7) gives (f,curl ¢), o =
(rotf, ¢)g o V¢ € W. As a consequence, it is possible to consider an alternative right-hand side as
follows: for each k > 2 and for each K € 7,,, we define

F'E(¢,) == /K K, (rotf) ¢, = /K rotf [T ¢,V ¢, € WE(K).

Then, it is possible to consider the following alternative global right-hand side: F - W, — R defined by

Figy) == D F" () Y, €W, (3.18)

KeTh

We note that F"'(-) is fully computable using the degrees of freedom D; —Ds, since IT ,f(_ , is computable.

3.4 The discrete virtual schemes

Now, we use the discrete forms and the results of the previous sections to write two discrete VEM for
the approximation of the unique solution of the Brinkman problem presented in (2.3).
The virtual element discretization reads as follows: find v, € W,,, such that

A" W) = F' () Y ¢, € W), (3.19)

where A" (-, ) is the discrete bilinear form defined in (3.9) and F”(-) introduced in (3.17). We note that
as a consequence of (3.16) the bilinear form Ah(~, -) is bounded. Moreover, it is also uniformly elliptic,
as shown the following result.

LEmMMA 3.10 There exists a constant & > 0, independent of v and £, such that

A 2@ 4l Y by W

Proof. Thanks to (3.14) and (3.15) it is easy to check that the above inequality holds with
o 1= max{ozA;, o} > 0. O

As an immediate consequence of Lemma 3.10 we have the following theorem:
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THEOREM 3.11 Discrete formulation (3.19) admits a unique solution v, € W,, which satisfies the
following continuous dependence on the data

I¥pllw < Clifllo,e»

where the positive constant C is independent of v.

REMARK 3.12 By considering the alternative right-hand side proposed in Remark 3.9, it is possible to
write the following well-posed discrete formulation: find v, € W}, such that

A"y d) =F' g Y e W, (3.20)

We are going to analyze in detail the virtual element discretization (3.19) and summarize the results
for the VE discretization (3.20) (see Remark 4.25).

4. Convergence analysis

In the present section we develop an error analysis for the discrete virtual element schemes presented
in Section 3.4. For the forthcoming analysis we will assume that the mesh assumptions Al and A2,
introduced in Section 3.1, are satisfied.

We will use the following broken H*-seminorm, for each integer £ > 0:

2 . 2
Bl174 =D 1ol

KeTy

which is well defined for every ¢ € L?(£2) such that ¢| K € HY(K) for all polygon K € Th-

Moreover, we recall the following approximation result, which is derived by interpolation between
Sobolev spaces (see for instance Girault & Raviart, 1986, Theorem 1.1.4) from the analogous result for
integer values. In its turn the result for integer values is stated in Beirdo da Veiga et al. (2013, Proposition
4.2) and follows from the classical Scott—Dupont theory (see Brenner & Scott, 2008, and Antonietti
et al., 2016, Proposition 3.1):

PRrROPOSITION 4.1 If the assumption A2 is satisfied then there exists a constant C > 0, such that for
every ¢ € H®(K), there exists ¢, € P(K), k > 0, such that

6 — b lox < CH “Ilsg, 0<8<k+1,£=0,1,....[8]

where [8] denoting largest integer equal or smaller than § € R.

We are going to use the following standard approximation property (see Brenner & Scott, 2008;
Caceres & Gatica, 2017):

LemMA 4.2 There exists a constant C > 0, independent of /g, such that for all v € [HS(K)]?
v —Hf \Vigg < ChIVlsx 0<8<k k=2

Now, we start with the following bound for a dual norm.
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PROPOSITION 4.3 Letk > 2 and f € [L?(£2)]? such that f|, € [H*~!(K)]? foreach K € T, Let F(-) and
F"'(-) the functionals defined in (2.7) and (3.17), respectively. Then, we have the following estimates:

F(¢,) — F"
IF = F"lly, == sup 1F(@) — () < CHfl_y e

sy lal

Proof. Let ¢, € W,, then using the definition of F(-) and F'(-) (see (2.7) and (3.17), respectively),
orthogonality property of the projector IT kal, the Cauchy—Schwarz inequality and Lemma 4.2, we have

IF(py) — F'(¢)] < D If— I £l klleurl ¢, — ITE curl ¢, [l
KeT,

k—1
<3 B M kg
KeTh

< CH Nl -
Therefore,

IF = FPlly, < CH iy,

O

In order to develop the error estimates, from now on, we make the following assumption for the
permeability tensor: K—! € W!+50°(£2)2x2,
The next step is to establish the following result.

LeEmMaA 4.4 Letk > 2 and f € [L?(£2)]? such that f| € [H*~!(K)]? for each K € 7,,. Let ¢ and v, be
the unique solutions of problems (2.3) and (3.19), respectively. Then, there exist s > 1/2 and a positive
constant C, independent of v and 4, such that

1 = Vil = € (IF = F'lly + 1 =yl + 1 = Vel

1Y = Wl EER g o))

for all ¥; € W, and for all ¢, € L2(£2) such that Y, g € Pr(K) for all polygon K € Tj,.
Proof. Letyr; € W;,. We set vy, := v, — ;. Thus,

I = dpllw < 1V = dyllw + vl 4.1
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Now, thanks to Lemma 3.10, adding and subtracting the term A(y,v,,) and using the definition of the
continuous and discrete problems (2.3) and (3.19), respectively, we have

vyl < AMpvp)
= A" ) — APy vy
= F'(v) — A"y vp)
= F'(v)) — F(v) + A(¥,vy) — A" Yy vp)

= F') = Foy) + > {vak @) + 4k v}

KeT,

-> {vAIzK(Wp V) + Aun (V. Vh)}

KeTh

= F' ) — Fy) + > {vAK @ = v v = oA @y = v |

KeT,
+ Z {Afurl (W 7h) = Agur (‘Pl"’h)}’ 4.2)

KeTy,

where we have added and subtracted v, € L2(£2) such that VY. lg € Pu(K) forall K € T, fork > 2, in
the last step.

Now, we are going to analyze the last two terms of (4.2). By using the continuity of bilinear forms

AIA( (,-) and A}ZK(-, -) and the triangular inequality, we have that

o[AKW = Vo) + A5 W = Vo] = OO (1Y = Vil + W7 = Vela) ik

<O (¥ — Vrlogx +1¥ — ¥lok) Valak- (4.3)

On the other hand, for the last term in (4.2), adding and subtracting the term Afurl (¥y,vy,), we have

h,
Afurl W, vp) — Acull(-l W)
nK
= Al (Vo v) — AR (Wrvi) + Alan 1 vi) — Agan (U1 v)

= AK O = v + Ak (W) — AL v} (44

Next, thanks to the continuity of Afurl (-, -), it follows that

A O =¥ v) < ClY — ¥l kil ko (4.5)
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and the second term in (4.4) is bounded using Lemma 3.8 as follows:

Al Wy — ALS (W)
< IK™ " curl y; — I, (K™ eurl y)) [l g lleurl v, — I curl v, || ¢
+ 1K eurl v, — I (K~ eurl v, o g leurl v, — I curl o ¢
+ Clleurl y; — I¥_curl Vlloxllcurl v, — g curl villo.x

K kV+ kvt
+ Seurt Uy — g™ vy, — I~ vy).

Adding and subtracting appropriate terms, using triangular inequality, the estimate in Lemma 4.2 and
standard argument, we obtain

in{14s,k
Al 1w = Al W) = € (10 = Vil + 10 = Vel + I W o) Wil 46)

Now, from (4.2) using the triangular and Cauchy—Schwarz inequalities and (4.3), (4.4), (4.5) and
(4.6), we have

alvylliy < IF = Flly vally + D7 Cv (1 = bk + 1V = ¥ilak) il

KeTy
in{1+s,k
+ 0 (W = Wil + T Wk + 1V = Valig) il
KeT,
< CIF" = Flly Ivyllw + € D (19 = ¥alix + VOl = Yrlog) Wolvilog + alx)
KeTy
in{1+s.k
+C X (VY = Wlag 1 = Yl IR Tl k) WOl + il g0,
KeT,

applying the Cauchy—Schwarz inequality in the second and third terms of the above estimate, we get

@iy = € (IF = Fhllyy + 19 = ¥l + 19 — Yl
VO = Ul A o) Iyl 7

Therefore, the proof follows from (4.1) and (4.7). O

The next step is to find an appropriate term v; € W, that can be used in Lemma 4.4 to prove
convergence of our discrete scheme. Thus, we have the following result.

PROPOSITION 4.5 Assume that A1 and A2 are satisfied. Then, for each ¢ € H' 3 (£2), there exist ¢; € W,
and C > 0, independent of #, such that

lp—dilloe < CH*plsq. €=0.12, 2<8<k+1, k>2.
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Proof. The proof follows repeating the arguments from Beirdo da Veiga et al. (2019a, Proposition 4.2)
(see also Antonietti et al., 2016, Proposition 3.1). O

The following theorem establishes the convergence of our scheme.

THEOREM 4.6 Letk > 2 and f € [L?(£2)]? such that f|; € [H*~!(K)]? foreach K € T,.Let ¢y € W and
Y, € W), be the unique solutions to the continuous and discrete problems (2.3) and (3.19), respectively.
Then, there exist s > 1/2 and a positive constant C, independent of v and A, such that

I = Wallw < CH™™ 50 (1 + 1 llag0)-
Proof. The result follows from Lemma 4.4 and Propositions 4.1, 4.3 and 4.5. O

4.1 Error estimates in H' and L>

In this section we prove estimates in H'- and L2-norms for the stream function using duality arguments.
The following preliminary result will be useful to show the estimate in H' and the proof follows standard
argument.

LEMMA 4.7 Letk > 2andlet g, ¢, € Py(K), then the bilinear forms AK (-, -), AK (-, ), A (., ) and
Afur] (-, -) on each element K, satisfy
A (@) — AK (0. ) = A (@ — 0.8y — 02) — AK (@) — 0 b4 — 02)
h,K K
+ Acurl ((ph 2 ¢h) - Acurl (gah Rz ¢h)

ALK @r ) — AR (0t Y 0ty € WEE).  (48)

The following result establishes an error estimate in H'-norm for the stream function. We are going
to use a duality argument. With this aim we make the following assumption in Theorems 4.9 and 4.10.

AssuMPTION 4.8 Constants s and C in Theorem 2.3 are independent of v.

THEOREM 4.9 Letk > 2 and f € [L2(£2)]? such that flx € [H*1(K))? foreach K € T,-Lety € Wand
Y, € W), be the unique solutions to the continuous and discrete problems (2.3) and (3.19), respectively.
Then, there exist 5 € (1/2,1], s > 1/2 and a constant C > 0, independent of v and A, such that

1V = Vil < CH™MM (4 14 0)-
Proof. Let ¢ € W be the solution of the auxiliary variational problem: find ¢ such that
A(p,v) = /Q Vi =) - Vv YveWw, (4.9)

where A(-, -) is the bilinear form defined in (2.4). )
From Theorem 2.3 there exists 5 € (1/2,1] and C > 0 (cf. Assumption 4.8) such that ¢ € H>T(£2)
and

lolla15.0 < ClY — ¥l - (4.10)
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Now, let ¢; € W}, be such that Proposition 4.5 holds true. Taking v := (¢ —,) € W as test function
in (4.9), using the symmetry of the bilinear form and adding and subtracting ¢;, we obtain

W —vlle < AW — ¥ 0)
=AW — V)¢ — b)) + AW — ¥ )
— AW — V¢ — b)) + AW, ¢) — AW )
=AW — V¢ — &) + Fd)) — AWy )

=AW — Y — ¢p) + [F(pp) — FH (o) + [AM (W, 0p) — AW, 0]
=T, +T,+ T 4.11)

where we have used the definition of the continuous (see (2.3)) and discrete problems (see (3.19)).
Now, we bound each term T, T,, T5. We start with T} as follows:

Ty =AW = V.6 — ¢p)
= ClY = dliwle — ¢llw

2 2\
= 19 = Wl (16 — &} g +vie — &1 o)
) ~ - _ 1/2
< O+ W ) (CP 19150 + CoRT 19145 0)

< Chmin{s’k_l}ﬂﬂk—l,h F 1Y g (1 + «/;)h§||¢||2+§,:2
<ca+ ﬁ)h§+min{s,k—1}(|f|k_1’h + ||1//||2+SQ)|1,0 — '(ﬂh|1,!2’ (4.12)

where we have used the continuity of bilinear form A(-, -), Theorem 4.6 and Proposition 4.5.
For T, we use the definition of the functionals F(-) and F h(.), applying the Cauchy—Schwarz
inequality and Lemma 4.2 as follows:

Ty =F(g) —F'(¢p= D [ E—f f)- (curl ¢, — If_ curl ¢))

keT, 'K

< Z If — Hf_1f||0’K||Clll‘l ¢ — Hllf_lcurl érllox
KeTy

= z Ch];(_l|f|k_1,1<( chl‘l ¢ — curlqﬁ”O,K
KeT,

+ |leurl ¢ — I§_ curl ¢l x + IITTF_ (curl (¢ — ¢))llox)

< z CHig Ifl_ 1 x (C||¢ — ¢yl g + Chie? ”¢”2+E’K)
KeTy,

< CRPME I (1 1 o) 1V — Yilie: “.13)

where we have also used the Cauchy—Schwarz inequality, Proposition 4.5 and (4.10).
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Now, we continue with the term T5. Let ¥, ¢, € P, (K) such that Proposition 4.1 holds true. Using
(4.8) we have

Ty = D AWy, — Y by — b)) + AWy — Vo) — )]

KeTy,
+ D AR W = V) — AR (W — Vb))
KeTy,
+ D AR (Wb — AR (U]
KeT,
=Tz, + T3 + T, (4.14)

We bound each term on the right-hand side above. To do that we introduce

Il = (lofix +vieBx) Ve HK).

Then, the first term can be bounded as follows: using the continuity of the bilinear forms ALK (-,-) and
AK(., ), we have

T3, < D Clvy — Y lwilldr — b llwk

KeTy,

< D CUV = Vlwx + 1V = Y llw ) ir = Sl + 16 = bl )
KeTy,

= D CUY =¥l +CO+ VIR ) (18— Bl k+CA -+ 19115k ) -
KeTy

where we have used Proposition 4.1. Now, using the Cauchy—Schwarz inequality, Theorem 4.6 and
(4.10), we obtain

T3a = CUlW = ¥l + CC+ V5D, o) (€A + VR Bl + 16— Bllw)
= CUI, = Yy + A+ VDR o) (CA+VII G 245.0+CAFVDEBl245.0)

< CA+ VRS (1R 1l 0) KBl
< CA+ V)RS (18 1l 0) [V — Vil o (4.15)
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Now, we will bound the second term on the right-hand side of (4.14). By using Lemma 3.8 and the
fact that ¢, € P (K), we have

Ty, < Z IK™" curl (v, — ¥,) — HE_ | (K™ eurl (¥, — ¥, )l glleurl g, — IE_ curl ¢ |«
KeTy,

+ 1K™ eurl ¢, — IE | (K~ eurl ¢.) o g leurl (¥, — v) — IE jeurl (¥, — ) llox
+ Clleurl (y, — ¥,,) — I curl (Y, — ) llg g llcurl ¢, — IF_ curl ¢, ||«

L L
- stant (U = V) = TR (W = V) 8 =TI )

= Z IK™" curl ¢, — 5 | (K™ 'eurl )l ¢ llcurl (v, — v,) — O curl (¥, — ¥ ) llo ¢

KeTh
= > C(16x = blig + M 19 lar5k) (W = Wi + 1 = Va1 )
KeTy
< O (1 W D gs0) 1V~ Vil g (4-16)

where we have also used the stability properties of projector IT kK_ |» triangular inequality, Proposition 4.1
and the Cauchy—Schwarz inequality.

Finally, we bound the third term on the right-hand side of (4.14). We proceed as in the previous
estimate to obtain that

T3 < D IK ' eurl yr, — I (K™ eurl yr,) o ¢ llcurd ¢, — I (curl ¢))lo

KeTy
_— i
< > O™ Nyl ) 1450
KeTy,
< CIEME (1 + 1 o) 1V~ Vilie: (@.17)

Then, from (4.15), (4.16) and (4.17), we get

Ty < CHP™EEU (g W o) 1 — Yo (4.18)

Finally, the proof follows from (4.11), (4.12), (4.13) and (4.18). O
The following theorem establishes an error estimate in L?-norm.

THEOREM 4.10 Letf € [L?(£2)]? and let Y € Wand y;, € W, be the unique solutions to the continuous
and discrete problems (2.3) and (3.19), respectively. Then,

(a) Ifk=2andf|y € [H'(K))? forall K e T, then there exist s > 1/2, 5 € (1/2, 1] and a constant
C > 0, independent of v and £, such that

1 — Yulloe < CHT™RSD (1) + 1Y 14 0)-

2202 1940100 /| U0 J8sn oig 1 [9p PepISISAIUN Aq 0186/ ¥9/ZE9E/F/Z /o0 eulewl/woo dno olwapese/:sdiy woly pepeojumod



C'-VIRTUAL ELEMENT METHOD OF HIGH ORDER FOR THE BRINKMAN EQUATIONS 3653

(b) If k > 3 and f|; € [Hk_l(K)]2 for all K € 7, then there exist s > 1/2, y € (1/2,2] and a
constant C > 0, independent of v and &, such that

1Y — Wl < CRY TSN (1) 1Yl 0)-

Proof. The proof of (a) follows from Theorem 4.9. In fact we have

1Y — Wulloe < CI¥ — Yyl < CEET™MSU (1] + 1l o),

where C > 0 is a constant independent of v and .
On the other hand, if k > 3,let ¢ € W be the solution of the following auxiliary variational problem:

Alp,v) =G(v) VYveW, (4.19)

where A(-, -) is the bilinear form defined in (2.4) and G(-) is the functional defined by
GW) = / W — v VveW.
2

From Theorem 2.3 there exists y € (1/2,2] and C > 0 (cf. Assumption 4.8) such that ¢ € H*17 (£2)
and

lPllr4, 0 = CllY — Yyllo.0-
Now, taking v := (¥ — ¥,) € W as a test function in (4.19), we obtain
I — ¥l =AW — V. 8),

where we have used the symmetry of A(:, -).
Let ¢; € W, such that Proposition 4.5 holds true. In particular, we have

16— brlng < C I9lhyy0 and 16—l g < CHT7 4, o
Repeating the arguments used to obtain estimate (4.11), we get
1V — ¥ulls.e < By + By + Bs,
where
By =AW — V.0 —¢). By:=F(@)—F'(¢) and Bs:=A"(Y,.¢)— AW, 0.

Now, repeating the steps used in the proof of Theorem 4.9, we can estimate the terms By, B, and B
to obtain that

IV — Wllg.g < CRY TSN (1), Wl 0), k=3
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The proof is complete. d

4.2 Recovering the velocity field

The solution of the discrete problem (3.19) delivers the stream function of the velocity field. In addition,
it is possible to obtain the remaining quantities of interest: velocity u and pressure p.
We begin with the velocity field: if ¢ € W the unique solution of problem (2.3), then

u = curl . (4.20)

At the discrete level, we compute a discrete velocity as a post-processing of the stream function v, € W,
as follows: if v, is the unique solution of problem (3.19) then the function

u, ;= curl ¥, “4.21)

is an approximation of the velocity.
Now, we establish the accuracy of the discrete velocity. With this aim we introduce the following
v-dependent norm:

2 2 172 1 2
Mg = (IV3e +vivie) —  vvel'@r

THEOREM 4.11 Let k > 2 and f € [L?(£2)]? such that f|; € [H*~!(K)]? for each K € 7,. Let ¢ and
Y, be the unique solutions of problem (2.3) and problem (3.19), respectively. Then, there exist s > 1/2
and a positive constant C, independent of v and 4, such that

=yl o < CH™™MSEN (1) + 1Y o)

Proof. From (4.20), (4.21) and Theorem 4.6, we have

=[] = lleurl ¥ — curl ¥, |[§ ; + vicurl ¥ — curl ¥, |7 o
< Clly — ¥l

: _ 2
< CRP™S RN (8] W )

The proof is complete. g

REMARK 4.12 Recently, it has been presented in Vacca (2018) a VEM, of arbitrary order £ > 2, to
solve the Darcy and Brinkman problems in terms of the velocity u and the pressure p fields. We are
going to compare the computational cost (in terms of degrees of freedom) between the method from
Vacca (2018) and our C! scheme to obtain the same accuracy Ob) for the velocity field. Assuming
a sufficiently smooth solution for the Brinkman problem, it has been established in Vacca (2018,
Section 3 and Theorem 5.2) that the computational cost in terms of degrees of freedom is given by
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R, := dim(V}) + dim(Q}) with

€(£+1)_1+(£—2)(£—1)
2 2
e(e+1)_1
2 b

dim(V) :=Ny ( ) +2 (Ny + (£ — DNg),

dim(Q}) :=Ng

where N is the number of internal edges, Ny, is the number of internal vertices and Ny the number of
elements of 7. It can be observed from (3.6) that for k = £ 41 and using the Euler formula (Ny, — Ny +
Ng — 1 = 0), that the computational cost of our scheme is smaller than the method studied in Vacca
(2018). In particular, to obtain an O(h?) for the velocity field, Ry, = 5Ng + 2(Ny + Ng) — 1, while
our scheme needs R; = 3Ny, + Ny (cf. (3.6)). In addition, for our method, the resulting linear system is
positive definite, as opposed to the one in Vacca (2018) that is undefinite; this allows for more efficient
methods such as Cholesky factorization or conjugate gradient.

4.3 Recovering the pressure field

In this section we present a novel strategy to recover fluid pressure. We will write a generalized Poisson
problem with data coming from the stream function. Then, we propose a discrete virtual scheme, based
on the CY enhanced virtual element space from Ahmad et al. (2013). We will also establish an error
estimate for the fluid pressure in H'-norm, under the assumptions that £2 is convex and that the family
of polygonal meshes 7}, is quasi-uniform.

In order to recover the pressure we consider the following Hilbert space:

H(2) = {q e H'(2): (g )0 = 0} :
By using the identity —Au = curl (rotu) — V(div u) in the momentum equation of (2.1), we obtain

f=K lu—vAu+Vp
=K 'a+ v (curl (rotu) — V(divu)) + Vp
=K 'u+ veurl (rotu) + Vp,

where we have used that divu = 0 in £2 (cf. (2.1)). The above equality can be rewritten as follows:

Vp=~£-— K~ curl Y — v curl (rot curl )
=f—K 'curl ¥ + vcurl (Ay), (4.22)

where we have used the fact that u = curl ¥ and the identity rot(curl ) = —Avy.
Then, by testing (4.22) with Vg for g € H 1(£2), we get the following variational problem: find
p € H'(2) such that

By(p.q) =GY(q) VY qeH(R), (4.23)
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where By : H'(2) x H'($2) — R is defined by
Bo(p,q) = /Q Vp-Vq  Vpqel\®) (4.24)
and GV : H! (£2) — R is the functional defined by:
GY(g) = /Qf- Vg — /Q K 'curl - Vg + v/g curl (Ay)-Vg VgqeH (). (4.25)

Since £2 is convex we have that ¢ € H3 (£2), thus, as a consequence of the generalized Poincaré
inequality and the Lax—Milgram Theorem, problem (4.23) is well posed.

In what follows, we will write a lowest order discrete virtual scheme associated to (4.23) in
order to build a discrete pressure over the same polygonal mesh 7, used to solve the stream
function discrete formulation (3.19). We observe that, following the arguments in this section, it
is possible to write a high order virtual scheme of order £ := k — 2 (Ahmad er al. (2013);
Beirdo da Veiga er al. (2016a); Cangiani et al. (2017b)), with k& > 3 being the order for the c!
VEM (3.19).

Now, we split the bilinear form By (-, -), as follows:

By(p,q) = D BS(p.q) = Z/KVP'VCI vV p.qeH ().

KeTy, KeTy

Now, for each polygon K € 7, we introduce the space
B, (0K) = |q, € CC0K) 1 g}, € Pi(e) Ve k],
Then, we consider the finite-dimensional space H 1,(K), defined as
B,(K) = {ay € H'(K) 2 g4, € B OK), Agy € Py(K)| .

The following set of linear operator is defined for all ¢;, € H L (K):
e P, : the values of ¢, (V;) for each vertex V; of K.
We define the projector ITy) : f]h(K) — Pi(K) € f]h(K) for each ¢, € flh(K) as the solution of

BX (11 qy, 1) = BS(q,,1) Y reP(K),

H;Qh =
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where g, is defined in (3.2). We have that the operator I7 ; is explicitly computable using the set P, (see
Beirdo da Veiga et al., 2016a). We introduce our local virtual space:

H,(K) := {qh € ﬁh(K) :(an — e g, l)O,K = O} :

Moreover, it is easy to see that the set P; constitutes a set of degrees of freedom for H,(K) (see Beirdo
da Veiga et al., 2016a).

We can now present the global virtual space to approximate the fluid pressure: for each decomposi-
tion 7, of £2 into simple polygons K, we define

H, = {qh cH'(2): qlx € Hh(K)} .

A set of degrees of freedom for H, is given by the values of g, at the vertices of 7},.

Now, we will continue with the construction of the discrete bilinear form and the linear functional
of problem (4.23). To do that, for each K € 7,, we consider the L?-projection onto the space [Py (K )2
Forv e [L? (K 2, IO g ve[PyK )]2 is the unique function such that

/K (v—Hfv) q=0 Vqel[Py (KT (4.26)

REMARK 4.13  For each g, € H), the function IT (I){ Vg,, is computable using the degrees of freedom P,
(see Beirdo da Veiga et al., 2016a).

Let slv< (+,+) be any symmetric positive definite bilinear form such that

ciBE . an) < 8 (qpap) < esBS(qp.q,) Y q, € Hy(K), with [T g, =0,  (4.27)

for some positive constants ¢, and c5 independent of K. A classical choice for the stabilizing bilinear
form s§(~, -) satisfying (4.27) is given by the Euclidean scalar product associated to the degrees of
freedom P, (see Beirdo da Veiga et al., 2013; Cangiani et al., 2017b):

Ny
S§ @ @) = D p (Vg (V) (4.28)

i=1

where V; are the vertices of K, with 1 <i < N"f . A proof that the bilinear form defined in (4.28) satisfies
the property (4.27) is given in Cangiani ef al. (2017b, Proposition 5.3).
Then, we set

h . hK
BY@pap) = D BS ppay) Y ppoqy € Hy,
KeTy,
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where
h,K
By (p»qy) = /KH(I)(VPh : Hquh + SIé(Ph - H;Ph,qh - HIY‘]h)’ (4.29)

for all p,,, q;, € H,(K). The following result gives us consistency and stability properties of the local

discrete bilinear form B@K G,).
ProprosITION 4.14 The local bilinear forms B§(~, -) and B@K (-,-) defined in (4.24) and (4.29),
respectively, satisfy the following properties:

e Consistency: for each & > 0 and each K € 7,,, we have
B@K(qh, r) = Bg(qh, r) VreP (K), VYgq,cH,/K). (4.30)

e Stability: there exist positive constants o, crg, independent of i1 and K, such that
K UN'S K
a;By (g, q,) = By (q4,9;) < agBy(qy.q,) Y q, € Hy(K). (4.31)

The next step consists of constructing an approximation of the right-hand side (4.25), which depends
on the stream function v and the source term f. With this aim, from now on, we assume that the discrete
problem (3.19) has been solved with k = 3. So, ¥, € W), is available and satisfies the error bound in
Theorem 4.6.

First, for any K € 7,, we consider the L2-pr0jecti0n onto P, (K): Forv € L3(K), IT ]K v e P(K)is
the unique function such that

(v — I 1K v, r)

k=0 VrePK. (4.32)

Now, for each K € T, we define the following discrete linear functional:
GV K (q,) = / f-mivg, - / K™'IXcurl v, - M& vy,
K K
+ v/ curl (71K (Ay,)) - OV, Vg, H(K),
K

where IT g is the projection defined in (3.4) (with k = 3) and I IK is the projection defined in (4.32). We
observe that both functions are fully computable for v, € W,
We define

G/ (qy) = D G (q) Vg, eH, (4.33)
KeT,

Thanks to Remark 4.13 we have that G¥#(-) is computable using the degrees of freedom in H,,.
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Therefore, we propose the following virtual element discretization to recover the fluid pressure: find
Py, € Hy, such that

BY(ya) =GV (q) Y g € Hy, (4.34)

We observe that by virtue of (4.31) the bilinear form B]%(', -) is bounded. Moreover, the following
result states that B% (-, -) is elliptic, thanks to the generalized Poincaré inequality.

LEMMA 4.15 There exists a constant A > 0, independent of v and 4, such that

h 2
By(Gpap) = 2 anl g Y an € Hy
Next, we will prove that the linear functional defined in (4.33) is bounded. To do that we consider
the following approximation result (see Cangiani et al., 2017b).

PropoSITION 4.16 If the assumption A2 is satisfied then there exists a constant C > 0, such that for
every v € H?(K), there exists v, € P;(K), such that

2
v —vyllox +hglv—velix < Chglviy k-

For the projections IT g and IT lK defined in (4.26) and (4.32), respectively, we have the following
approximation result (see Brenner & Scott, 2008; Beirdo da Veiga et al., 2016a; Gatica et al., 2018a).

ProPOSITION 4.17 Let IT g and 7 IK be the projections defined in (4.26) and (4.32), respectively. If the
assumption A2 is satisfied then the following approximation properties hold true: there exist constants
C, C > 0, independent of &g, such that

v —Ifvllgx < Chlvlsx YveHY(K), 0<8<2,
v —H§vllgx < Chglvl.x Y velHS K, 0<e=<l
Now, we consider the following interpolation result on the virtual space H;, (see Mora et al., 2015;
Cangiani et al., 2017a,b).

PrOPOSITION 4.18 If the assumptions Al and A2 are satisfied then there exists a constant C > 0,
independent of A, such that for each v € HZ(Q) there exists v; € Hj,, such that

v =villog + v — vl o < CR*|v]q.
In order to establish the well posedness of (4.34) we will assume that the family of polygonal meshes

T, is quasi-uniform.

A3: Foreach h > 0 and for each K € 7, there exists a constant ¢ > 0, independent of A, such that
hg =>7Ch.

We have the following inverse inequality on a polygon (see Chen & Huang, 2018, Lemma 3.1).

2202 1940100 /| U0 J8sn oig 1 [9p PepISISAIUN Aq 0186/ ¥9/ZE9E/F/Z /o0 eulewl/woo dno olwapese/:sdiy woly pepeojumod



3660 D. MORA ET AL.

LeEMMA 4.19 If the assumptions A1l and A2 are satisfied then there exists C > 0, independent of h,
such that

lal x < Chg'llglox ¥ qePyK), €=0.

The following result establishes that the functional G¥# (-) defined in (4.33) is bounded.

ProposITION 4.20 Let f € [L*(£2)]? such that f|; € [H?>(K)]? for all K € T,. Let  be the unique
solution of the problem (2.3). If the assumptions A1, A2 and A3 are satisfied and v € H>(£2), then the
functional GY* : H, » — R defined in (4.33) is linear and bounded.

Proof. By using triangular and Cauchy—Schwarz inequalities and the stability of the projections IT §
and IT g (see Lemma 4.2 and Proposition 4.17), we have

G¥ (gy)| < Clfllo o llgull .0 + Clvallygllgnlig + D v / leurl (1T (Ayy) - AEVq,l. (435)
KeTy K

Now, adding and subtracting the term curl (Av/) - Vg, in the last term on the right-hand side above, and
using the definition of IT (’)( together with the triangular and Cauchy—Schwarz inequalities, we obtain

/churl (X (Ayy) - MKV, S/K‘(curl (K Ay,) — curl (Al/f))-th‘—}—/churl (AY) - Vg,

< [eurl (Ay — [Tf Ay) [ 1 Vaullo x + leurd (Al 1V, llo
< Clay — IF Ayl kllaull x + ClY s Vaullox

< C(|ay — Of Ay | g +|TFAY — TEAY, | x+C1V 15 k) laull &
< C(Clay |, ¢+ |[TK Ay =AYk + Cl L ) gl ¢

< C(Wlsk + [T AY =AY k) gl k- (4.36)

where we have also added the term IT lK A and used the stability properties of the projector I7 IK (see
Proposition 4.17).
Now, we use the inverse inequality in Lemma 4.19, Assumption A3 and Theorem 4.6, to obtain

S v [ leurt (7 ) TV = € 3 (1wl + Con WIS AW = A0l i) Dl
KeTy K KeTy,

< C > (vl + T v A = Avlok) gl
KeTy

<C, (Vllﬂls,z« + Cvlg' [y — wh|2,K) gl x

KeTy,
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= C (V¥ lsg + g 1V = Villw) laal.c

< C(Iflay + 1V l5.0) lgull o (4.37)

where the constant C > 0 depends on the constant ¢ in Assumption A3. Finally, from (4.35) and (4.37),
we get

1GY" ()| < C(I1Wnlli0 + 1Vl 0 + o) gl o < C (Iflg0 + IFl2,) g4l o-
O
As a consequence of the last result and the Lax—Milgram Theorem we have the following result.

THEOREM 4.21 Let f € [L?*(£2)]? such that fly € [H*(K)]? for all K € 7T,. Let ¢ and v, be the
unique solutions of (2.3) and (3.19), respectively. Suppose that A1, A2 and A3 are satisfied and that
V¥ € H3(R2). Then, problem (4.34) admits a unique solution D, € H, and there exists C > 0,
independent of v and A, such that

IPallie < C(Iflg.g + Ifl5,)-

In what follows we will establish the order of convergence of the discrete scheme (4.34). We begin
with the following result, which proof follows the same arguments in Beirdo da Veiga et al. (2013);
Cangiani et al. (2017b).

PropPosITION 4.22  Let p and p;, be the unique solutions of problems (4.23) and (4.34), respectively. If
the assumptions A1, A2 and A3 are satisfied then there exists C > 0, independent of v and &, such that

lp—pplli o <C (IIGV’ - GWIIH;I +lp—pilh e+ 1P _pn|1,h) ;

for all p; € Hy, and for each p,. € L%(£2) such that Pxlx € P(K) forall K € T, where

IGY = G¥"||yy = sup 16" () — G (qy)] .
h

qn€H) ||6]h I 1,2
qn#0

Now, we will bound the term ||GY — G¥|| H)» under the assumptions A3 and ¢ € H*(£2).

PrOPOSITION 4.23 Let f € [L?(£2)]? such that f|; € [H*(K)]> VK € T,, ¥ and , be the unique
solutions of the problem (2.3) and problem (3.19), respectively. Let G¥ (-) and G¥"(-) the functional
defined in (4.25) and (4.33), respectively. Suppose that A1, A2 and A3 are satisfied and that ¥ € H*(£2),
then we have the following estimate

1GY = G¥" Iy < Ch(Ifllg.g + Ifly, + IFl).
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Proof. Letq, € Hy, then using the definition of GY () and G¥"(-), and the Cauchy—Schwarz inequality,
we have

GY (@) — G| = D ‘/Kf (VQh_H§VQh)

KeTy,

2

KeTy,
+ Z v
KeTy,

/ K~ 'curl Y- Vg, — K_lﬂgcurl ¥y, ~H§th
K

/ curl (Ay,,) - Vg, — curl (nfmp) 1Ky,
K

Now, using standard arguments in the virtual element literature (see Beirdo da Veiga et al. (2013,
2016a); Cangiani et al. (2017b)), we have that

Ty < Chifly, |, ”1.(2 (4.38)

and

Ty < Ch (I llag + Ifl 4 + 1Wala0) s o- (4.39)

Finally, to estimate the term 75, we proceed as in (4.36) and (4.37).

Ty= > v /Kcurl (AY) - Vg, — curl (n{fmph) Vg,

Il
N

/Kcurl (Aw - HIKAI//h) Vg,

M

curl (Aw — n{‘Awh) HOK IVanliox

KeTy
= > ovlay — T Ay kgl ¢
KeT,
=2 C (v ’Alﬁ - n{‘mﬁ] Tl ‘H{‘Aw - anAwh’ 1,K) laal
KeTy
< Z C (CVhK |Ayr| 2k TV ‘HIK(Aw — Awh)‘ I,K) ||qh||1’K
KeT,
K
< Z C (vhlllﬂ||4,1< +v ‘Hl (Ay — Al//h)‘ 1,1<) gyl «- (4.40)

KeT,
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Now, using Lemma 4.19, assumption A3 and Theorem 4.6, we have that
VIITE(AY — Ay x < Cvhg' ITE(AY — A llox < Cvlig | AY — APy llox
< Cvh' lAGW = ¥ lloe < Chg' 1Y — Willy
< CChi' 1% (It + 1V ll4.02)

cC
= =h (Ifl5 + 1 ll4.00)- (4.41)

Then from (4.40), (4.41) and the Cauchy—Schwarz inequality, we get

T3 < Ch(1Vllyg + flop) Il o- (4.42)
Therefore, using the estimates (4.38), (4.39) and (4.42), we obtain

IGY (q;) — G""(qy)| < Ch (Il + 1V Nl + If1, + 1f12) lgplly
<Ch (||f||o,g + |f|1,h + |f|2,h) ||qh||1,g-

The proof is complete. O

The following theorem provides the rate of convergence of our virtual scheme (4.34). The proof
follows from Propositions 4.22, 4.23, 4.16 and 4.18.

THEOREM 4.24 Let f € [L?(£2)]? such that f|; € [H*(K)]* for all K € T,. Let ¥, ¥, p and p;, be the
unique solutions of problems (2.3), (3.19), (4.23) and (4.34), respectively. Suppose that A1, A2 and A3
are satisfied and that ¢ € H4(.Q). Then, there exists C > 0, independent of v and 4, such that

Ip = pallig < Ch (Ifllo. + Ifly, + If5)-

Now, we state in the following remark the approximation properties of the VEM (3.20).

REMARK 4.25 We note that for the alternative discretization problem (3.20), we can prove analogous
rate of convergences as in Theorems 4.6, 4.9, 4.10 and 4.24. We do not include proofs to avoid repeating
the steps of the results. We will present a numerical test to confirm the error estimates in this case.

5. Numerical results

In this section we present some numerical experiments to test the practical performance of the proposed
virtual element discretizations (3.19) and (4.34) and in order to confirm the theoretical results. We will
test the method for the cases k = 2 and k = 3.

We have tested the method by using different families of meshes (see Fig. 1):

e 7,!: Triangular meshes;
. 7;12: Trapezoidal meshes;
° 7;13: Sequence of Centroidal Voronoi Tessellation;

. 7;14: Hexagonal meshes.

2202 1940100 /| U0 J8sn oig 1 [9p PepISISAIUN Aq 0186/ ¥9/ZE9E/F/Z /o0 eulewl/woo dno olwapese/:sdiy woly pepeojumod



3664 D. MORA ET AL.

F1G. 1. Sample meshes. ’7;[1 (top left), 7;[2 (top right), ’7;? (bottom left), ’7;[4 (bottom right).

In order to test the convergence properties of the proposed scheme we introduce the following
quantities:

1/2
ey (V) = error(y, W) = (Z W — Ty, ¢ + vy — H,%Awh@,,() :

KeTy,

1/2
ei(¥) = error(y, H') := (Z v - H,’;"‘m%,() . i=0,1,

KeTy,

172
2
e1<p>=error<p,H1>:=<Z\p—nﬁph\ ) =

1,K
KeT,

1/2
e () = error(uH') := (Z lllu — Hf_luhm%,K) :

KeTh,

We will compute experimental rates of convergence for each individual error as follows:

_ log(e;()/€/()

i) = > | = O’ 1’ W’
O gy

where £, i’ denote two consecutive mesh sizes with their respective errors e; and e’.
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TABLE 1 Test 1. Errors and experimental rates for the stream function s, and velocity wy, with k = 2,
using the meshes 7;1 and different values of v

v dofs h e (W) e (¥) () ey ryW) e ri
k=2

156  1/8 29811e-3 — 6.1713e-2 — 1.5025¢-0 —  1.5813e-0 —
717 1/16 7.6129e-4 1.96 1.5555¢-2 198 7.618%-1 0.97 8.2123e-1 0.94
1e0 3075 1/32 1.6005e4 2.24 4.0753e-3 193 3.9142e-1 096 4.1752e-1 0.97
12567 1/64 4.3471e-5 1.88 9.7274e-4 2.06 1.9080e-1 1.03 2.0155e-1 1.05
50445 1/128 9.6899e-6 2.16 2.4631e-4 198 9.6036e-2 0.99 1.0202e-1 0.98
156 1/8 3.8465¢e-3 — 4.4890e-2 — 6.7910e-2 —  6.9083e-2 —
717  1/16 5.0859e—4 291 1.1968e-2 190 2.7103e-2 1.32 2.8244e-2 1.29
le-3 3075 1/32 4.2636e-5 3.57 3.5945e-3 1.73 1.2622e-2 1.10 1.3318e-2 1.08
12567 1/64 5.3640e-6 1.99 1.0142e-3 1.82 6.0360e-3 1.06 6.3852e-3 1.06
50445 1/128 1.3833e-6 1.95 2.6831e—4 191 3.0356e-3 0.99 3.2208e-3 0.98
156 1/8 3.7868e-3 — 4.4383e-2 — 4.4417e-2 4.4417e-2 —
717 1/16 5.5121e-4 2778 1.0773e-2 2.04 1.0808e-2 2.03 1.0808e-2 2.03
le-6 3075 1/32 5.6753e-5 3.27 2.3948e-3 2.16 2.4349e-3 2.15 2.4347e-3 2.15
12567 1/64 5.8777e-6 3.27 5.1550e-4 221 5.5714e-4 2.12 5.5702¢e-4 2.12
50445 1/128 8.0838e—7 2.86 1.2773e-4 2.01 1.657le-4 1.74 1.6591e-4 1.74

5.1 Test I: convergence history

In this numerical test we solve the Brinkman problem (2.1) on the square domain £2 := (0, 12, with
different values for the viscosity v and with the following tensor:

1 __(sinQmx) + 1.1 1076
K™ "( 100 sin@ry) + 1.1)

In addition, we take the load term f in such a way that the analytical solution is given by:

1
P(x’)’) =)C3y3 TR

_ K2(1 = )%yl — y)(1 —2y)
u(x,y) = 200 ( ) s T

—x(1 = x)(1 = 2x)y*(1 — y)?

¥ (x,y) = 1004 (1 — )32 (1 — y)*

We report in Table 1, the errors and the orders of convergence for the stream function v, obtained
with the VEM (3.19) and for the post-process velocity w, (cf. (4.21)). We take different values of v;
1e0, 1e-3, 1e-6. The polynomial degree is given by k = 2 and we consider the sequences of meshes
7;11. In this case it can be clearly seen that, the method converges with orders predicted in Theorems 4.6,
4.9,4.10 and 4.11 for the stream function and velocity.

In Table 2 we report the errors and the orders of convergence for the stream function v, obtained
with the VEM (3.19), for the post-process velocity u,, (cf. (4.21)), and for the pressure p,, obtained with
the VEM (4.34). In this case the polynomial degree is given by k = 3 and we take different values of v;
le-3, 1e-6 and we consider the sequences of meshes 7;14.

We note that the results reported in Table 2 confirm, for both methods, the convergence rates
predicted in Theorems 4.6, 4.9, 4.10, 4.11 for the stream function and velocity, and the first-order
convergence rate in the discrete H'-norm (in agreement with Theorem 4.24) for the pressure.
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TABLE 2 Test 1. Errors and experimental rates for the stream function \,, velocity field w, and the
pressure py, with k = 3, using the meshes 7;!4 and different values of v

v odofs h ey(¥) ry(¥) e (V) ri(¥) ey) ry(W) e ri@ e rP
k=3

592 1/8 6.9697e-4 — 7.4549e-3 — 1.1202e-2 — 1.1154e-2 — 1.246le-1 —
1e-32336 1/16 3.1100e-5 4.48 7.1764e—4 3.37 2.2583e-3 2.31 2.3192e-3 2.26 6.7001e-2 0.89
9280 1/32 1.3219e-6 4.45 8.6184e-5 3.05 5.5778¢—4 2.01 5.8701le—4 1.98 3.4758e-2 0.94
36992 1/64 7.0976e-8 4.21 1.0872e-5 2.98 1.4126e—4 1.98 1.5043e—4 1.96 1.7706e-2 0.97
592 1/8 7.6336e-4 — 8.2932e-3 — 8.2978e-3 — 8.2976e-3 — 1.2455e-1 —
le-62336 1/16 3.8478e-5 4.31 8.3266e—4 3.31 8.3571e—4 3.31 8.3577e—4 3.31 6.6998e-2 0.89
9280 1/32 1.9187e-6 4.32 9.5227e-5 3.12 9.6922e-5 3.10 9.7015e-5 3.10 3.4757e-2 0.94
36992 1/64 9.8283e—8 4.28 1.1422e-5 3.05 1.228%e-5 2.97 1.2349e-5 2.97 1.7706e-3 0.97

0.9
0.8 0.8
0.7 0.7

0.6

06

05 05

04 0.4
03 03
0.2 02

0.1 0.1

0 0

0 0.2 0.4 0.6 08 1 0 0.2 04 0.6 0.8 1

FI1G. 2. Test 1. Exact and approximate solutions v; ¥,; p; py, (top left, top right, bottom left, bottom right, respectively) using the
VE methods (3.19) and (4.34) with 7714, h=1/32,k=3andv =1le —6.

Figure 2 shows plots of the exact (left) and computed (right) stream function and pressure obtained
with the VEMs analyzed in this paper, using the meshes 7,*, with & = 1/32, v = le — 6 and polynomial
degree k = 3.
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TABLE 3 Test 2. Errors and experimental rates for the stream function \r,, velocity field w, and the
pressure py, with k = 3, using the meshes 7;13 and different values of v

v odofs h eg(¥) ry(¥) e(¥) ri(¥) ey() ry®) e () ri e ) riP)
k=3

455 1/8 1.9311e-5 — 3.0283e4 — 4.4374e-3 — 4.7685e-3 — 5.2516e-2 —
2083 1/16 1.0992e-6 4.13 3.9817e-5 2.92 1.1299¢-3 1.97 1.3179e-3 1.85 2.5695e-2 1.03
2e-4 8751 1/32 6.0995e-8 4.17 5.4004e—6 2.88 2.8968e—4 1.96 3.6877e—4 1.83 1.2814e-2 1.00
35927 1/64 4.2882e-9 3.83 6.8727e-7 2.97 7.3705e-5 1.97 9.6097e-5 1.94 6.6766e-2 0.94
145528/1282.1703e-10 4.30 7.9006e-8 3.12 1.7623e-5 2.06 2.3125e-5 2.05 3.2555e-3 1.03
455 1/8 1.9384e-4 — 3.7720e-3 — 1.2516e-2 — 1.2628e-2 — 8.7157e-2 —
2083 1/16 9.4345e-6 4.36 5.3400e—4 2.82 3.6302e-3 1.78 3.6767e-3 1.78 4.7249e-2 0.88
2e-8 8751 1/32 8.2511e-7 3.51 8.6277e-5 2.62 1.0713e-3 1.76 1.0868e-3 1.75 2.4709e-2 0.93
35927 1/64 7.4428e-8 3.47 1.0898e-5 2.98 2.7792e—4 1.94 2.9335e—4 1.88 1.3366e-2 0.88
145528/128 3.7298e-9 4.31 1.2437e-6 3.13 6.6977e-5 2.05 7.6593e-5 1.93 6.4157e-3 1.05
455 1/8 1.2177e-3 — 3.4590e-2 — 4.5075e-2 — 4.5142e-2 — 7.4545e-2 —
2083 1/16 2.5824e—4 2.23 1.0359e-2 1.73 1.8725e-2 1.26 1.8746e-2 1.26 6.1927e-2 0.26
2e-128751 1/32 3.5689e-3 2.85 2.2864e-3 2.17 6.7606e-3 1.46 6.7605e-3 1.47 4.1795e-2 0.56
359271/64 3.4144e—6 3.38 3.2606e—4 2.80 1.8847e-3 1.84 1.8864e-3 1.84 2.5123e-2 0.73
145528/128 1.8212e—7 4.22 3.7525e-5 3.11 4.7370e—4 1.99 4.7676e—4 1.98 1.2654e-2 0.98

5.2 Test 2: v-dependent solution

The aim of this numerical example is to test the convergence properties of the proposed VE methods
(3.19) and (4.34) by considering the following v-dependent solution (Mardal ef al., 2002):

_xe_x)’/ﬁ
— _ —x/v _ s VAV
u(x’y)_(yexy/ﬁ )’ P(X,}’)—«/Ee V(l e )7

Yy = Ve VL

We have taken the load term f and the boundary conditions according to the above solution. In
addition, we consider 2 = (O, 1)2, the permeability tensor K := I and different values of the
viscosity v.

In Table 3 we report the errors and the orders of convergence for the stream function v, obtained
with the VEM (3.19), for the post-process velocity u,, (cf. (4.21)), and for the pressure p,, obtained with
the VEM (4.34). In this case the polynomial degree is given by k = 3, we take different values of v and
we consider the sequences of meshes ’723 .

It can be seen from Table 3 that, for both methods and for all the values of the viscosity, the
convergence rates predicted in Theorems 4.6, 4.9, 4.10, 4.11 and 4.24 are attained for all quantities.

Figure 3 shows plots of the exact (left) and computed (right) stream function and pressure obtained
with the VEMs analyzed in this paper, using the meshes 7’13, with h = 1/32, v = 2e — 4 and polynomial
degree k = 3.

In Fig. 4, we depict approximate velocity field u, obtained from the discrete stream function by
using (4.21).
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FI1G. 3. Test 2. Exact and approximate solutions v ; ¥,; p; py, (top left, top right, bottom left, bottom right, respectively) using the
VE methods (3.19) and (4.34) with 7;13, h=1/32,k=3andv =2e — 4.

5.3 Test 3: alternative right-hand side

In this numerical example we test the convergence properties of the proposed VE methods (3.20) and
(4.34). We note that the VEM (3.20) is defined by considering the right-hand side (3.18). With this aim
we take the square domain £2 := (0, 1)2, v = 1 and K := [. In addition, we take the load term f in such
a way that the analytical solution is given by:

2 P sin(27x) (y cos(2my) — 7 sin(2my)) e .
ueny) = 72 —ex2+y2 cos(2my) (;r cos(2mx) + x sin(2mwx)) » Pxy) =sin@) —sinG),

Yx,y) = % sin(27x) cos(27y) &

We report in Table 4 the errors and the orders of convergence for the stream function Jh obtained
with the VEM (3.20) and for the post-process velocity u, (cf. (4.21)). In this case the polynomial degree
is given by k = 2 and we consider the sequences of meshes 7;2.
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FiG. 4. Test 2. Velocity field obtained from the discrete stream function by using (4.21) and the meshes T3, withh = 1 /32,k=3
and v =2e — 4.

TABLE 4 Test 3. Errors and experimental rates for the stream function Izh and for the velocity w,, with
k = 2 and using the meshes 7',?

v dofs h eo(¥)  roW) e () i) ey ryW) e riW
k=2

147  1/8 1.0602e-2 — 2.1878e-1 — 3.396le-0 —  4.0146e-0 —

675 1/16 29717e-3 1.83 7.8144e-2 148 1.7432¢-0 096 2.2643e-0 0.82

1e0 2883 1/32 8.4340e—4 1.81 2.3046e-2 1.76 8.6434e-1 1.00 1.1862¢e-0 0.93
11907 1/64 2.2162e—4 1.92 6.1001e-3 191 4.2919e-1 1.00 6.0103e-1 0.98
48387 1/128 5.6244e-5 1.97 1.5525e-3 197 2.1416e-1 1.00 3.0163e-1 0.99

In Table 5 we report the errors and the orders of convergence for the stream function ¥, obtained
with the VEM (3.20) and for the post-process velocity u;, (cf. (4.21)). We have also computed the
pressure p; by using (4.34) with the discrete stream function Jh. In this case the polynomial degree is
given by k = 3 and we consider the sequences of meshes 7;12.

Once again it can be clearly seen from Tables 4 and 5 that the methods converge with orders
predicted in Theorems 4.6, 4.9, 4.10, 4.11 and 4.24 (see Remark 4.25).

5.4 Test 4: mesh allowing small edges

The aim of this final test is to analyze the influence of the mesh assumptions. In this test we compare
the performance of VEM when the geometric assumption Al is violated. With this end we solve the
Brinkman problem (2.1) on the square domain £2 := (0,1)> and using the family of meshes ’ThS
presented in Fig. 5. We note that the family of meshes 7;15 has been obtained by gluing two different
polygonal meshes. We observe that very small edges appear on the interface of the resulting mesh.
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TABLE 5 Test 3. Errors and experimental rates for the stream function 1/~fh, the velocity w, and the
pressure py, with k = 3 and using the meshes 7',?

v odofs h eg(¥) ry(¥) e (¥) ri(¥) ey(¥) ry) e @ ri@ e P

k=3

259 1/8 1.4556e-3 — 1.9235¢e-2 — 7.1466e-1 — 1.3691e-0 — 4.8476e-0 —
1155 1/16 9.4798e-5 3.94 2.1420e-3 3.16 1.790le-1 1.99 3.2453e-1 2.07 1.7332e-0 1.48
1e04867 1/32 5.9324e-6 3.99 2.5265¢e—4 3.08 4.4834e-2 1.99 7.1707e-2 2.17 5.5800e-1 1.63
19971 1/64 3.6742e-7 4.01 3.1003e-5 3.02 1.1273e-2 1.99 1.6340e-2 2.13 1.8064e—1 1.62
808991/128 2.2808e-8 4.00 3.8572e—6 3.00 2.8321e-3 1.99 3.8780e-3 2.07 6.3333e-2 1.51

We consider the viscosity v = 1 and K = L. In addition, we take the load term f in such a way that
the analytical solution is given by:

_ 1 sin?(27x) sin(27y) cos(2mry) 1
ulxy) = 2 (— sin2(271y) sin(2m x) cos(ZJTx)) ’ poy) = T sin(2rx) cos(27),
I . 2 .2
Y(x,y) = — sin“(2mwx) sin“(2mwy).
8

We report in Tables 6 and 7 the errors and the orders of convergence for the virtual element schemes
(3.19) and (4.34) for k = 2, 3, respectively. We note that the convergence rates are in agreement with the
rates predicted in Theorems 4.6, 4.9, 4.10, 4.11 and 4.24 for the stream function, velocity and pressure.
Even though our theoretical analysis has been strongly developed under assumption A1, this numerical
example shows that the results of Section 4 should hold true for more general mesh assumptions (Beirdo
da Veiga et al., 2017; Brenner & Sung, 2018). However, further research is needed in this direction.

6. Conclusions

In this paper we have proposed and analyzed a C'-VEM of high order for the numerical approximation
of the Brinkman equations formulated in terms of the stream function. We have shown that the proposed
scheme is well posed by using the framework of the classical Lax—Milgram theory. We derived optimal
convergence rates (and robust with respect to viscosity) in viscosity dependent H?-norm, and using
duality argument we also established error estimates in H'- and L?-norms. Using the discrete stream
function we compute a discrete velocity field by means of a post-process, and error estimates in H'-norm
has been obtained. In addition, we have presented a novel strategy to approximate the fluid pressure,
which is based on a discrete virtual scheme for a second-order variational problem with datum coming
from the discrete stream function and the load term f. Under the assumptions of convexity and that
the family of polygonal meshes 7, is quasi-uniform, we have written an error estimate in H L_norm
for pressure. The key features of the proposed method are the possibility to use general polygonal
meshes, the matrix associated to the linear system turns out to be positive definite and the possibility
to recover further variables of interest (velocity and pressure) in a simply way. Possible extensions
of this work include the following: (a) weakening of the mesh assumptions, (b) write error estimates
with constants independent of the permeability tensor and (c) the study of new VEMs for other stream
function formulations of fluid flow problems with pressure recovery.
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F1G. 5. Mesh with small edges 7;15.

TABLE 6  Test 4. Errors and experimental rates for the stream function r;, and velocity wy,, with k = 2,
using the meshes 7;15

v dofs  h eo() o) e () (W) ey ry®@) e ri(
k=2

99 1/4 1.2766e-2 — 1.0977e-1 — 1.7734e-0 — 1.963le-0 —

489 1/8 6.4358e-3 0.98 3.5125¢e-2 1.64 9.5290e-1 0.89 1.1574e-0 0.76

le0 2139 1/16 2.1045¢e-3 1.51 1.1597e-2 1.59 4.8232e-1 0.98 5.7148e-1 1.01
8889  1/32 5.5807e—4 191 3.7060e-3 1.64 2.3768e-1 1.02 2.6782e-1 1.09
36165 1/64 1.4552e—4 1.93 1.0230e-3 1.85 1.181le-1 1.00 1.3198e-1 1.02
146028 1/128 3.6836e-5 1.98 2.6276e—-4 1.96 5.8845e-2 1.00 6.5573e-2 1.00

TABLE 7 Test 4. Errors and experimental rates for the stream function r,, the velocity w, and the
pressure py, with k = 3 and using the meshes 7;15

v dofs h eg(¥) re(¥) e (¥) ri(¥) ey) ry@) e ri@ e rP

k=3

163  1/4 2.7991e-3 — 4.2324e-2 — 8.912%e-1 — 1.1630e-0 — 2.5324e-0 —
779 1/8 3.6920e—4 2.92 5.4587e-3 2.95 2.3872e-1 1.90 4.5266e-1 1.36 1.4643e-0 0.79
1e03363 1/16 2.925%9e-5 3.65 5.2466e—4 3.37 5.8672e-2 2.02 9.1625e-2 2.30 8.7644e—1 0.74
13899 1/32 2.0252e—6 3.85 5.3678e-5 3.28 1.4091e-2 2.05 1.8704e-2 2.29 3.6235e-1 1.27
56411 1/64 1.308%e-7 3.95 6.0607e—6 3.14 3.4257e-3 2.04 4.2121e-3 2.15 1.3941e-1 1.37
227471/128 8.2684e-9 3.98 7.3151e-7 3.05 8.4692e-4 2.01 1.0130e-3 2.05 5.7776e-2 1.27
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