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A VIRTUAL ELEMENT METHOD FOR THE VON KARMAN EQUATIONS

CARLO LovaDINA', DAVID MORA%3* AND IVAN VELASQUEZ*

Abstract. In this article we propose and analyze a Virtual Element Method (VEM) to approximate
the isolated solutions of the von Kdrméan equations, which describe the deformation of very thin elastic
plates. We consider a variational formulation in terms of two variables: the transverse displacement of
the plate and the Airy stress function. The VEM scheme is conforming in H? for both variables and
has the advantages of supporting general polygonal meshes and is simple in terms of coding aspects.
We prove that the discrete problem is well posed for h small enough and optimal error estimates are
obtained. Finally, numerical experiments are reported illustrating the behavior of the virtual scheme
on different families of meshes.
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1. INTRODUCTION

The von Karman equations is a fourth order system of nonlinear partial differential equations that model
the deformation of very thin plates. This system consists of two unknowns, which describe the transverse
displacement or deflection of the plate from its flat unstressed position and the Airy stress function governing
the in-plane stress resultants (see [31]). This model has attracted great interest in the scientific community since
it is frequently encountered in several engineering applications such as bridge deck analysis (see [37,49]).

Results on existence of solutions of the von Kérman system have been stated in [31,33]. In general the problem
does not have a unique solution. However, sufficient conditions that guarantee uniqueness of isolated solutions are
established in [23]. Due to the importance of this problem, several finite element methods have been developed
to approximate the isolated solutions of a von Karman plate. For instance, a general technique based on any
conforming discretization was introduced in [23], where convergence and optimal error bounds in the energy norm
are presented considering the standard formulation in H2. Then, in [40] a conforming finite element method was
analyzed to approximate the isolated solutions of the von Kérmdan problem, using Bogner-Fox-Schmit elements,
and they also obtained error estimates in H! and L? norms using a duality argument. On the other hand, to
avoid C! finite elements, nonconforming discretizations based on Morley finite element methods were proposed in
[39,41]. In these works, a priori error estimates for displacement and Airy stress functions have been established.
Lately, a C? interior penalty method has been introduced in [20]. The method uses quadratic Lagrange elements
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to approximate both the transverse displacement and the Airy stress function. Optimal order error estimates are
derived. More recently, a discontinuous Galerkin method has been developed in [28]. The authors prove a priori
and a posteriori error estimates for the isolated solution of von Karman equations.

It is well known that conforming finite element spaces of H? are of complex implementation and contain high
order polynomials (see [32]), for instance, Argyris and Bell finite elements (21 and 18 degrees of freedom per
triangle, respectively) or Bogner-Fox-Schmit finite elements (16 degrees of freedom in a rectangle), respectively.
In this paper, we will propose a C' VEM to approximate the isolated solutions of the von Kdrmén problem which
can be applied to general polygonal meshes (made by possibly non-convex elements). The method will make
use of a very simple set of degrees of freedom. In particular, the total computational cost of the proposed VEM
method will be 6NV,,, where N, denotes the number of internal vertices of the polygonal mesh to approximate
both the transverse displacement and the Airy stress function.

The VEM was introduced for the first time in [8], as a generalization of the finite element methods by
considering polygonal or polyhedral meshes. One of its main characteristics is the possibility to construct and
implement in an easy way discrete subspaces of C“, o € N. In recent years, the Virtual Elements Method has
been a focus of great interest in the scientific community. Several virtual element methods based on conforming
and non-conforming schemes have been developed to solve a wide variety of problems in Solid and Fluid
Mechanics, for example [4-6,9,11,12,14,19,25,27,30,42,46,47]. Moreover, the VEM for thin structures has been
developed in [16,24,29,30,44,45], whereas VEM for nonlinear problems have been introduced in [3,15,26,35,36,50]

In this paper, we analyze a conforming C' Virtual Element Method to approximate the isolated solutions
of the von Kédrman equations. We consider a variational formulation in terms of the transverse displacement
and the Airy stress function, which contains bilinear and trilinear forms. After introducing the local and global
virtual space [5,24,30], we write the discrete problem by constructing discrete version of the bilinear and trilinear
forms considering different projectors (polynomial functions) which are computable using only the information
of the degrees of freedom of the discrete virtual space. For the analysis, we will adapt some ideas presented
in [23] to deal with the variational crimes in the forms and in the right hand side. More precisely, in order to
prove that the discrete scheme is well posed, we introduce an ad-hoc operator T} which relates each solution
of the discrete problem as a fixed point of this operator (and reciprocally). To prove existence and uniqueness
the classical Banach fixed point theorem is employed and some assumptions on the mesh are considered. In
particular, for h small enough, we establish that the operator T has a unique fixed point in a proper set which
is the unique solution of the discrete problem. Optimal order of convergence in H2-norm is established in this
work for both unknowns.

The outline of this work is organized as follows. In Section 2 the physical model problem is described. An
auxiliary variable that depends of the horizontal load forces applied to the plate is introduced, which allows
us to rewrite an equivalent nonlinear system of partial differential equations. Hence, a variational formulation
is obtained from this system. In Section 3, we introduce a conforming virtual element discretization and some
auxiliary local results are proved. Then, in Section 4, fixed-point arguments are employed to establish that
our discrete scheme is well posed. In addition, optimal convergence rate is obtained in this section. Finally, in
Section 5, we report some numerical tests that confirm the theoretical analysis developed.

In this article, we will employ standard notations for Sobolev spaces, norms and seminorms. In addition, we
will denote with ¢ and C, with or without subscripts, tildes or hats, a generic constants independent of the mesh
parameter h, which may take different values in different occurrences. In addition, let X,Y be Hilbert spaces.
IfIT: X — Y is a linear and bounded operator, we will denote by IT : X x X — Y X Y the operator defined by
II(z,2) := (x,[1Z),Y(x,2) € X x X.

2. THE CONTINUOUS PROBLEM

Let  C R? be a polygonal bounded domain with boundary I' := 9. The von Kérmén system can be read
as follows (see e.g. [31,33]): Given a load force f € L?(2) and lateral load forces (g, 1) € H?/?(T') x H3/?(T)
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(see Fig. 1), find v and ¢ such that

APu=[p,u] + f in Q,
A2 = —%[u, ul in Q,
u=0,u=0 on T, (2.1)
® = ¢o on I,
B = o1 onT,
where [¢, u] is defined by
[0, u] := 01100221 + O229011u — 2012¢012u, (2.2)

and v := (v1(x,y), 2(x,y)) denotes the outer unit normal vector to T, for all (z,y) € T.

In the system (2.1), u and ¢ represent the transverse displacement and the boundary stresses of the plate,
respectively. This model is also known as the canonical von Kédrmén equations. This is a non-linear system
of fourth-order partial differential equations established by T. von Kérmén in 1910 (see [48]). The existence
of solutions of this problem has been proved in [31,33]. Moreover, it can be seen in Section 2.2 of [33] that
introducing 6y € HZ(£2) as the unique solution of the following problem: find 6y € HZ(Q) such that

AQGO =0in Q, (90 = ¥0, 8V90 =1 Oon F, (23)

we have that system (2.1) can be written equivalently as the following problem with homogeneous clamped
boundary conditions: find (u, ) € [H(£2)]? such that

A2y = [p,u] + [0o,u] + f in 0,
A?%p = —%[u,u] in Q,
u=0,u=v=0,9=0 on T,

where ¥ = ¢ — 6.

Moreover, in this paper we consider the physical case corresponding to a uniform lateral loading along the
plate boundary, most relevant in buckling analysis. Accordingly (see [33], Sect. 2.3 or [31], Sect. 5.9 for further
details), in equation (2.3) we set:

A A
Yo 1= —§(x2 +4%) onT, 01 = —56,,(.%‘2 +9%) onT,

v

FIGURE 1. Plate subject to transversal and lateral forces f € L?(2) and (g, 1) € H*/?(T') x
H3/2(T), respectively.
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where A is a real number called bifurcation parameter that measures the intensity of the horizontal forces; then
we obtain that 6o(z,y) = —5 (22 4+ y?) in © solves problem (2.3).
In addition, from the definition of [, -], we obtain that

[0o,u] = —AAu  in Q.

As a consequence of the previous discussion, from now on, our aim is to solve the following set of equations:
given (f,\) € L?(Q) x R, find (u,v) € [HZ(Q)]? such that

Ay = [h,u] — \Au + f in Q,
A% = —%[u,u] in Q, (2.4)
u=0,u=1%=0,0=0 on I'.

Remark 2.1. The von Kérméan model (2.4) does not have a unique solution: For instance, when f = 0 and
A > A", where \* is the lowest positive real number that satisfies

A?u=—)XAu in Q and wu=0d,u=0o0nT, (2.5)

the problem (2.4) has at least three solutions: (u,) = 0 (trivial solution) and two non-trivial solutions with
identical ¢ and transverse displacement with opposite signs (+u, ) (see [31], Thm. 5.9-2). On the other hand,
if f and X are small enough then the system (2.4) has a unique solution.

Now, testing system (2.4) with functions in HZ (), we arrive at the following weak formulation of the problem:
given (f,A) € L?(Q2) x R, find (u, ) € [H3(2)]? such that

a® (u,v) + Aa” (u, v) + b(u, 1, v) + b, u,v) = F(v) Vv € HE(Q),
a® (¥, ¢) — b(u;u, ) = 0 Vi € Hy (),

where a®,aV : HZ(Q) x HZ(Q) — R are bilinear forms, b : HZ(Q) x HZ(Q) x H3(Q) — R is a trilinear form and
F: H2(Q) — R is a linear functional, all of them defined as follows:

Jo Aulw Vu,v € HZ()
a®(u,v) =< or (2.8)
JoD*u:D?*  Yu,v € HF(Q),
where D%y := (aiju)lgi,jg denotes the Hessian matrix of v and “:” denotes the usual scalar product of 2 x 2-
matrices.
a¥ (u,v) :=— [ Vu-Vo Yu,v € H3(Q), (2.9)
Q
1
b(w;u,v) = ~3 / [w, u]v Yw,u,v € HZ(Q), (2.10)
Q
F(v):= [ fv Vv € H3 (). (2.11)
Q

Remark 2.2. We have proposed two options to write the bilinear form associated to the bilaplacian operator.
We observe that both bilinear forms are equivalent for functions in HZ(£2). We will write the discrete method
considering both options for the sake of completeness. In particular, we will employ the bilinear form a® (u, v) :=
Jo D?u : D?v to construct the projector H?&D (cf- (3.1a) and (3.1b)) which will be used to write the discrete
schemes with the two options in (2.8).
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On the other hand, we endow the space H := [HZ(£2)]? with the corresponding product norm.
We rewrite (2.6) and (2.7), in the following equivalent form: given (f,\) € L*(Q) x R, find u := (u,¢) € H
such that
A2 (u,v) + MY (0, v) + B(w;u,v) = F(v) VYv:=(v,¢) € H, (2.12)

where, A2, AV, B, F are defined as follows:

AR (0, v) = a® (u,v) + a® (¥, @) Yu,v e H, (2.13)
AV (u,v) = aV (u,v) Yu,v e H, (2.14)
B(w;u,v) := b(w; 1, v) + b(& u, v) — blw;u, ) VYw,u,vcH, (2.15)
F(v):=F(v) Vv e H, (2.16)

with w := (w, ), u := (u,¥), v := (v, ).

It is easy to see that the bilinear forms a®(-,-) and aV(-,-) are bounded and symmetric, the former is also
positive definite on HZ(Q2) x HZ(2) and F is bounded. Moreover, from Lemma 2.2-2 in [33] we have that the
trilinear form b(+; -, -) is bounded and symmetric independent of the arguments. Therefore, we have the following
result.

Lemma 2.1. The forms defined in (2.13)—(2.16) satisfy the following properties:

4%, v)| < |lufl20llv]l2e and [AY(wv)] <A |[ullzallV]e vu,veH,
IEM) < I llosll v 2.0 Vu,veH,

[B(w;u,v)| < Cl[w]l20llullzell vil20e vw,u,veH,

B(w;u,v) = B(u;w, V) Vw,u,veH.

Now, from Theorem 5.8-3(b) of [31] (see also [38]) we have that the variational formulation (2.12) has at least
one solution. Moreover, we present the following additional regularity result for the solution of the von Karman
problem (2.12), which has been proved in Theorem 2.4 of [20].

Theorem 2.1. Let u be a solution of von Kdrmdn problem (2.12). Then, there exist s € (1/2,1] and C > 0
such that u € [H*+4(Q)]? and

lall2+5,0 < Cllfllo,0;

where, the constant s € (1/2,1] is the Sobolev reqularity for the biharmonic equation with the right hand side in
H=1(Q) and homogeneous Dirichlet boundary conditions (see e.g. [18] and [20], Lem. 1.1).

Now, we will introduce some definitions that will be used to establish an existence result of the isolated
solutions of the problem (2.12). Given u € H we introduce the following global form.

Au(w,v) := A% (w,v) + MAY (w, V) + 2B(w;w,v) VYw,veH. (2.17)

Definition 2.2. (see [23]) A solution u of the system (2.12) is said to be isolated if and only if the linearized
problem: given g € [L%(Q2)]?, find w € H such that

Au(w,v):/g~v Vv e H,
Q

has a unique solution and satisfies the following a priori estimates
[wl2o <Cllglloa and  [[W]lso < Cl|&]log,

where, the constant s € (1/2,1] is the Sobolev regularity for the biharmonic problem with the right hand side
in H~!(Q) and homogeneous Dirichlet boundary conditions (see e.g. [18] and [20], Lem. 1.1).
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Now, the following result gives a sufficient condition to obtain an isolated solution of the system (2.12) (see
for instance [20], Rem. 3.1, or [40], Rem. 2.1-[40], Thm. 2.3).

Theorem 2.3. If (f,\) € L?(2) x R are small enough, then the von Kdrmdn system (2.12) has a unique
solution and it is isolated.

We finish this section with the following theorem which will be used to approximate the isolated solution
of the von Kédrmén problem. The result is based on the well-known Banach-Necas-Babuska Theorem (see [34],
Thm. 2.6).

Theorem 2.4. Assume that the bilinear form Au(-,-) (c¢f. (2.17)) is non singular on H x H, this means (see
e.g. [23], Lem. 1) that there exist two positive constants ¢; and co such that

sup  Au(wW,V) > c1|| W20 VW € H, and sup  Au(wW,V) > cof| V|20 Vv € H. (2.18)
veH weH
[1vll2,0=1 [[w]lz,0=1

Then, there exists a positive constant §, which depends on ¢1 and ca, such that Ag(-,-) is non singular on H x H,
for all 4 that satisfies

[u—1fzq <0

Proof. The proof can be obtained repeating the arguments in Lemma 1 of [23]. (I

3. DISCRETE PROBLEM

In this section, we will introduce a C'-VEM discretization to approximate the isolated solutions of a von
Kérmén plate (¢f. Thm. 2.3).

We begin with the mesh construction and the assumptions considered to introduce the discrete virtual element
spaces (see e.g. [2,5,8]). Let {7}, be a sequence of decompositions of € into general polygonal elements K. We
will denote by hx the diameter of the element K and by h the maximum of the diameters of all the elements
of the mesh, i.e., h := maxgeT, hi. In addition, we denote by Nx the number of vertices of K, by e a generic
edge of {7y}, and for all e € 0K, we define a unit normal vector v§ that points outside of K.

Moreover, we will make the following assumptions: there exists a positive real number C'r such that, for every
h and every K € Ty:

A1l: K € 7}, is star-shaped with respect to every point of a ball of radius Crhg;
A2: the ratio between the shortest edge and the diameter hx of K is larger than C7r.

The hypotheses A1 and A2 though not too restrictive in several practical cases, can be further relaxed, as
established in [13].
In order to write the method, we first define the following finite dimensional space (see [5]).

HE = {v, € HY(K) : A%y, € Po(K), vp|ox € CY(OK),vp|e € P3(e) Ve € OK,
Vurlok € Co(aK)Q,&,;{me e Py(e) Ve € 8K}.

It is easy to see that Py(K) C ﬁ,f(
Next, we introduce two sets of linear operators from H{ into R. For all v, € H/<, they are defined as follows:

D;: evaluation of vy, at the Ng vertices of K;
D,: evaluation of Vuvy, at the Nx vertices of K.
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Now, we will introduce some preliminary definitions in order to construct the discrete scheme. Let af. :
H?(K) x H*(K) — R be defined as follows:

a® (u,v) ::/ D?u : D?v, u,v € H*(K).
K

We build the projection operator Hi’D H K — Py(K) C HE, defined by the unique solution of the following
local problem:

ak (H?&Dvh, q) = a2 (vn,q) Vq € Pa(K), (3.1a)
2P0, =@, VIZ v, = Vop, (3.1b)

where vy, is defined as follows:
L
— 0
= — i
Up N iE:1 vp(v;) Yo, € C°(0K)

and v;,1 <i < Ng, are the vertices of K.

We note that the bilinear form aZ (-, -) has a non-trivial kernel, given by P;(K). Thus, the role of condition
(3.1b) is to choose an element of the kernel of the operator. In order to show that the projector Hi;D is
computable from the output values of the sets D; and Dy, we integrate twice by parts on the right hand side

of (3.1a) to get that
al (H%Dvh,q) = /8 (D*qv;) - Vuy, Vg € Py(K).
K

Hence, we have that the operator H?gD is well defined on H K and is computable from the output values of the
sets Dy and Da (see [5,24]).
Next, we introduce our local virtual space:

HE = {vhefif:/ (vhfﬂi(’Dvh)q:(), VqEPg(K)}.
K

Note that HE C H K. This allows us to obtain the well definition of H?;D on H and therefore to prove
that H%&D is computable from the output values of operators D; and Ds. Moreover, it is easy to check that
Py(K) C Hf. This will guarantee the good approximation properties for the virtual space.

On the other hand, the following result which has been proved in [5] guarantees that any function v, € H, ff
is uniquely determined by the output values of the sets Dy and Ds.

Lemma 3.1. The set of operators D1 and Do constitutes a set of degrees of freedom for the space H,f{

Now, we are in a position to introduce our global virtual space for the transverse displacement and the Airy
stress function:

Hy, = {’UhGHg(Q)i”UMKEH;IL{}. (32)
3.1. Construction of bilinear and trilinear forms and the loading term.

In this subsection we will propose discrete versions of the local forms to construct the discrete virtual scheme.
We begin by introducing new projectors: For £ = 0,1,2, we consider 1% : L?(K) — Py(K) the standard
L?-orthogonal projector defined as follows:

/ % vq :/ vg  VgePyK) Wve L*K). (3.3)
K K
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Now, due to the particular property appearing in definition of the space H ,{( , it can be seen that the right
hand side in (3.3) is computable using H%D’U. Thus, H[}(U, £ =0,1,2 depends only on the values of the degrees
of freedom given by the sets Dy and D5. Furthermore, it is easy to check that on the space H }If the projectors
1%, and H%D are the same operator. In fact:

/ (Hivh) q= / Vpq = / (H?&Dvh) q Vq € ]P)Q(K)7 Yoy € Hf
K K K
We introduce the projector %" : H'(K) — Py(K), for each v € H'(K) as the solution of

ay (Hiévv,q) v=ay(v,q) Vg€ Py(K),

/Hivv:/v.
K K

The following lemma proved in [5] establishes that operator II3" is fully computable on the local virtual
space H f .

Lemma 3.2. The operator Hi’v : H,f( — Py(K) C H,f 1s well defined and depends only on the values of the
degrees of freedom given by the sets Dy and Da.

Following the standard procedure in VEM literature (see for instance [2,8,24,30]), we propose the following
(computable) discrete local bilinear forms:

aﬁK:Hffof—ﬁR; and a,ZK:H,Ifo,f—HR; (3.5)
defined by
fK AH?&DuhAH%D’Uh + asg (uh — H?&Duh, Vp — Hi’Dvh) ,
aj, g (up, vp) = OF (3.6)
fK DQHéDuh : DQHi’Dvh + 582 (uh — H?&Duh, v — Hi&Dvh) ,
aZK(uh,vh) = — {/ I} Vuy, - I} Voy, + as) (uh — H?;Vuh, vp — H%gvvh>} , (3.7)
K
respectively, where I} : L?(K)? — P;(K)? is the standard L2-orthogonal projector and s2(-,-) and sy (-, )
are two symmetric positive definite bilinear forms satisfying the following conditions:
coag(vh,vh) < sg(vh,vh) < clag(vh,vh) Yoy, € H}If with H?;Dvh =0, (3.8)
coay: (vp,vn) < sy-(vn, o) < czay-(vh,vp) Yo, € HES with Higvvh =0, (3.9)
respectively. In addition, in (3.6) and (3.7), @ and & are constants which depend on the physical parameters.

Remark 3.1. In (3.7) the vector function H}(Vvh is fully computable from the degrees of freedom given by
the sets Dy and Dy (see for instance [44], Sect. 3 for further details).

Now, we define the following global discrete bilinear forms on Hy,.

ap (un,vn) ==Y ap g (un,vn),  up,on € Hy,
KeTy,

ay (u = N H

n (U, vn) o= Z ay, i (Un, vn), Up, Up € p.
KeTn

The following result establishes the usual properties of consistency and stability for the local virtual forms.
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Proposition 3.1. The local bilinear forms aﬁK(-, ) and aXK(~, -) on each element K satisfy

— Consistency: for all h > 0 and for all K € T}, we have that

ahA,K(q,vh) = a%(q,vn) Vg € Py(K), Vv, € HE, (3.10)
ay g (q,vn) = ax(q, vn) Vg € Po(K), Vo, € HY. (3.11)
— Stability and boundedness: There exist positive constants «;,i = 1,...,4 independent of K, such that:
ara (vp, ) < aﬁK(vh, vp) < aakl vy, vp) Yoy, € HE, (3.12)
0430,X(’Uh7’l)h) < aXK(vh,vh) < a4aX(vh7vh) Yoy, € H,f( (3.13)

Proof. Since the proof can be followed from standard arguments in the Virtual Element literature (see [2,19]),
it is omitted. O

On the other hand, we will propose on each element K the following local (and computable) approximation
for the trilinear form b(-;-,-) (¢f. (2.10)):

1
br, K (Wn; un, vp) = —5/ [H?}th,H%Duh] H%(vh. (3.14)
K

Now, we are going to introduce the discrete version of (2.13)—(2.16). First, let us define Hj, := Hj, x Hp,
HhK = Hff X H}If and let Aﬁ, Ahv7Fh, By, be the discrete forms given by:

AL H), x Hj, — R; AR (up,vi) = Y AR (W, vp);

KeTy,
AY Hy x Hy, — R; AY (wp,vi) o= > AY e (up, vi);

KeT,
Fh : Hh — R; Fh(Vh) = Z Fh,K("h);

KeTy,
By, : Hp x Hp x Hp — R; Bu(Whiun, vi) = Y Bk (Wni W, Va);
KeTy,

where
AhA,K(uha Vh) = aﬁ,K(uha Uh) + aﬁK(wha @h);

Ahv,K(uhth) = aXK(uh,vh);
Fh,K(Vh) Z:/ H%(f’l)hE/ H%(fni’Dth/ fH%D’Uh;
K K K

B, e (Wh3 up, Vi) = by, i (Wn; ¥n, vn) + ba, i (§n; ny Uh) — bh, i (Whs un, 1)
1
=3 /K { [Hi&th,Hi’th} I3 v, + {Hi’Dgh,HfK’Duh} M%.vp, — {Hiéth»HiéDuh} H?Wh} 7
with wp, := (up, ¥n), Vi 1= (Vn, pn), Wp = (wp, &) € Hp.
Now, we are ready to propose the virtual element scheme to approximate the isolated solutions of the von
Karmdn problem: given (f,\) € L*(Q) x R, find uy, := (up,v¥s) € Hy, such that

Aﬁ(uh,vh) + )\Az(uh,vh) + Bh(uh; uh,vh) = Fh(Vh) Vv = (’Uh, (ph) € Hy,. (315)
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In the next section we are going to prove the well posedness of the discrete problem (3.15), provided that
(f,A) is small enough. To do that we will use a fix point argument. With this aim, we present that following
discrete version of Lemma 2.1.

Lemma 3.3. There exist positive constants a,C and Cp independent of h such that

|AS (an, vi)| < [|un ||2.0ll Vi 2.0 Vuy, vy, € Hy; (3.16a)

LAY (ap, vi)| < A | un 2.0l Vi 2.0 Yuy, vy, € Hy; (3.16b)

AR (v, vi) = ol | vi |3 Vv, € Hy; (3.16¢)

[En(vi)l < [ fllo.ell va 2,0 Vuy, vy, € Hp; (3.16d)

|Br(Wn;ap, vi)| < Cllwh |20l an [l vi [|2.0 Vwy,up, vy, € Hp; (3.16e)

By (wpiuy, vy) = Br(up; Wy, vy) Ywy,up, vy, € Hy. (3.161)

Proof. The proof follows from (3.8) and (3.9) and Proposition 3.1. O

We end this section with some definitions and results which will be used in Section 4 to prove the solvability
of the discrete problem (3.15).
First, we introduce the following broken seminorm and projectors:

v[Z, = Z w7k Vo€ L*R) such that v|x € HY(K) =12
KeT,

Now, for all v € L?(Q) such that v|x € H?(K) for all K € 7j,, we define Hi’D in L%(Q) as follows
(13 7) I s= 3P (0lic) VK € T (3.17)

Next, we present the following standard approximation results. Proposition 3.2 is derived by interpolation
between Sobolev spaces from the analogous result for integer values of s. In fact, this result for integer values is
stated in Proposition 4.2 of [8] and follows from the classical Scott-Dupont theory (see [21] and [5], Prop. 3.1).
Proposition 3.3 has been proved in Proposition 4.2 of [16]. Proposition 3.4 and Lemma 3.4 can be seen for
instance in Section 4 of [44] and Lemma 3.5 of [45], respectively.

Proposition 3.2. If the assumption A1l is satisfied, then there exists a constant C > 0, depending on the
constant in assumption A1, such that for every v € H*(K) there exists v, € Pr(K), k > 0 such that

v —vrllex <Ch ollsx 0<S<k+1,£=0,...,[d],
with [8] denoting the largest integer equal or smaller than ¢ € R.

Proposition 3.3. Assume A1 and A2 are satisfied, let v € H?T*(Q) with s € (1/2,1]. Then, there exist
vy € Hy and C' > 0 independent of h such that

lv —vrll2,0 < CN'hSH'UHHs,Q'
Proposition 3.4. There exists C > 0, independent of h, such that for all v € H°(K)?
|V = Tgevllo e < Chic|vilsx 0<6<2,
where I}, : L?(K)? — P1(K)? is the standard L?-orthogonal projector (cf. Rem. 3.1).
Lemma 3.4. There exists C > 0, independent of h, such that for every vy, € Hy

lon, — 7 Pvnllo.e < Ch?|lup20-
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4. ANALYSIS OF THE DISCRETE PROBLEM

The purpose of this section is to prove that problem (3.15) admits a unique solution. With this end, from
now on, we assume that u is an isolated solution of the von Kérman system (2.12).

Now, from Theorem 2.1, we know that u = (u, 1) € [H?T%(Q)]? with s € (1/2,1]. Then, from Proposition 3.3
we have that there exists uy := (uy,¥y) € Hj, (from now on u; denotes the interpolation of u) such that

lu—uy 2.0 < CP7[|ull24s.0, (4.1)

where, u; and v; are the interpolants of u and 1, respectively.
In order to establish the well posedness of the discrete problem (3.15), we need to introduce some definitions.
Let Ap u, : Hp x Hj — R be the discrete form defined by

Ah,ur (Wh, Vh) = Aﬁ(wh, Vh) + )\Ahv(wh, Vh) =+ 2Bh(u1; Wy, Vh) th, vy, € Hy,. (42)
We also define the operator

Th . H}L — Hh

Wy — Tp wp,

where T}, wy, € Hj, is the unique solution (to be proved below) of the following problem. Find T, w, € Hj such
that
Apa, (Th Wi, vi) = 2By (ur; Wi, vi) — Bp(wWys wy, vi) + Fi(v) Vv, € Hy,. (4.3)

Tt is easy to check that any solution uy of the discrete problem (3.15) is a fixed point of T, and reciprocally.

Now, we focus on proving that T}, is well defined and then we will use contraction and fixed point arguments
to establish that T} has a unique fixed point. To do that, we first need to prove an auxiliary lemma, which
follows the argument presented in the proof of Lemma 2 from [23].

Lemma 4.1. Let v € H such that ||V||2.o = 1. Then, the following problem: find v, € Hj, such that
AR (Viyzn) = A (V,21) V2, € Hy, (4.4)
has a unique solution and satisfies the following a priori estimates
K =Valloa < CH[¥loe and ¥ = illea < CR4 ¥, (45)

where the constant t € (1/2,1] is the Sobolev regularity for the biharmonic equation with the right hand side in
H=1(Q) and homogeneous Dirichlet boundary conditions (see e.g. [18]), and C' is a positive constant independent

of h.

Proof. We know from Lemma 2.1 that A2(V,z),) < C||zp, ||2.q for all z;, € Hy. Then, from (3.16a), (3.16c),
and Lax—Milgram Lemma, we obtain that the problem (4.4) has a unique solution and satisfies the following
estimate (see [21])

IV = Vallz,0 < Cl[V]l2,0; (4.6)

for some positive constant C' independent of h.
On the other hand, we will use duality arguments to obtain an error bound for ||V — V||o.o. In fact, we
consider the following problem: find r € H such that

A%:?—Vh inQ,

(4.7)
r=0,r=0 on 99.
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It is well known that problem (4.7) has a unique solution (see for instance [18,20]) and that there exists a
positive constant ¢ € (1/2,1] such that
[T ll2+t.0 < ClIV = Valloq- (4.8)

Now, from (4.8) and Proposition 3.3 we have that there exist r; € H; and C' > 0, independent of h, such
that

Ir—r7 |20 < CR|| T [l241,0- (4.9)

Next, by multiplying the system (4.7) by v — v, € H, integrating by parts twice, adding and subtracting r7,
using the symmetry of A5 (-,-) and (4.4), we obtain

HV — Vh||(2)’9 = AA (I‘,V — Vh) = AA (I‘—I’I,V — Vh) + AA (I‘[,V — Vh)

= AA (I‘—I‘],v — Vh) =+ AA (V,rl) — /1A (Vh,rl)

— 4B (e, T - T) + AR (Farr) — A2 (@rr). (4.10)
Now, from (4.8) and Proposition 3.2 there exists r, € [P2(K)]? such that
|I'—I'7T|2,K SCht|I'|2+t’K VK € Ty. (411)

Thus, adding and subtracting r,, and using the consistency property (3.10) on the right hand side of (4.10),
we obtain that

IV =9nlf0 =A% (r—rr,V=Vi) + > { ARk (Vo rr —12) + AR (Vn, vz —r1)}.
KETh
Next, using Lemma 2.1, Cauchy—Schwarz inequality, Poincaré inequality, (3.12) and finally adding and subtract-
ing r on the right hand side of the above term, we obtain

IV = Valia < Clir—r; 2

2,0[V = Vnll20+ Z {Aﬁk (Vhﬁh)l/QAﬁK (rr—Tnrp—ry)
KeTy,

+ AR (Vi) P AR (r) — 1t — I‘w)l/Q}
<Cllr—rrll20ll¥ = Vallag + (a2 +1) D [Valoxlrr —trlox
KeTy,

<Cllr—rrll20lV = Vallag + (a2 +1) > [Valex (It —Trlox + |t =17 |2 k).
KeTy,

Then, using (4.9), (4.6), (4.11), and (4.8) in the above term, we infer

2,0 < ChHIV = Vhllo.all¥z2.0;

lo,0

IV = Villg. < Ch| T l21e0l¥]
and therefore, we conclude that

IV —Vh

lo.0 < Ch|[¥]|2,0. (4.12)

Now, using interpolation theory ([21], Chap. 14) on the estimates (4.6) and (4.12), we obtain that for all
0 € [0, 2] the following estimate holds true

IV = Vil < CH'E02|[¥||2,0.

Then, using the Sobolev injection of HT7(Q) (for all o > 0) in L>(Q) (see e.g. [1], Thm. 4.12) we have in
particular that .
IV = Villoo < CIN = Vall5.q < OB C=)2|[F||20

for all & € (1,2]. In particular, taking 6= 3/2, we conclude the proof. O
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The next step is to establish a technical result for the trilinear forms By (-;-, ) and B(-;-,-).

Lemma 4.2. Let u = (u,) € H be an isolated solution of problem (2.12), and let v.€ H be such that
|V]|2,0 = 1. Then, there exists a positive constant C, independent of h, such that

By(ur; wy, Vi) = Blur; wi, V) < CR*||ullz4s0l| Whllzo VWi € Hy,
with § := min{s, t/4} for s,t € (1/2,1] and where vy € Hy, and t are such that Lemma 4.1 holds true.
Proof. We start by adding and subtracting the term B(uj; wp,Vy) to obtain

By(ur;wy, V) — B(up;wy, V) = {By(up; wy, Vi) — B(up; wy, Vi) } + B(ug; wy, Vi, — V)
= B(up;wy,, Vi, — V) + {Bp(ur; wy, vi,) — Bugp; wy, Vi) ) (4.13)

Now, for first term on the right hand side above we have the following estimate,
B(up;wy, vy, —Vv) = / [ur, wi)(Vi, = V) < Ol ur a0l W ll2.0l[Vh = V]|, < Ch/Jur |20 Wh |20, (4.14)
Q
with, ¢ € (1/2,1] and where we have used the fact that (Vv —vy) € L°°(Q) and estimate (4.5).

On the other hand, for the second term on right hand side of (4.13), we use the definitions of By(+;-,-) and
B(7 ) ) to get

By (ur; Wh, Vi) — B(ur; wy, vy)
=—c Z / H2’Du1,H§éD§h} 150, — [ulagh]’ﬁh) ({HiDi/H,HK wh] 50, — Wl,wh]vh)
2 kT,
- ([Hﬁ;Dul,Hﬁngh} 2 3n — [u;,wh]ﬁh)} = -z Z / (BVE £ B2K _ B#KY) (4.15)

KeT;

Now, we will prove that the terms Y. per [ B, Y ker [ B and Y or [ (=B*X) are bounded.

Indeed, for Y- o7 [ BYS, we use the definitions of IT% and [-,-] (¢f. (3.3) and (2.2), respectively) to obtain
> / B = )" / 15w, 1 fh} [Uhth U
KET, KeT,

- Z / {{(&,;mHiDuI) (8yyH§éD£h) 5h*(<9mm)(8yy§h)5h}
KeT, VK

+ { (005 ur ) (02aT137€0) B = (Byyur) (Orain) ﬁh}
-9 { (6$yH§(xDuI) ((Q)xyH?%Dgh) Op — (Opyuur) (Oybn) vh Z / {a+B—2v}.

KeTy,
(4.16)

Next, we will estimate the term » - [ . The terms Y0y [ Band 30y [ (—2) can be treated with
the same arguments. Thus, applying the identity 8in§;Dvh = T1% (9i;vp,) for all vy, € HE and for all i, = x,y,
(which is a consequence of the definitions of the projectors IT%” and 1% (cf. (3.1a) and (3.3), respectively)) in
the expression ZKeTh J5 @, we obtain

Z / o= Z / {HK Ovaus HK( yygh) _( a:acul) (@/yfh)ﬁh} (4.17)

KeTy, KeTy,
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Now, adding and subtracting the terms I1% (94, u)11% (Oyy&n ) 0h, N (Oratt) (Oyyén)vn and (Dyy&n)(Dpru)vy, and
using the definitions of I1% on the right hand side of (4.17), we get

3 /K a= Y /K (AT (O (s — 1))} T (D) T + I (Dgte) { (0% — 1) (D)} T

KeTy, KeTy,
+ (ayygh) {(H(IJ( - I) (arzu)} up + (ayyéh) (Oza(u — ur)) Eh}

3 /K {{0% (Dar(r = w))} W (Dyyn) B + o (Duatr) { (M — 1) (Dyyn)} { (T = T1) T}

KeTy,
+ (8yy§h) {(H(I)( - I) (amu)} Up + (ayygh) (Oza(u —ur)) :‘Fh} .

Then, applying Cauchy—Schwarz and Hélder inequalities, using the fact that v, € L°°(K), and I1% is bounded
in the L2-norm, on the right hand side of the last equality, we obtain

> /Kaé > (I Qe (ur = w) llo,rel M (Byyén) o1 oo,

KeTy, KeT,
+ |5 (Daaw) [ 0y || (Mg = T) (D) o, || (T = T ) Bl | L ()
+ 10yy&nllo,x || (% = I) (Ozatw) [lo,&|[0nlloo, i + [|8yy&nllo, i ||Ona(u — ur)

< Y {Chiclulaysxl€nlar} + > {IM% (Oeats) [[Laci) nl2. k]| (T = To) TnllLagrey } > (4.18)
KGT},, Kej’h

lo, & [0 lso, i }

where in the last step, we have used Theorem 2.1, Propositions 3.3 and 3.2, and the fact that ||Up]|co,x <
|08 ]|so.0 < Cllonll2,0 < ClIVall2,0 < C||¥]]2,0 = C (which is a consequence of the fact that H17(2) C L>(Q)
for all ¢ > 0, see e.g. [1], Thm. 4.12).

Now, to bound the second term on the right hand side of (4.18), it is easy to check that |[II% (9pou)||La (k) <
C||0zaul| (k) (see [15], Prop. 3.3). Thus, applying Holder inequality (for sequences), Lemma 3.7 of [35], and
using the Sobolev embeddings H*(Q2) — L*(Q) for s € (1/2,1] and H?(Q) — W14(Q) (see [7], Thm. 7.3.7(a-b)),

we get

> / o < CB¥||ullass.0lénlao + Y {110maullLsco) a2kl (T — %) Tnll sy }
KeT, ' K KeTy

< Ch?|ull24s,0lénl2,0

1/4 1/2 1/4
+ ( Z |8mu||%4(K)> ( Z ||ayy5h||g,1<> < Z I (1 - 1) 5h||i4(l<)>

KeTy, KeTy, KeTy,

1/4
< Ch®*||ullats,0l€nl2,0 + |02zl L2 [|OyyEnllo.0 (C > h%(ﬁhﬁwﬁr(m)
KeTy,

< Ch¥|ull2+s,0lénl2.0 + Chl[Ozzul| L1 (@) [|0yyénllo.lVnlwra @)
< O ||ul|24s,0llénll2,0 + Chllul|2+s,0llénl|2,0llUn] 2.0 < CR®|ull24s,0

1€nll2,.0 (4.19)

where, in the two last steps we have used the definition of norm || - ||2,o and the fact that ||v,]|2.0 < [|Va|l2,0 <
C||V||2,0 = C. Note that C' is independent of the mesh parameter h.
Moreover, repeating the same steps used in (4.17)-(4.19), we can prove the following estimates

solltllzsen and Y / (=2)y < CB*1€n 2.0l 4l 24 0.0 (4.20)
KeTy, K

> [ s<orial

KeTy,
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Hence, from (4.16) and (4.18), (4.20), we obtain

> [ B < Chlfulasn
K

KeT,

&nll2,0- (4.21)

Now, we observe that the terms in (4.15) can be bounded repeating the same arguments used to bound

S>> BLYE. Thus,
KeTy,

> [ B < Orlanaliunln and 3 [ (DB < OB lullesaallun]
K K

2,0
KeTy, KeT,
As a consequence, we have that
> { / B2 — / BSVK} < OB (I llass.allwnllze + llull2sollwnllzo} (4.22)
KeTy, K K
Finally, the proof follows from (4.14), (4.21) and (4.22). O

Now, we will use Lemmas 4.1 and 4.2 to prove that operator T}, is well defined. More precisely, we will show
in the following result that Ay u,(+,-) is non singular (c¢f. (2.18)) on Hj, x Hj,.

Lemma 4.3. Let u = (u,v) € H be an isolated solution of problem (2.12). Then, for h small enough we have
that the bilinear form Apu,(-,-) (cf. (4.2)) is non singular on Hy, x Hy,.

Proof. Since the discrete space H;, C H we will proceed as in Lemma 2 of [23]. However, we have to deal with the
approximation of the bilinear and trilinear forms in our case. We recall that at the discrete level it is enough to
verify one of the two inequality in (2.18) for bilinear form Ap, u, (-, ). We will prove that there exists a constant
C > 0, independent of h, such that

sup  Apu, (Wi, vp) > Cl| W |20 YWp € Hp,. (4.23)
vy €H
Tvp ll2,0=1

Indeed, because of u is isolated, we have from Definition 2.2 that Ay(+,-) (¢f. (2.17)) is non singular on H x H.
Then, the following result is a consequence of the fact that Ay(-,-) is non singular, uy, wy, € Hy, C H, (4.1) and
Theorem 2.4.

sup  Au, (Wp,V) > || Wy |20 Vwy, = (wn, &) € Hy,.
veH
vz o=1

Next, we can choose V := (v, ¢) € H with ||[V||2. o = 1 such that
A, (Wh, V) = || Wh [|2,0. (4.24)
Moreover, from Lemma 4.1 we have that: given v = (v, @), there exists v, := (0p, @) and ¢ € (1/2,1] such that

17 = nllo.e < IV = Valloo < CR, (4.25)

and
|V = Vi|looo < ChY/4, (4.26)
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Now, from the left hand side of (4.23), normalizing v, using the definition of A, u, (-, ) in (4.3) and Ay, (-, -)
in (2.17), we obtain

sup  Anu, (Wi, Vi) = Apu, (Wh, Vi) = Au, (Wh, V) 4+ {Apu, (Wh, Vi) — Ay, (Wi, V) }
v €EHp,
[1vh ll2,=1

= Ay (w0, 9) + A{AY (W, %) =AY (w0, %)} 4+ 2{ B (s Wi, ¥) = Blurwy, 9)

> || wh 2.0 + A AY (Wi, Vi) — AV (Wy,, V) p + 23 By(ur; wi, Vi) — B(ur; wy, V) o

E1 E2
(4.27)

where, in the last step we have used (4.24). We note that the terms E; and F5 have appeared because of the
approximation of the bilinear and trilinear forms. Moreover, the term F5 has been bounded in Lemma 4.2.

In what follows, we will bound the terms F7. Indeed, we use the definition of H}(, add and subtract the term
Vwy, - Vuy, and integrate by parts to obtain

BE=Y {/ {Vwy - VO — My Vuwy, - TV, ) + s (wh — 12V wp, T — Hi;vah)}
KeTy,

Z {/ th . {Vﬂ— H}(V”Jh} + SX (wh - H?&V’wh,ﬂﬁh — Hi;v'ﬁh)}
K

KeTy,

= Z / {th . {Vﬁh — H}(Vﬂh} + th -V (57 fﬁh) + SX (wh — H?%th,gh — Hi&vﬁ}»}
KeT, K

Z / {th . {Vﬂh — H}(Vﬁh} + SX (wh — Hingh,ih — Hi&vﬁh)} —|—/ Awh (6}, - 5) .
KeTy, K Q@

Next, applying Cauchy—Schwarz inequality three times, using (3.9) and the definition of Hi%v on the right hand
side above, we get

~ ~ 1/2
E1 S Z {|wh17K|H}<V1}h — VUhH()J( + SX (wh — Hi;vwh,wh — Hi;vwh)

~ o~ _\ /2 .
R (0~ 1507 - 175 )+ A wnlloal - Tl

IN

Z {|wh|1,K||H}{Vﬁh — Vp!lo,x + cs3lwn — H?évwh‘l,l{ﬁh - Hi()vahh,K}
KEIZ’h

+ ||Awn|lo,al[v = nllo

> {wnh kYo, = Voullox + eslwn — wf vk [0n — T7 1,5}
KeT,

+ [[Awnlo.0l[0 = Vnllo.,

IN

for w],vF € Po(K) such that Proposition 3.2 holds true with respect to wy, and vj,. Therefore, from Proposi-
tions 3.4 and 3.2, and (4.25), we conclude that

B <C {hK|wh\1,K\vah|1,K + cSCh%(|wh|2,K|ﬁh|2,K} + Ch||Awplo,0 < Ch|lwh||2,0, (4.28)
KeTy,
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with t € (1/2,1] and where we have used in the last inequality the fact that ||Up]|2.0 < ||Vh||2.0 = 1.
Hence, from (4.28), Lemma 4.2 and Theorem 2.1, we get the following estimate (cf. (4.27))

AE1 + 2By < ChP[|u 2450l Wi l|l2o < Ch°| f]

0.0l Wh |20 (4.29)

B 1/5
From the above inequality, there exists hg := (w”cm) > 0 such that for all h < hg, the following result
holds

_ 5 C1
sup  Anu, (Wh, Vi) 2 @1l Wa 2.0 = CR° [ floell wa llz0 = 5 W [l20,
v H
iz, =1
where we have used (4.27)—(4.29). The proof is complete. O

Now, in what follows, we will focus on proving that the operator T}, satisfies the hypotheses of Banach fixed-
point theorem ([22], Thm. 5.7). With this aim, first from Lemma 4.3 we will prove that the operator T, maps
the ball

B(UI,R) = {Wh S Hh R H W, —Uuy ||27Q < R}

to itself, where R := R(h) > 0 is a positive real number depending on h which will be specified later in
Lemma 4.5 and we recall that u; is the interpolant of the isolated solution u. We first need to prove a technical
lemma.

Lemma 4.4. Let wy, € Hy,. For h small enough, there exists a positive constant C~', independent of h, such that
ITn wh = [0 < C (B + | ur —wi30)
where s € (1/2,1] is the Sobolev exponent for the solution of the von Kdrmdn problem (see Thm. 2.1).

Proof. Let wy, € Hy,. Since (T}, wy, —uy) € Hj,, we have from Lemma 4.3 (cf. (4.23)) that there exists ¢; > 0
such that

a||lTwy—urll2o < sup  Apu, (TwW,—up,vp).
T re
Vhll2,Q=

Now, we can choose v, € Hj, C H with ||V}, |20 = 1 such that
|| T wip —ur|l2,0 < Apu, (Th Wp —up, Vp). (4.30)

Next, using the definitions of T}, and Ay, (-, -) (¢f. (4.3) and (4.2)), and adding the continuous variational
formulation (2.12) tested with ¥}, on the right hand side of (4.30), we obtain

allThwp —ur|l2,0 < Apu, (Th Wy —up, Vy) = Apu, (Th Wi, Vi) — Apu, (U1, V)
= 2B, (ur; Wi, V1) — Br(Wh; Wi, Vi) + Fi (W) — A8 (ug,¥3,) — MY (ug,¥3,) — 2By (up;ug, v3,)
+ A2 (0,%3) + AV (0, %) + B(w;u,v,) — F(3)
= {QBh(UI;Wth) — Br(wh;wp, Vi) — Bp(ur; uf,Vh)} + {Fh(vh) - F(Vh)}
G Ga
+ {42 @, 7) = AR (ur, ) |+ A{ AV (@, %0) = AY (ur, %)} + { Blwiw, %) = Bu(ur;ur, ¥)}

G3 Gy Gs

(4.31)
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In what follows, we want to bound all the terms G;,i = 1,...,5 defined in (4.31). Indeed, using the properties
of the trilinear form, we rewrite G, then applying the identity (3.16f) and (3.16¢) and the fact that | Vy]j2,0 = 1,
we get

Gy

Bp(ur; wp, V) — Br(wy; Wy, V) — Br(ur;ur, vy,) + By (ug; wy, Vi)
By(u; —wy; Wy, Vi) + By (ur —wy; —uy, vy,)
By(uy —wp;wy —uy,vy) < Clluy —wy, ||§7Q (4.32)

For G4, we use Cauchy—Schwarz inequality and Lemma 3.4 to obtain
= / 2% — ) < 1/ lol T % — Tnlloe < CRI|flog. (4.33)
KeTy,
Next, to bound G, we use Theorem 2.1 and Proposition 3.2 to find u, € [Py(K)]? such that
lu—u; [ x <O |ulapsx VK €7Tp, (4.34)

with s € (1/2,1].
Now, in the definition of G5, we add and subtract the term u,, use the definition of Aﬁ x(+,+), property
(3.10), Cauchy—Schwarz inequality, and apply the estimate (3.12) in the definition of Ay k() to obtain

G3: Z {A%(U—UTHV}L)+AﬁK(uﬂ_uI7vh)}

KeTy,

S Z {|u_u7'r|2,K|Vh|2,K+AﬁK(u7r_uI7u7'r_uf)l/QAﬁK(vhavh)l/Q}
KeT,

< Z {| u—ur o k|Valo,x + azfur —uy |2,K|Vh|2,K}~
KeTy,

Next, adding and subtracting the term u, using the estimates (4.34) and (4.1), and Theorem 2.1 on the right
hand side of the above term, we get

G3 < Z {1—|—a2 [u—uy o x|[Vilo,x + azlu—u;s
KeTy,

< OR|[ullzrsalValze = Ch7lull21s0 < Ch%[|fllo.o- (4.35)

For the term Gy, we use the definition of IT},, Cauchy Schwarz inequality, and (3.9) to obtain

Gy = Z {/ {HKVUI—VU} Vvh+sK( I_uhgh_niévih)}

KeTy,
< Z {HH}(VUI — Vo, |[Un]1,x + eslur — T3 ur|y, x| — H?(’Vahh,l(}
KeT,

< Y LI vur = Vurllo + 19w - ur)
KeTy,

0 ur |y i [0 — H?évihh,K} ,

where in the last step we have added and subtracted Vuj.
Now, on the right hand side above, we apply Propositions 3.4 and 3.3, the definition of Hi&v, Proposition 3.2
and finally Theorem 2.1, to deduce that

Gs<C > {{hxlurlar + hid*|ula i } [Onl1,k + hiclur|a i [Onla i }
KeTy,

< Chllullats,0lVill2,0 = (4.36)
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It is easy to check that G5 can be bounded using the same arguments as those applied to estimate (4.15).
Hence, we obtain the following result

Gs <Ol [ ulla4s0lVall2o = CP7[[ulla4s0 < CR°|[fllo.0- (4.37)
Therefore, by combining (4.31) and the estimates (4.32), (4.33), (4.35)—(4.37), we obtain that
Ty Wi =y 2,0 < C (h* + [|ur —wy [30)

where C is a positive constant depending on || f llo,0, and s € (1/2,1] is the Sobolev exponent for the solution
of the von Kérmdan problem (see Thm. 2.1). O

Now, we are in position to prove that T}, maps the ball B(u;, R) to itself.
Lemma 4.5. For h small enough, there exists a positive constant R(h), depending on h, such that
Th (B(ll[7 R(h))) - B(ul, R(h))

Proof. Let zy, € T),(B(ur, R)), then there exists wj, € Hj, such that z, = T, Wy, and |[W), —uy [|2,0 < R. Then,
applying Lemma 4.4, we have

120 —ur 2.0 = [ToWn — ur 20 < O (h° + || ur —Wall30) -
Now, for all h < hy := (2C)~2/%, we choose 2Ch* =: R(h) = R and obtain

_ . _ _ h B~
21 oo < Ch* + G — s [30 < On* + Cany? = B0 B g <

Therefore z;, € B(uy, R(h)). O
In the following result, we will prove that the operator T}, is a contraction in B(ur, R(h)).
Lemma 4.6. For h small enough, the operator Ty, is a contraction in B(ur, R(h)).
Proof. Let wy, Wy, € B(uy, R(h)), hence
Iwr —ur 2,0, [Wh —usllae < R(h) = 2Ch". (4.38)
Now, from the definition of operator T}, (cf. (4.3)), we have

Apu, (T Wi, vi) = 2Bp(ur; Wy, Vi) — Bp(Wis Wi, Vi) + Fr(vy) Vv, € Hp;
Apu, (Thwh, V) = 2By (ur; Wi, Vi) — Br(Wiy Wi, Vi) + Fr(Va) Vv € Hy,

which implies
Apu, (Th(Wh, —=W3), Vi) = 2Bp(Ur; Wi —Wp, Vi) — Br(Wh; Wi, Vi) + Br(Wiy Wi, vy) Vv, € Hy o (4.39)
Using Lemma 4.3, we can choose Vj, € Hj, with ||V}, ||2,0 = 1 such that

CHTh Wy —Th\ﬂi\v/'h

l2,0 = C|Th(Wn —Wh)|l2,0 < A, (Th(Wh —W3), Vi), (4.40)
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Therefore, by combining (4.39) and (4.40), using (3.16¢) and (3.16f), we get
Ty, Wi, —ThWh|2.0 < 0{2Bh(ul§ Wi, —Wp, Vi) — Br(Whi Wi, Vi) + Br(Wh; v~Vh,vh)}

O{Bh(VNVh — W Wy, — Uy, V) + B (wy, —up; wy, — Wh,Vh)}

< O{llﬁh —wh[l2.0llwh —ur llz0lVallz.o + [Wh — Wi [l2,0l[Whr — ur ||2,Q||Vh||2,ﬂ}

= Cl¥n =W a0 { Il wh = o0 + [ = s o0 - (4.41)

Finally, for all h < hy := (86_'5)_1/8, we apply (4.38) on the right hand side of (4.41) to obtain

- ~ - ~~ ~ 1 -
Ty, Wi, =T Wh|2.0 < 2CR(h)|| Wy, —Wp||2.0 = 4CCR°|| Wi, =Wy |l2.0 < §|| W, —Whl|2.0.
Therefore, we have finished the proof. O

Finally, we are ready to prove that the discrete problem (3.15) admits a unique solution.

Theorem 4.1. Let u be an isolated solution of (2.12). Then, for h small enough, the discrete problem (3.15)
has a unique solution uy, € Hy,. Moreover, we have that

|| u, —uy H27Q S Ohs

Proof. We know that the solution of (3.15) is a fixed point of operator Tj. Thus, the proof follows from
Lemmas 4.5 and 4.6, and Banach fixed-point theorem. ([l

We finish this section presenting the following result, which provides the rate of convergence of our virtual
element scheme.

Theorem 4.2. Let u and uy, be the isolated solution of (2.12) and the unique solution of the discrete problem
(3.15), respectively. Then, there exists a positive constant C, that depends on the force function f but independent
of mesh size h, such that for all h < min{hy, ha} we have that

[u—uy |20 <CR,
where s € (1/2,1] is the Sobolev exponent for the solution of von Kdrmdn problem (see Thm. 2.1).
Proof. For all h < min{hq, ha}, we have from Theorem 4.1 the following estimate

lup, —uy 2,0 < Ch®. (4.42)

Hence, applying triangle inequality in the term || u —uy, ||2,q, using the estimates (4.1), (4.42), and Theorem 2.1,
we deduce

[u—upl20 <[[u—url20+|ur—usl20
< ChP||ullgyso+ [[ur—up 2.0
< Ch?,

where C is a positive constant depending on || f|o.q. The proof is complete. O
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FIGURE 2. Sample meshes: 7;} (top left), T,? (top right), T,2 (bottom left) and T,* (bottom right).

5. NUMERICAL RESULTS

We report in this section a series of numerical experiments to approximate the isolated solutions of the von
Karmdan problem (2.12), using the Virtual Element Method proposed and analyzed in this paper. We have
implemented in a MATLAB code the proposed VEM on arbitrary polygonal meshes (see [10]).

We will test the method by using different families of meshes (see Fig. 2):

— T} trapezoidal meshes which consist of partitions of the domain into N x N congruent trapezoids, all similar
to the trapezoid with vertices (0,0), (1/2,0), (1/2,2/3) and (0,1/3);

— T;%: hexagonal meshes;

— T3: triangular meshes;

— T;}: distorted concave rhombic quadrilaterals.

Now, in order to complete the choice of the VEM, we have to fix the bilinear forms s2(-,-) and sY(-,-)
satisfying (3.8) and (3.9), respectively. First, we consider the following symmetric bilinear forms (see for instance
[8,45]):

Nk

s (up,vp) == ok Z [uh(vi)vh(vi) + hQViVuh(Vi) ~Vvh(vi)] Yup, vy € HE,
i=1
Nk

sX(uh,vh) =0k Z [uh(vi)vh(vi) + hzviVuh(vi) . Vvh(vi)] Yup,, vy, € Hff,

=1
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TABLE 1. Test 1: Errors and experimental convergence rates eg(up), e1(un), ea(un), eo(¢n),
e1(¢n) and ex(1n) of the discrete solution to the von Kdrmén problem.

T Naot eo(un) rc(un)  e1(un) re(up)  ea(un) re(up)

54 0.000431704768438 — 0.003262724422857 — 0.031728922182966 —
294 0.000118318604331 1.87 0.000935470949060 1.80 0.016255461918515 0.96
ThS 1350 0.000029867487367 1.99 0.000239063199567 1.97 0.008150175184542 1.00
5766 0.000007461004475  2.00 0.000059929912000 2.00 0.004079547948378  1.00
23814 0.000001863069256  2.00 0.000014979870677  2.00 0.002040881649304 1.00
246 0.000480588388535 — 0.003317993901837 — 0.031341253980477 —
1062 0.000136460315064 1.72 0.000988414232088 1.66 0.015733875049155 0.94
T,:l 4422 0.000034563080364 1.93 0.000256091744078 1.89 0.007800044026566  0.98
18054 0.000008594114090 1.98 0.000064363787275 1.96 0.003890338441267 0.99
72966 0.000002136931492 1.99 0.000016086825337 1.99 0.001944197375647  0.99
Tn Naot eo(¢n) re(n)  e1(¥n) rc(n)  ea(¥n) rc(n)
54 0.073050506944122 — 0.846040099702635 — 8.159441640704209 —
294 0.012011400077328 2.60 0.292568564494940 1.53 4.341739275488559  0.91
Thl 1350 0.002294277174721  2.39 0.083090515350743  1.81 2.174289254445207 1.00
5766 0.000499349745906  2.20 0.021622526054148 1.94 1.083299492719920 1.01
23814 0.000119140487292 2.08 0.005465045349110 1.98 0.540966031106735 1.00
192 0.061884511675239 — 0.679874909970360 — 7.512913582695741  —
768 0.026172828966453 1.46 0.249463389030945 1.71 4.077763689322426  1.04
Th2 3072 0.008664638440498 1.74 0.071485859700407 1.97 2.055397431297525 1.08
12288 0.002491920671679 1.88 0.018172983843658  2.06 1.024040359048393 1.05
49152 0.000669515058352 1.94 0.004531873249613  2.05 0.510867678265516  1.03

where vi,..., vn, denote the vertices of K, h, is chosen as the maximum diameter of the elements K with v;
as a vertex. Moreover, ok and 7 are multiplicative factors to consider the h-scaling and the physical constants
of the problem. For instance, in the numerical tests, we have considered og,o > 0 as the mean value of the
cigenvalues of the local matrices a% (147 ¢, 12" ¢;) and all (1%Y ¢;, TI%Y ¢;), respectively, where {¢;},7 Hii
corresponds to a basis of H ,{( .

In order to present the numerical tests, we have taken as computational domain € := (0, 1)2. The discrete solu-
tion associated to problem (3.15) was obtained by a classical Newton method. In particular, we have considered
the usual incremental loading procedure (see for instance [11], Sect. 3.2) to approximate the discrete solution
of the nonlinear von Kérman problem: given a positive integer N, let Ff(vy) = (£/N)Fy(vy) V£ =1,2,...,N
be the partial loadings. Therefore, given the initial guest u(,)L (for instance, the zero function), one applies for
(=1,2,..., N the following iterative procedure

Given u% do
for /=1:N do

Fi(vi) = (¢/N)Fy(vy)

Solve Newton iterates

AB (0. v4) + AT () + 28, (0 vEovi) = By (il ) + FE(w)
end

Thus, the final solution is uy, := uly.

Moreover, we define the individual errors by:

eo(wn) = [lw =T Pwpllo,  er(wn) = |w— T Pwylin,  ez(wn) = Jw — 157 Pwy |2,
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FIGURE 3. Test 1. uy, (top left), u (top right), ¥y (bottom left) and 1 (bottom right).

where Hi’D has been defined in (3.17).
We have computed experimental rates of convergence for each individual error as follows:

_ log(e.()/el()

I‘C(') = log(Ndof/Nélof)

for all subscripts x € {0,1, 2},
with Ngor and N ; denote the degrees of freedom of two consecutive polygonal decompositions with respectively
errors e, and e€,. For each mesh 7y, the degrees of freedom are Ngyor = 6N,,, where N, denotes the number of
interior vertices of the polygonal mesh.

In what follows, we present three numerical tests illustrating the performance of our virtual element scheme.
For reasons of brevity, we do not report the results obtained with all meshes for all test problems. However, all
non reported results are in accordance with the ones shown.

5.1. Test 1

In this test, we consider the following variation of system (2.4), where we have modified the right hand side
of the second equation.
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TABLE 2. Test 2: Errors and experimental convergence rates eg(up), e1(up), ea(un), eo(¢n),
e1(¢n) and ex(1n) of the discrete solution to the von Kdrmén problem.

T Naot eo(un) rc(un)  e1(un) re(up)  ea(un) re(up)

54 0.003331813500703 — 0.040541588728628 — 0.392326399686893 —
294 0.000666755182746  1.90 0.013573656090400 1.29 0.211617144042376 0.73
Thl 1350 0.000139272569159  2.05 0.003744148938304 1.69 0.107073487968784  0.89
5766 0.000032059141547 2.02 0.000964443541553 1.87 0.053613559930229 0.95
23814 0.000007817172339 1.99 0.000243151609540 1.94 0.026821738028166 0.98
192 0.003338044048468 — 0.029905766623389 — 0.331352206962454 —
768 0.001214026245280 1.46 0.011071959441869 1.43 0.188066935651525  0.82
ThQ 3072 0.000374019547265 1.70 0.003255655646633  1.77 0.098467208145884  0.93
12288 0.000107769516445 1.80 0.000862676994761 1.92 0.050139745754829 0.97
49152 0.000029635952218 1.86 0.000221290022671  1.96 0.025284764141485 0.99
Tn Naot eo(¢n) re(n)  e1(¥n) rc(n)  ea(¥n) rc(n)
54 0.029494648554614 — 0.412210903728138 — 6.003264759584535 —
294 0.004591865781598  2.20 0.101028788029534 1.66 3.069362969416609 0.79
Thg 1350 0.000940086309599  2.08 0.025008571679680 1.83 1.540413925828407 0.90
5766 0.000222681115380 1.98 0.006215447146812 1.92 0.770497464565608 0.95
23814 0.000055123897439 1.97 0.001548657099701 1.96 0.385190062299381  0.98
246 0.027814402349946  — 0.372966458416872 — 5.590747627283569  —
1062 0.004522053574370 2.62 0.094464604014345 1.98 2.885848302050357 0.95
'Z’,:L 4422 0.000957131357883 2.24 0.023604212432399  2.00 1.453857116146261 0.99
18054 0.000229063918352  2.06 0.005877183318359 2.01 0.728469592800096  1.00
72966 0.000056858787426  2.01 0.001464852130236  2.00 0.364490348651261  1.00

A?u+ ANAu—[tp,ul = f in

A% + %[u,u] =g in

u=0,u=0 on

Yv=0,0=0 on

We consider A = 5 and the right hand side functions f and g so that the exact solution (u,1) of (5.1) is
given by

(5.1)

=00

u(z,y) = 2%y*(x — 1)%(y = 1)? inQ, and o(z,y) = sin®(7z)sin’(7y) in Q.

We report in Table 1 the convergence history of our virtual element scheme (3.15). For each ¢ the Newton’s
method used up to 5 iterations with a tolerance Tol = 10~°. In particular, Table 1 summarizes the convergence
history for the transverse displacement u;, and for the Airy stress function vy. As predicted by Theorem 4.2,
an O(h) of convergence is clearly seen for es(up) and e2(¢p,). We also report eg(up,), e1(ur), €o(¢n) and eq(¢r),
where an O(h?) is observed. The exact and discrete solutions are depicted in Figure 3.

5.2. Test 2

In this test, we consider the canonical von Kdrmén equations (¢f. (2.1)) with non-homogeneous boundary
conditions. We modify the right side of the second equation in (2.1) to compare the discrete solution with the
continuous one, i.e.

A%y —[h,u] = f in Q,

A2+ %[u,u} =g in €,
u=0,u=0 on T, (5.2)

Y=¢o on I,

o =¢1 on I.
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FIGURE 4. Test 2. uy, (top left),

Next, we consider the following lateral load forces pg and ¢

wo(x,y) = sin?(rx)

v1(z,y) = 2wy (2, y) cos(mz) sin(ma)
and the right hand side functions f and g so that the exact solution of (5.2) is given by

u(z,y) = 22 sin(ry)? log(2f — x)?

0.9
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0.7

0.6

0.5

in €,

u
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NN
NN

NN
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NN
NN

and (x,y) = sin®(rz) in Q.

-0.025

u (top right), vn (bottom left) and ¢ (bottom right).

957

Table 2 reports the convergence history of our virtual element scheme (3.15) applied to solve system (5.2) on
different polygonal meshes. Once again, for each ¢, the Newton’s method used up to 5 iterations with a tolerance
Tol = 10~°. In particular, Table 2 summarizes the convergence history for the transverse displacement wu;, and
for the Airy stress function ¢y. An O(h) of convergence is clearly seen for es(up) and es(p). We also report

the errors eg(up), e1(un), eo(wrn) and ey (1), where an O(h?) is observed.

In addition, in Figure 4 we display the discrete solution (up,n) generated with the virtual scheme on a

coarse mesh.

5.3. Test 3

In this test, we present a numerical example illustrating the performance of our virtual element scheme
applied to the von Kérmén system (2.4) with f = 0 and different values of the parameter A (¢f. Rem. 2.1). Let
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FIGURE 5. Test 3. u; := uy, obtained with A = 53, f = 0 and u’( =
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FIGURE 7. Test 3. u1 := uy, obtained with A = 60, f = 0 and u’(z,y) =
(left). us = uy, obtained with A = 60, f =0 and u’(z,y) = —(1(y2? +
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A* = 52.34469 . .. (see [17,43,44]) be the smallest eigenvalue X of the following buckling spectral problem (cf.

(2.5)):
a®(u,v) = =XaV (u,v) Vv € HE(Q),

where the bilinear forms a®(-,-) and aV (-, -) have been defined in (2.8) and (2.9), respectively. In this particular
case, as predicted by the theory in Theorem 5.9-2 of [31], there exist at least three solutions of problem (2.4)
for A > A* (see Rem. 2.1).

We have solved the discrete problem (3.15) using three values for \. We take A = 53, A = 55 and A = 60. In
addition, for each value of the parameter )\, we have used two different initial guess and trapezoidal meshes ’Thl.
On the left hand side of Figures 5-7, we illustrate the approximation of u;, =: u; obtained with the initial guess
u) (z,y) = (3(yz®+1), 1 (y2®+1)) and A = 53,55 and 60, respectively. While, on the right hand side of Figures 5-
7, we illustrate the approximation of uj =: ug obtained with the initial guess uf) (z,y) = —(3(ya?+1), +(yz?+1))
and A = 53,55 and 60, respectively. We can appreciate that u; # 0 and us = —uy, which confirm the existence
of non zero solutions with opposite transverse displacement, as it was established in Theorem 5.9-2 of [31]. On
the other hand, for uf) = 0, we obtained uy, = 0 for any value of \, as it was established in Theorem 5.9-2 of [31].
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