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Abstract

We introduce a discontinuous Galerkin method for the mixed formulation of the elas-
ticity eigenproblem with reduced symmetry. The analysis of the resulting discrete
eigenproblem does not fit in the standard spectral approximation framework since
the underlying source operator is not compact and the scheme is nonconforming. We
show that the proposed scheme provides a correct approximation of the spectrum and
prove asymptotic error estimates for the eigenvalues and the eigenfunctions. Finally,
we provide several numerical tests to illustrate the performance of the method and
confirm the theoretical results.

Mathematics Subject Classification 65N30 - 65N12 - 65N15 - 74B10

1 Introduction

We present a discontinuous Galerkin (DG) approximation of the linearized vibrations
of an elastic structure. In many applications, the displacement field is not necessarily
the variable of primary interest. We consider here the dual-mixed formulation of the
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elasticity eigenproblem because it delivers a direct finite element approximation of the
Cauchy stress tensor and it permits to deal safely with nearly incompressible materials.

A mixed finite element approximation of the eigenvalue elasticity problem with
reduced symmetry has been analyzed in [19]. It consists in a formulation that only
maintains the stress tensor as primary unknown, and the rotation whose role is the weak
imposition of the symmetry restriction. It is shown that a discretization based on the
lowest order Arnold—Falk—Winther element provides a correct spectral approximation
and quasi optimal asymptotic error estimates for the eigenvalues and the eigenfunc-
tions.

The ability of DG methods to handle efficiently hp-adaptive strategies makes them
suitable for the numerical simulation of physical systems related to elastodynamics.
Our aim here is to introduce an interior penalty discontinuous Galerkin version for the
H(div)-conforming finite element space employed in [ 19]. The kth-order of this method
amounts to approximate the Cauchy stress tensor and the rotation by discontinuous
finite element spaces of degree k and k — 1 respectively. We point out that an H(curl)-
based interior penalty discontinuous Galerkin method has also been introduced in [8]
for the Maxwell eigensystem. The DG approximation we are considering here may
be regarded as its counterpart in the H(div)—setting. As in [8], our analysis requires
conforming meshes, but the DG method still permits to employ different polynomial
element orders in the same triangulation. A further advantage of this DG scheme is that
it allows to implement high-order elements in a mixed formulation by using standard
shape functions. Let us remark that the DG method has also been analyzed in [1] for
the Laplace operator.

It is well known that the underlying source operator corresponding to mixed for-
mulations is generally not compact. In our case, this operator admits a non physical
zero eigenvalue whose eigenspace is infinite dimensional. It is then essential to use
a scheme that is safe from the pollution, which may appear in the form of spurious
eigenvalues interspersed among the physically relevant ones. It turns out (cf. [3,4])
that, for mixed eigenvalue problems, the conditions guarantying the convergence of
the source problem does not necessarily provide a correct spectral approximation (as
it happens for compact operators [2]).

It has been shown in [8] that DG methods can also benefit from the general theory
developed in [11,12] to deal with the spectral numerical analysis of non-compact
operators. We follow here the same strategy, combined with techniques from [18,19],
to prove that our numerical scheme is spurious free. We also establish asymptotic
error estimates for the eigenvalues and eigenfunctions. We treat with special care the
analysis of the limit problem obtained when one of the Lamé coefficients tends to
infinity.

We end this section with some of the notations that we will use below. Given
any Hilbert space V, let V" and V"*" denote, respectively, the space of vectors
and tensors of order n (n = 2, 3) with entries in V. In particular, I is the identity

matrix of R"*” and 0 denotes a generic null vector or tensor. Given T := (7;;) and
o = (0;;) € R"™", we define as usual the transpose tensor T° := (tj;), the trace
trv = Z?:l 7;;, the deviatoric tensor 7° = 7 — % (tr7) I, and the tensor inner

product 7 : 0 := Y7 ;_; 7ijoij.
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Let Q2 be a polyhedral Lipschitz bounded domain of R" with boundary 0<2. For
s > 0, ||-|ls.« stands indistinctly for the norm of the Hilbertian Sobolev spaces H* (2),
H* ()" or H* (€2)"*", with the convention H(€2) := L2(2). We also define for s > 0
the Hilbert space H¥ (div, Q) := {r € H*(Q)"*" : divt € H*(2)"}, whose norm is
given by ||r||12¥(div’9) = |[7lI2 o + ldiv 7|7 , and denote H(div, Q) := H(div, Q).

Henceforth, we denote by C generic constants independent of the discretization
parameter, which may take different values at different places.

2 The model problem

In this section, we recall the mixed variational formulation of the elasticity eigenvalue
problem analyzed in [19]. Moreover, we summarize some results from this reference.

Let @ C R" (n = 2, 3) be an open bounded Lipschitz polygon/polyhedron rep-
resenting an elastic body. We denote by n the outward unit normal vector to 92 and
assume that 9Q2 = I'p UT' y, with int(I"p) Nint(I"y) = @. The solid is supposed to be
homogeneous, isotropic and linearly elastic with mass density p and Lamé constants
w and A. We assume that the structure is fixed at I'p # ¢ and free of stress on I'y.
We combine the constitutive law

Clo=ew) inQ,

and the equilibrium equation

o’u = —,o_ldiva in 2, €))

to eliminate either the displacement field u or the Cauchy stress tensor o from the
global spectral formulation of the elasticity problem. Here, &(u) := %[Vu + (Vu)*]
is the linearized strain tensor, and C : R"*" — R"*" is the Hooke operator, which is
given in terms of the Lamé coefficients A and pu by

Ct:=A({trr)I +2ut VYVt eRY

Opting for the elimination of the displacement # and maintaining the stress tensor
o as a main variable leads to the following dual mixed formulation of the elasticity
eigenproblem: Find o : @ — R™" symmetric, r : 2 — R"*" skew symmetric and
the corresponding natural frequencies w € R such that,

-V (p‘ldiva) = w? (C_1c7+r) in &,
dive =0 onTp, (2)
on=0 onI'y.

We notice that the additional variable r := % [Vu — (Vu)t] is the rotation. It acts
as a Lagrange multiplier for the symmetry restriction. We also point out that the
displacement can be recovered and also post-processed at the discrete level by using
identity (1).
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752 F.Lepeetal.

Taking into account that the Neumann boundary condition becomes essential in the
mixed formulation, we consider the closed subspace VW of H(div, €2) given by

W :={tr e Hdiv, Q) : th =0onT'y}.
The rotation r will be sought in the space
Q :={s e L>(Q)"": st = —s).
We denote the Hilbertian product norm on H(div, 2) x L2(Q)"<n by
I )1 = 1T lfaiv.0 + I515.0-

In order to write the variational formulation of the spectral problem, we introduce
the following symmetric bilinear forms in W x Q:

B((a,r),(r,s)) :=/C_la:r+/r:r+/s:a,
Q Q Q

A((a, r), (t, s)) :=/ ,o_1 divo - divt + B((a, r), (t, s)).
Q

The variational formulation of the eigenvalue problem (2) is given as follows in
terms of k := 14 w? (see [19] for more details): Findk € Rand0 # (o,r) € Wx Q
such that

A((a,r), (t,s)) =/(B((a,r), (r,s)) V(r,5) e Wx Q. 3)

We observe that the definition of bilinear form A(-, -) includes bilinear form B(-, -).
This has been done in order to build an inf-sup stable bilinear form on the left-hand
side of the spectral problem, which will allow us to define a solution operator (cf. (8)).
The above standard procedure is called a shift argument and we notice that the original
eigenvalues »” have been shifted to «.

We notice that the bilinear form

(0, T)c.aiv ::/ p ldive - divt +/ Clo:t
Q Q

also defines an inner product on YW. Moreover, the following well-known result estab-
lishes that the norm induced by (-, -)¢,div is equivalent to || ||H(div,2) uniformly in the
Lamé coefficient A.

Proposition 2.1 There exist constants co > c1 > 0 independent of A such that
cilltlin@iv.e) < ltllcaiv < c2llTlln@iv.o) VT € W,

where || T|¢c,giv == +/ (T, T)¢.aiv-
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Proof The bound from above follows immediately from the fact that

¢! = — t t 4
/ s / n(n)\+2u)/(m)(”) @
is bounded with a constant independent of A. The left inequality may be found, for
example, in [19, Lemma 2.1]. |

As a consequence of Proposition 2.1, there exists a constant M > 0 independent
of A such that

4(@.r). @.9)| = Ml@.DIlE9 Ve.r @s)eWxQ O

The following result establishes an inf-sup condition for the bilinear form A(-, -)
uniformly in the Lamé coefficient A.

Proposition 2.2 There exists a constant a > 0, depending on p, n and Q2 (but not on
M), such that

- A((a, ), (1, s))

>all@,rl Yo, neWxQ. ()
(t.5)eEWxQ (T, )l

Proof 1t follows from Proposition 2.1 that

A(@.0.@.0) = @ Dcaw = Cltlhang YT eW,

with C; > 0 independent of A. On the other hand, there exists a constant 8 > 0
depending only on 2 (see, for instance, [5]) such that

Jos

rew lITllH@iv.2)

> Blisllo,e Vs e Q. @)

Consequently, the Babuska-Brezzi theory (see [14]) shows that, for any bounded linear
form L € L(W x Q), the problem: find (o, r) € W x Q such that

A(@.n). .9) =L(z.s) V.9 eWxQ

is well-posed, which is equivalent to (6). O

We deduce from Proposition 2.2 and from the symmetry of A(, -) that the solution
operator T : [L?(Q)"*"]> — W x Q, defined for any (f, g) € [L>(£2)"*"]? by

A(T(f.0.@.9) =B((f.0).(.9) Y@ eWxQ @)
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is well-defined and symmetric with respect to A(-, -). Moreover, there exists a constant
C > 0 independent of A such that

ITCf, @l < ClIf @loa V(. g) e LA Q)" ", (C))

It is clear that (k, (o, r)) is a solution of (3) if and only if (77 = % (o, r)) is an
eigenpair for 7'. Let
K:={teW: divt =0 in Q}. (10)

From the definition of 7', it is clear that T'|cx o : K x Q@ —> I x Q reduces to the
identity. Thus, n = 1 is an eigenvalue of T' with eigenspace K x Q. We introduce the
orthogonal subspace to IC x Q in YW x Q with respect to the bilinear form B:

K x Q% = [(a,r) EWxQ: B((a,r), (r,s)) —0 V(z,5) € K x Q].

Lemma 2.1 The subspace [IKC x Ql+s is invariant for T, i.e.,
T (K x Q") C [K x QI*%.
Moreover, we have the direct and stable decomposition
Wx Q=[Kx Ql®[K x Q. (n

Proof See Lemmas 3.3 and 3.4 of [19]. O

To the best of the authors’ knowledge no intrinsic characterization of [/C x Q115 is
known (see [19] for some further details). Nevertheless, we deduce from Lemma 2.1
that there exists a unique projection P : W x Q — W x Q with range [IC x olts
and kernel IC x Q associated to the splitting (11). This is all what is needed for the
ongoing analysis.

Let us consider the elasticity problem posed in € with a volume load in L?(£2)"
and with homogeneous Dirichlet and Neumann boundary conditions on I'p and I'y,
respectively: Given f € L2(Q)", let (&, &) € H'(Q)" x H(div, ) be such that

—dive = f in Q,
o =Ce(n) in €,
on=0 only,
u=0 onlp.

This problem has a unique solution and, according to [10,15], there exists s € (0, 1]
and C > 0 that depend on €2, A and p such that % € H'+*(Q)" and

I g+s @y < Cllflo.e Vs € (0,5). (12)

We point out that, in principle, the exponent’s and the constant Cin (12) depend on
the Lamé coefficient A. However, we know that (12) also holds true when A = 400
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(see the “Appendix”). Hence, it is natural to expect (12) to be satisfied uniformly in A.
To the best of the authors’ knowledge, such a result is not available in the literature.
For this reason, from now on we make the following assumption.

Assumption 2.1 Constants s and Cin (12) are independent of A.

Now, we are in a position to show that P and T o P are regularizing operators.

Lemma2.2 Foralls € (0,5), POW x Q) C H¥ ()" x H* ()" and T (P (W x
Q)) C {(1,s) € H ()" x H* ()" : divt € H'T5(Q)"). Moreover, there exists
a constant C > 0, independent of X, such that

||P(T, s)”HS(Q)anXHS(Q)an < C”diVT”O’Q V(T, S) € W X Q (13)
and, if (6,7) :=T o P(t,5), then
||(6', i’)”Hs(Q)nanHS(Q)nxn + ||diV6’||H1+s(Q)n < C”diVT”()’Q V(t,s) € WX o.
(14)

Proof Estimate (13) is proved in [19, Lemma 3.2] and (14) follows as a consequence
of (13) by an argument essentially identical to that of [19, Proposition 3.5]. O

The next result gives the spectral characterization for the solution operator T'.

Proposition 2.3 The spectrum of T, sp(T), decomposes as follows

sp(T) = {0, 1} U {mi}xeN

where {ni}x C (0, 1) is a real sequence of finite-multiplicity eigenvalues of T which
converges to 0. The ascent of each of these eigenvalues is 1 and the corresponding
eigenfunctions lie in P(WWx Q). Moreover, n = 1 is an infinite-multiplicity eigenvalue
of T with associated eigenspace KK x Q and n = 0 is not an eigenvalue.

Proof See [19, Theorem 3.7]. O

As an immediate consequence of the above proposition and Lemma 2.2, we have
the following additional regularity result for eigenfunctions of T corresponding to
eigenvalues other than 1.

Proposition 2.4 Let (o, r) be an eigenfunction of T corresponding to an eigenvalue
ne € (0,1). Then, (o, r) € {(T,5) € H (™" x H*(Q)"" : divt € H'T(Q)"}
and

||((T, r) ||HS(Q))1><HXHS(Q))1><H + ”diV(T ||Hl+s(52)n < C”diVO' ||()’Q.
We end this section by providing a bound of the resolvent (zI - T)_l.

Proposition 2.5 Ifz ¢ sp(T'), then there exists a constant C > 0 independent of A and
z such that

(zI = T)(o,r)| > C dist(z,sp(T)) l(o. r)|| Y(o,r)eWx Q,
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756 F.Lepeetal.

where dist (z, sp(T)) represents the distance between z and the spectrum of T in the
complex plane, which in principle depends on \.

Proof See Proposition 2.4 in [18]. O

3 A discontinuous Galerkin discretization

We consider shape regular affine meshes 7;, that subdivide Q into triangles/tetrahedra
K of diameter /1. The parameter & := maxge7;, {hk } represents the mesh size of 7j,.
Hereafter, given an integer m > 0 and a domain D C R", P, (D) denotes the space
of polynomials of degree at most m on D.

We say that a closed subset F C Q is an interior edge/face if F has a positive
(n — 1)-dimensional measure and if there are distinct elements K and K’ such that
F = KN K'. Aclosed subset F C Q is a boundary edge/face if there exists K € 7},
such that F is an edge/face of K and F = K N 3. We consider the set f2 of interior
edges/faces and the set ]52 of boundary edges/faces. We assume that the boundary

mesh }'2 is compatible with the partition 02 = I'p U 'y, i.e.,

UFZF]_) and UF:FN’

FeFp FeFy
where FP := (F € F); F C T'p} and F) := {F € F); F C I'y}. We denote
Fni=F)UF) and Fi:=F) UFY,
and for any element K € 7, we introduce the set
F(K):={F € Fj; F C 0K}

of edges/faces composing the boundary of K. The space of piecewise polynomial
functions of degree at most m relatively to 7, is denoted by

Pu(Th) == {v € LX) vlk € Pu(K) VK € Tp).
For any k > 1, we consider the finite element spaces
Wi =Pe(T)"", W, =Wy0nW and Q;:=P1(7)"" N Q.

The discrete space W; corresponds to the well-known Brezzi-Douglas-Marini
(BDM) mixed finite element (see [7]) and will be useful in the forthcoming analysis.
Let us now recall some well-known properties of W;. For ¢t > 1/2, the tensorial
version of the BDM-interpolation operator I, : H/(Q)"*" — W,, satisfies the
following classical error estimate, see [6, Proposition 2.5.4],

It — Mpzllo.g < CA™MEA 7, o Ve e H(Q)™", t>1/2. (15
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For less regular tensorial fields we also have the following error estimate

lt —Mrtlloe < Ch'(Itlra + ITlu@iv.e) YT € H ()" NHiv, Q), 1€ (0,1/2].
(16)
Moreover, thanks to the commutativity property, if divz € H'(2)", then

Ildiv(r — T, 7). = ldivT — Ry divelloe < CA™ M dive o, (17)
where R, is the L2(Q)"-0rth0g0nal projection onto Py_1(7)". Finally, we denote
by S, : Q — Q, the orthogonal projector with respect to the L2(€2)"*"-norm. It is
well-known that, for any # > 0, we have

Is = Ssllo.o < CH™ M 5], o Vs € H'(Q)" N Q. (18)

For the analysis we need to decompose adequately the space W, x Q. We consider,
Kh:{reVVZ; divr:O}CK.

Lemma 3.1 There exists a projection Py : W; x Qn — W; x Qy, with kernel

ICh x Qy, such that for all s € (0,75), there exists a constant C independent of h and
A such that

(P — Pp)(op, rp)ll < Ch¥|divesllo.e Y(on ry) € W) x Q.
Proof The proof is similar to that of estimate (ii) of Lemma 4.2 from [19] |
For any ¢ > 0, we consider the broken Sobolev space
H'(Tp) := (v e LX(Q)"; v|x € H(K)" VK € Tp}.
For each v := {vg} € H (7)" and 7 := {tx} € H'(7},)"*" the components vg and
T ¢ represent the restrictions v|x and t|x. When no confusion arises, the restrictions

of these functions will be written without any subscript. We will also need the space
given on the skeletons of the triangulations 7, by

L2(Fn) = [ L.

FeFy

Similarly, the components x of x := {xr} € L>(F) coincide with the restrictions
x| F and we denote

/ X = Z/XF and ”X”%)fh :=/ x> Vx e LA(Fp).
Fn F Fn

FeFy
Analogously, || x ||gﬁ =Y rer Jr x7 forall x € L2(F}) == [rer: L2(F).
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From now on, hr € L2(F},) is the piecewise constant function defined by i r|F :=
hr for all F € Fj, with h denoting the diameter of edge/face F.

Given a vector valued function v € H!(7;)" with ¢+ > 1/2, we define averages
{v} € L>(F3,)" and jumps [v] € L?(F,) by

{v}F := (vg +vg)/2 and [v]F:=vg -ng +vg -ng VF € FK)NFK),

where nx is the outward unit normal vector to d K. On the boundary of 2 we use the
following conventions for averages and jumps:

{vlF :=vg and [v]r:=vk-n VF e F(K)NIQ.

Similarly, for matrix valued functions T € H'(7;)"*", we define {t} € L?(F;,)"*"
and [z] € L?(F,)" by

{t}Fr = (tx +1x)/2 and [z]F :=txnK + TR MK VYF € F(K)NF(K')
and on the boundary of Q2 we set
{t}r =tk and [t]r:=txkn VF € F(K)NIQ.

Given T € W, we define div, T € L2(Q)" by div, t|x = div(t|g) forall K € 7,
and endow W(h) := W+ W, with the seminorm

2 . 2 —-1/2
1T By = Idivy Tl o + 155"

Let us remark that this seminorm is actually well defined for any function T € W+

W, Indeed, although in principle the jump [z ] r appearing in this seminorm is defined

for T € H' (7)™ with t > 1/2, this definition remains valid for any T € H(div, 2)

since, in such a case, [] r vanishes (see [8], for a similar analysis in H(curl, €2)).
Then, for all T € W(h) we define the norm

1T = 17 vm + 17150

For the sake of simplicity, we will also use the notation

2 . 2 2
(T, s)”DG = ||T||W(h) + ||s||052

which is the norm in W(h) x O.

The following result will be used in the sequel to ultimately derive a method free of
spurious modes. Since, according to Proposition 2.3, the spectrum of T lies in the unit
disk D := {z € C : |z| < 1}, we restrict our attention to this subset of the complex
plane.
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Lemma 3.2 There exists a constant C > 0 independent of h and A such that, for all
z € D\ sp(T) with |z| < 1, there holds

(zI = T)(z,8)pc = Cdist (z,sp(T))lz| I(z, $)lIpc V(r,s) € W(h) x Q.
Proof We introduce
(c*,r"):=T(r,s) e Wx Q
and notice that
I —T)(o*, r") =TI —T)(t,s).

By virtue of Proposition 2.5 and the boundedness of T : [L2(Q)"™ ") > Wx Q
we have that

Cdist (z, sp(T)) (0™, 1) < Iz = T)(a*, r*)| < IT I —T)(z,s)||
=TI =T)(x,s)lo < IT(zI —T)(z,$)llpc-

Finally, by the triangle inequality,

I(z.9)lIpc < lzI7 @™, r)| + |z i = T)(x. 9)lpe
T

<lzI7' (1 ¢

C dist (z, sp(T))

<o C dist (z, sp(T)) + [IT |
- C dist (z, sp(T))

) l(zI —T)(z,s)lpc

) l(zI —T)(z,s)lpc-

Hence,

crl dist (z sp(T))
IIT| + dist (z, sp(T))

) (. 9llpc = Izl —T)(z,9)lpG-

Since dist (z, sp(T)) < |zl < land ||T| < C’(with C’ independent of 1), we derive
from the above estimate that

Clz|
1+C

dist (z, sp(1)) (7, $)llpG < Iz — T)(z, )l pG>

and the result follows. O

Remark 3.1 If E is a compact subset of D \ sp(T'), we deduce from Lemma 3.2 that
there exists a constant C > 0 independent of /& and X such that, for all z € E,

C

—1
T = Gt (E. szl
Il( ) leovaxewinxe < g (E, sp(1))lz]
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760 F.Lepeetal.

Let us now introduce the discrete counterpart of (3). Given a parameter ag > 0,
we introduce the symmetric bilinear form

Ap ((a, r), (t, s)) :=/Q,0_1 div, o - div, T + B((a, r), (t, s)) + /ﬁ ash}l [o] - I=]

h

—/ (1o~ divy o} - [<] + (o~ divy 7} - [o]) (19)

h

and consider the DG method: Find x;, € R and 0 # (o, ) € W), x Qy such that

Ah((Uh, rn), (Th, Sh)) = KhB((Gh, rh), (Th,sh)> V(Th, Sn) € Wh X Qp.
(20)
We notice that, as it is usually the case for DG methods, the essential boundary con-
dition is directly incorporated within the scheme.
A straightforward application of the Cauchy—Schwarz inequality shows that, for
all (o, r), (t,5) € W(h) x Q such that dive, divt € H (Q)" with t > 1/2, there
exists a constant M* > 0 independent of 4 and A such that

41(@. 1), @.9)| = M@, P56 179l @
where

1/2 4 172
1@, Mg = (I DIk + 11 (divel 3 - )

Moreover, we deduce from the following discrete trace inequality (see [13]),
172

Az {v}lo.7, = Clivlio,e Vv € Pe(Tn), (22)

that for all (ty, s1) € Wy x Q.

44(@.1. @s)| = Mol @, Dl s, sw)lb. 3)

with Mpg > 0 independent of /2 and A.

4 The DG-discrete source operator

The following discrete projection operator from the DG-space W), onto the H(div, €2)-
conforming mixed finite element space W° will be used in the forthcoming analysis
to deduce the stability of the DG source problem by taking advantage of the inf-sup
condition (27).
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Proposition 4.1 There exists a projection I, : Wy, — W, such that the norm equiv-
alence

, Cap s A2
Clzlhwm = (IIIhTIIH(div,Q) + 17z [[T]]IIO,]:}:) =Clzlwn (24

holds true on Wy, with constants C > 0 and C > 0 independent of h. Moreover, we
have that

. — —1/2
ldivi(z = Tio)lgo+ Y ke = Tizlix < Collhz P[5 5 (29
KeTy
with Co > 0 independent of h.
Proof See [18, Proposition 5.2]. O

We can prove, with the aid of this result, that the bilinear form A, which according
to its definition (19) depends on ag, satisfies the following inf-sup condition.

Proposition 4.2 Let Aj, be defined as in (19). Then, there exists a positive parameter
a‘g such that, for all ag > ag,

qup Ap ((Gh,rh), (Thssh))

>apgll(on, r)llpc Y(On, rh) EWEXQy
(Ths)EW, X Q) I(zr, sp)llpc

(26)

with apg > 0 independent of h and .

Proof 1Itis shown in [18, Proposition 3.1] that there exists a constant &, > 0 indepen-
dent of & and A such that

up A((Gh,rh), (Th,sh)>

> ayll@p, ra)ll Y(on, ) € Wy x Q.
(ThSH)EW, X Q) I(Ths sn)ll

(27
It follows that there exists an operator ®, : W, x Q, — W, x Qj, satisfying

A(@n ). On(@ ) = &5 1@, rI and [©4on )l < @n, r)l
(28)
forall (o, rp) € WZ X Q.
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Given (7, 5) € Wy x Qp, the decomposition T, = 1§, + T, with 7}, =TTy
and Ty := 15 — It and (28) yield

An((@ns 1), On(xh 1) + (4, 0)) = o511 @5 s I + An (25 50). (B0 0))

+An (@5, 0, 04T 5)) + An((Fn 0), (74, 0)). 29)

By the Cauchy—Schwarz inequality,

Ah(m, 0), (4, 0)) = p~"ldivy 415, + aslihz " [ealIf 5 +/ ey Ty
Q
2 [ o7 divi 24} - [74]
7
—1/2
> aslhz 2 [ealll§ 5
_ 1/2 4. ~ —1/2
—2p~ L diva Tudllo.z 1h 2 TTallo.
and we deduce from (22) and (25) that

—1/2

An((@0, 0, @1, 0) = @5 — ol [0l 5,

with a constant C independent of / and A.
We proceed similarly for the terms in the right-hand side of (29). Indeed, it is
straightforward to check that

(5 5. @, 0)) = = p~ div T o, ldive Eallo.
~ CallElloadzhlog + lIsalos)
— 1/2 4
Pt (div Tz I Tenl o5

and using again (22) and (25) we obtain

v

An((@ho 1), @ 0) = = Callhz P Lealllo s 1T sl

1/2

v

af .
= 1@ s = Callhz “[eallg 5

with C4 > 0 independent of 4 and A. Similar estimates lead to

v

—1/2
— Csllhz " [za] lo. 7 1©n (T, s

—-1/2
= Cslihz P Tealllo, 7 (T, sl

An((@n 0), 01z 5))

v
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where the last inequality follows from (28). We conclude that there exists Cg > 0
independent of & and X such that

- : af -
An(En 0. 01 (xh5)) = =Ll s = Collnz P [eal 5.

Then, we have shown that

. o _
An((Ehe 51, O (T 51) + B 0) = 2@ I+ (a5 = 1)k [xallF 7,

with C7 := Cy 4 C4 + Cg. Consequently, if ag > a§ := C7 + %, then

c

~ o —
(@i On(Th s + @ 0)) = Z(Ih 5ol + 10515 )

and, thanks to (24), we conclude that there exists apg > 0 such that,

An((@he 50, (T 5 + @ 0)) = 6l a5l 06 (104 (T 51 + G Oll06 ).

which yields (26). O
In the sequel, we assume that the stabilization parameter is large enough (namely

as > aj) so that the inf-sup condition (26) is guaranteed. The first consequence of this

inf-sup condition is that the discrete solution operator 7'y, : Lz(Q)”X” x L2(Q)nn —
W, x Qy, characterized for any (f, g) € [L*(2)"*"]? by

An(Ta(F. &), @aosn) = B((F.8). @nsn)) Y(Thsi) € Wi x @i (30)

is well-defined, symmetric with respect to A (-, -) and there exists a constant C > 0
independent of A and & such that

ITh(f. lpc < ClIf, loa Y(f,g) € L2Q)" " (31)

We observe that («j, (65, r5)) € R x W), x Qp, is a solution of problem (20) if
and only if (up, (op, rp)) with up, = 1/(1 + k) is an eigenpair of Ty, i.e.

Ty(op,ry) = (on,rp).

1
14+«
The following result establishes the convergence properties (Céa estimate) for the

solution operators T and T'j,. We recall that s is the Sobolev exponent for which (12)
holds true.
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Theorem 4.1 Let (f,g) € POW x Q) and (6,7) :=T(f, g). Then,

I(T = Ty)(f, &)llpc < (1 + MDG) inf 16, F) — (th i) hg, (32)
apG /) @n.sp)EWRx Q)

with Mpg and apg as in (23) and (26), respectively. Moreover, for all s € (0,75), the
error estimate

IT =T ®llpc = Ch* (16 lusc@yon+ 7l oyen+ iV & sy ). (33)

holds true with a constant C > 0 independent of h and A.

Proof We first notice that the DG approximation (30) is consistent with regards to its
continuous counterpart (8) in the sense that

AT =T)(f. @) @nosw) =0 ¥@nsi) e Wi x Qi (34)
Indeed, by definition,
An(@. 7). (Enosn) ) = / p~ ! dive - divi 7 + B((@. 7). (zh, 1)
Q

- / (p~'divé} - [a]. (35)
5

Note that the average in the last term above is well defined since, according to
Lemma 2.2, divg € H!TS(Q)".
It is straightforward to deduce from (8) that

v(p—ldiv&)zc—l(&—f)+f—g and (6 —6%)/2=(f—f5/2. (36)

Moreover, an integration by parts yields

/pfldiv6~divhrh:— Z/V(p’]div&):m—i—Z/ pfldiv6~rhnK
Q K K

KeT, KeT,
=— Z / V(p~'dive) : 7 —i—/ {p~'divé) - [zr]-
KeT, K T

Substituting back the last identity and (36) into (35), we obtain

An(@. 7). @) = B((f 80, iosn)) Y(@n,sn) € Wi x @
and (34) follows.
The Céa estimate (32) follows now in the usual way by taking advantage of (34),

the inf-sup condition (26), estimate (23), and the triangle inequality.
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Now, in order to obtain (33) from (32), we have that

Mpg
apc

(T —Tw(f.®llpc < <1 + ) I(6,7) — (TTho, SP)llpg- (37

Using the interpolation error estimates (15) and (17), (18) and the additional regularity
proved in Lemma 2.2, we immediately obtain for all s € (0,5)
I(a,7) — (ITpo, SpP)lipc = lI(a, F) — (15, SpF) ||
< Colt* (16 lsc@yren + I s oo+ 189 & s e )
(33)
Moreover, we notice that
1/2

. o~ ~ 1112 o~ SN
Ihz"{div(o — I140)}l 7 =< > Y helldive — 1,6) [ 4
KeT, FeF(K)

Under the regularity hypotheses on 6, the commuting diagram property satisfied by
[T, the trace theorem and standard scaling arguments yield

he|divE — T,6) 15 = hrlldive — Ri dive |5 » < Cohg ZI1diva [ g,

for all F € F(K), where the L*(K )-orthogonal projection Rx := Rp|x onto
Pr—1(K) is applied componentwise. It follows that

1/2
1/2 ¢ qeo s~ ~ .~
1A% (div(E — 1) o7 < Cohi™ | D 1dive 1 gy
KeT),
< C3h||div & [|gs (- (39)

Combining (39) and (38) with (37) allows us to prove the asymptotic error estimate
(33). O

We end this section by providing some technical results that will be used to establish
the spectral approximation properties of the proposed DG method.

Corollary 4.1 Forall s € (0,7), there exists a constant C > 0 independent of h and X
such that for all (o,r) € W x Q

(T = TwP(e,r)lipc = Ch'ldive o,

Proof The result is a consequence of Theorem 4.1 and Lemma 2.2. O

Lemma 4.1 Forall s € (0,5), there exists a constant C > 0 independent of h and A
such that

(T —Tp)(th, s)lipe < Ch¥ |(Th, sp)lipc Y(Th, Sh) € Wi X Q.
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Proof For any T;, € W, we consider the splitting T, = 7, + T, with 7, := T €
W, Then, we have that

(T —Tw)(zh,sp) = (T = Tp)(Th,0) + (T — Tp)(z}, 51)
= (T —Tp)(Th, 0)+ (T —Tp)Pp(t},, 51),

where the last identity is due to the facts that (I — Ph)(tfl, sp) €K xQpand T —Ty,
vanishes identically on this subspace. It follows that

(T —Ty)(zp,sp) = (T = Typ)(Th,0)+ (T —Tp)(Py — P) (T}, 51)
+(T —Ty)P(t}, sp).

Then, the triangle inequality together with (9) and (31) yield

(T =T (xn s)llpe = T = Tw)(@n, Ollpc + T = Th)(Pr — P)(z),, sn)llpc
+I(T =Ty P (), sw)llpc

= (||T||L([L2<Q>"x"]2,wX o) T hllzq2@mnp o, xgm)

x(IZalo.c + 1Py = PY . sm)l) + ICT = T Pz, sn)l oG-
Using (25) with T = 1), Lemma 3.1 and Corollary 4.1, we have that

ITrllo,e < ChllTnllwam,
[(Pr — P)(zj, sp)ll < Ch*||div Ty llo, < Ch*llTnllwa

and
(T —Tp)P(z),sp)llpG < Ch*|ldiv Ty llo.e < CA [l Thllwan,

respectively, which gives the result. O

5 Spectral correctness of the DG method

The convergence analysis follows the same steps introduced in [11,12]. We only need
to adapt it to the DG context (cf. also [8]).

For the sake of brevity, we will denote in this section X := W x Q, X, =
W), x Oy and X(h) := W(h) x Q. Moreover, when no confusion can arise, we
will use indistinctly x, y, etc. to denote elements in X and, analogously, x,, y,,, etc.
for those in Xj,. Finally, we will use ||-|| z(x,,,x(x)) to denote the norm of an operator
restricted to the discrete subspace Xj,; namely, if S : X(h) — X(h), then

ISxnllpG
I1Slze,,xmy) == sup —————. (40)
0£x,ex;, 1XnllpG
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The following result will be used to establish that the proposed DG scheme does
not introduce spurious eigenvalues.

Lemma 5.1 Ifz € D\ sp(T), there exists hg > 0 such that if h < hy,
Iz — Tp)xplpc = Cdist (z, sp(T))|z| |xnllpc Vxi € Xy

with C > 0 independent of h and .

Proof Tt follows from
(I —Tp)xp =@l —T)x, + (T —Tp)xy
and Lemma 3.2 that

IGE = Twxullpg = (€ dist (2, sp(D) Izl = IT = Tulleoeyxam ) 164l p

and the result follows from Lemma 4.1. O

Analogously to the continuous case, we prove that the discrete resolvent associated
to the discrete operator 7'y, is bounded.

Lemma5.2 Ifz € D\ sp(T), then there exists hy > 0 such that for h < hy
Iz1 = Twxllpg = Cdist (z,sp(D)) Iz Il pG Vx € X(h)

with C > 0 independent of h and A.

Proof Given x € X(h), let
xp = Thx € Xp.
We deduce from the identity
(zI —Tp)xj, =Tyl —Th)x
and from Lemma 5.1, that
Cdist (z, sp(D)) lzllIx I p < 1@I=Twx}lpc <N Twllcccm.xpll@I — T)xlpe.
This and the triangle inequality leads to

-1 -1
IxlpG < |21 lIxhlpG + 1217 II(zI — Tw)xllpc

1 7wl e
<z 1+ I —Tp)x .
= [l ( C dist (z, sp(T))z| It W¥loe
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! (c dist (z, sp(T)) 2] + 1 Thll 2z 5)

I1-T .
C dist (z, sp(T))z| ) I w¥llng

Hence,

o ( C dist (z, sp(T)) |z

- IxllpG < IzI = Tp)xllpG-
IThll ccxany,x,) + C dist (z, Sp(T))|Z|>

Now, using that dist (z, sp(T)) < |z| < 1 and | Tl £cxn),x,) < € (with C’ indepen-
dent of 1), from the estimate above we derive

Clz[* dist (z, sp(T))Ix I pg < lIzI = T)(x,5)lIpg>

and the result follows. O

Remark 5.1 If E is a compact subset of D \ sp(7") and 4 is small enough, we deduce
from Lemma 5.2 that (zI — Tj) : X(h) — X(h) is invertible for all z € E. Hence,
E C D\ sp(T}p). Consequently, for 4 small enough, the numerical method does not
introduce spurious eigenvalues. Moreover, we have that there exists a constant C > 0
independent of # and A such that, forall z € E,

C
< .
e xan =< dist(E, sp(T))|z|?

(I —Ts) "

For x € X(h) and E and F closed subspaces of X(h) wesetd(x, E) :=infycplx —
Ylipg, 8(E, F) = supycp. |yjp=19(y. F), and S(E,F) := max{8(E,F), §(F, E)},
the latter being the so called gap between subspaces E and F.

Given an isolated eigenvalue k # 1 of T', we define

L.
d, = 5 dist (/c, sp(T) \ {/c}).

It follows that the closed disk D, :={z € C: |z — k| < d,} of the complex plane,
with center x and boundary y is such that D, Nsp(T') = {«}. We deduce from Remark
3.1 that the operator £ := 27” f (zI = T)"" dz : X(h) — X(h) is well-defined
and bounded uniformly in 4. Moreover E|x is a spectral projection in X onto the
(finite dimensional) eigenspace £(X) corresponding to the eigenvalue « of T'. In fact,

EX(h)) = EX). (4D)

To prove this, let «* € D, be an eigenvalue of T : X(h) — X(h) and x* € X(h)
be the corresponding eigenfunction. Since k* # 0 and T'(X(h)) C X, we actually
have that x* € X. Then, necessarily «* = « and taking into account that £(X) is the
eigenspace associated with «, we deduce (41).

Similarly, we deduce from Remark 5.1 that, for 4 small enough, the operator £, :=
f (zI —Ty)~ Laz: X(h) — X(h) is also well-defined and bounded uniformly

2711
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in h. Moreover, & |x, is a projector in X, onto the eigenspace &£, (Xj,) corresponding
to the eigenvalues of T, : X; — X, contained in D,.. The same arguments as above

show that we also have
En(X(h)) = Ep(Xp).

Our aim now is to compare &, (X},) with £(X) in terms of the gap 3.

Lemma 5.3 There exists C > 0, independent of h and X, such that
C
1€ = Enllcexy, xmy = = IT = Tl cexi,x))- (42)
K
Proof We deduce from the identity
=T =@ =T = -1 (T =Ty @l =Ty~

that, for any x;, € Xp,

1€ — Exnlipe < Izl —T)" — (zI — Tp) "xlipcldz]

Izl —T)"" (T — T1) zI — Ty) ' IxsllpGldz|

3|

2ny
3|
2ny
1

IA

7 / 1T — T) ey o 1T — Thll 2, <o)
T Jy

xlzI = T) Nz, xnlxnl peldz]

and the result follows from Lemmas 3.2 and 5.2, the definition (40) and the fact that
forallz € y, |z| > k — d, > 3k.

The following theorem will be used to establish the approximation properties of
the eigenfunctions of problem (3) by means of those of problem (20).

Theorem 5.1 There exists a constant C > 0 independent of h and A such that

1T — Thllcex, xam)
dy

S(EX), En(Xp)) < C ( + 8(EX), Xm).

Proof Since &), is a projector, for & sufficiently small, we have that £,x; = x, for all
x5 € E,(Xp). It follows from (41) that £x;, € £(X), which leads to

8(xp, EX)) < 1€nxn — Explipg < 1€ — Ellccxy,xn IXnllpc

for all x;, € £,(X;). We deduce from (42) that
C
8(En(Xn), EX)) < d—IIT = Tl sy, Xy (43)
K
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On the other hand, since Ex = x forallx € £(X), for # small enough and y;, € X,

Ix = Enynllpne < 1€ — yp)linc + € — En)yulipe
< €l cexany xanllx =y lipe + 1K€ = Ellcexy xmn I ynllpe
< (I€nll ey, xamy + 2NEN ey, xam ) I1x = yullpe
+ 1€ = Enllcexy.xmnlxlpe-

Consequently,
8(x, En(Xp)) < C(6(x, Xp) + 1€ — Enll oz, X))

for all x € £(X) such that ||x||pg = 1. Then, using that the eigenspace £(X) is finite
dimensional, we deduce that

S(EXD), En(Xp)) = COERX), Xp) + 1€ = Enll ey xmy)

and the result follows from this estimate and (43). m|

We end this section with a result that establishes the convergence properties of the
eigenvalues and eigenfunctions.

Theorem 5.2 Let k # 1 be an eigenvalue of T of algebraic multiplicity m and let
Dy be a closed disk in the complex plane centered at k with boundary y such that
D, Nsp(T) = {«}. Letk1,n, - .., Km(h),n be the eigenvalues of Ty, © Xy — X, lying in
Dy, repeated according to their algebraic multiplicity. Then, we have that m(h) = m
for h sufficiently small and

lim max |k —k; 5| =0.
h—01<i<m

Moreover, if E(X) is the eigenspace corresponding to k and E;,(Xy,) is the T j,-invariant
subspace of X, spanned by the eigenspaces corresponding to {k; p, i = 1,...,m}

then

lim S(EX), E,(Xy)) = 0.

Proof To prove the result, we will use Theorem 5.1. First, we deduce from Lemma
4.1 that

lim | T — Tyl zcx,, iy = 0.
h—0

Moreover, since EX) C To P(a,r) C {(t,s) € [H ()" : divt € H'T(Q)"}
for all s € (0,7), it follows from (33) that

li X), Xp) =0.
lim 5(E(X), Xp) =0
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Hence, by virtue of Theorem 5.1, we have that

lim SEX), £,(Xp)) =0

and, as a consequence, £(X) and &£, (X},) have the same dimension provided /4 is
sufficiently small. Finally, being « an isolated eigenvalue and the radius of the circle
y arbitrary, we deduce that

lim max |k —«; | =0.
h—01<i<m

6 Asymptotic error estimates

Along this section we fix a particular eigenvalue k¥ # 1 of T. We wish to obtain error
estimates for the eigenfunctions and the eigenvalues in terms of the quantity

§*(EX), Xp) = sup inf [|x —xplpg-

x€EX),lIxllpg=1%1EXn

Theorem 6.1 For h small enough, there exists a constant C independent of h such that
~ C .,
B(EX), £5(Xp)) = —-6"(EX), Xp). (44)
K
Proof Since £(X(h)) = EX) and &, (X(h)) = &,(Xp), it is equivalent to show that
~ C .,
B(ECK ). ExX(h) ) = T8 (EX). X).
K

We consider here again the disk D, centered at ¥ with radius d,, and boundary y. We
first notice that for all z € y

@ -T) "'~ =T ' =@ -Ty) (T Ty @I -T)",

which, by virtue of Remarks 3.1 and 5.1, implies

A

1 _ _
1€ — Enlecoll < E/n(zl — 1) — 2l = Tp) e llldz]
Y

1 _ _
= 2—/||(ZI_Th) YT =Ty I —T)7 e llldz
T Jy

IA

1
— I-Tp"!
o /yll(Z ) loexmy, X))
X (T — Tilecolcexxapll @I — T cee xanyldzl
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Ko}

< —I(T = Tp)lecollcex,xn) - (45)

o}

K

Now, on the one hand, it is clear that
5(ECR(), E4(X(W)) < (€ — Enlecolcoexan-

On the other hand, (45), the Céa estimate given by (32) and the fact that £(X) is finite
dimensional yield

C
1€ — Enlecolleex xmy < d—8*(5(X), Xa), (46)
which proves that
C *
S(E(X(h)), Eh(X(h))> < d—5 (EXD), Xp). (47)

Consequently, since £X) C T(P(W x Q)) € [H(Q)""]> : divt € H'™(Q)"}
for all s € (0,75), we have that

lim S(E(X(h)), & (X(h))) —=0. (48)

Hence, itis shownin [12] that, for 2 small enough, Aj, 1= Elex) + EX) = Er(X(h))
is bijective and A;l is uniformly bounded with respect to /. Furthermore,

sup IAy xn —xnllpe <2 sup Ay = ylipe.
xp €& (X(M), Ixnllpe=1 yeEXMm), llyllpc=1
Then,
5(E (X)), EGK(h)) < sup e — Ay 'xlb6

xp€€p (X)), Ixnllpc=1
<2 sup 1€y — Enylpc-
ye€X),lyllpc=1
. . C .
Since (46) and the above estimate show that §(&,(X(h)), E(X(h))) < d—S (EX),
Xp), the result follows from this and (47). ‘ O

Finally, we prove the following rates of convergence for the eigenfunctions and
eigenvalues.

Theorem 6.2 Let r > 0 be such that £X) C {(t,s) € [H (2)""]? : divt €
H'"" ()"} with

“‘[”Hr(Q)nxn + ||S||Hr(g2)n><n =+ ”diVT”HH—r(Q)n < C”diVT”(),Q V(T, S) S g(X)
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Then, there exists C > 0 independent of h and A such that, for h small enough,

S(EX), En(Xp)) < dﬁhmi“{""}. (49)

K

Moreover; there exists C' > 0 independent of h such that

c o
max |k — kjp| < — R2min{rkl (50)
1<i<m ’ d,

Proof Let (o,r) € EX) with ||(o, r)||pg = 1. Then, by proceeding as in the proof
of (33) with s substituted by r, we have that

inf _[l(a,7) — (@h, i) < CH™™F (|l ||y ynnn
(op.rp)eXpy
+ 7 g @nxn + 1AV 0 [+ (qyn)
< Ch™ 8 divo .o < CA™NH,

the second inequality because of the assumed regularity of the eigenfunctions in
E(X). Therefore, §*(E(X), X;) < Ch™™ k) and thus (49) follows from (44) and
this inequality.

Let k1.4, ..., km n be the eigenvalues of T : X;, — X lying in D,, repeated
according to their algebraic multiplicity. We denote by x; ;, an eigenfunction corre-
sponding to k; j satisfying ||x; n|lpc = 1. We know from Theorem 6.1 that, if /4 is
sufficiently small, then

C
8(xin, EX)) = d—5*(5(X), Xn).

Hence, there exists an eigenfunction x := (o, r) € £(X) satisfying

Ixin —xlpG < C8(xin, EX)) < C8ELXp), EX))

c
< 8NEE).K) > 0 ash >0, (51)
K

which proves that, for # small enough, ||x|| pg is bounded from below and above by a
constant independent of /1. Now, proceeding as in the proof of the consistency property
in Theorem 4.1, we readily obtain that

Ap(x, yp) =«B(x, y;) (52)
for all y, € Xj. With the aid of (52), it is easy to check that the identity
Ap(x —xipn, X —xip) —kBx —xip,x —xi ) = (kin — ) B(Xip, Xin)
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holds true. Now, according to Lemma 3.6 from [19], for any x € £X), x # 0,
there holds that B(x,x) > 0. Thus, since £(X) is finite-dimensional, there exists
¢ > 0, independent of /4, such that B(x, x) > c|x| pg Vx € EX). This proves that
B(xip, xip) > % for h sufficiently small. We obtain from (21) that

c
§|Ki,h_’<| < |Ap(—x;p, x—x; p)|+lic| |Bx—x;p, x—x; )| < CUIx—%; 1lH5)*-

(53)
Let us write x = (o, r) and x; , = (op, rp,). Then, by the definition of || - ||"‘DG we
have

Ix = xinllpG = (@, 1) = (@n, rW)Ipg

=ll@.r) = (@n. rw) G + h L {divi(o — an)}ll 7 -

Now, we bound separately the two terms on the right hand side of the last identity. For
the first one, from (51) we immediately obtain that

C
to.r) = (on. r)lpc = ;5*(5(5@, Xh)

K

c

de

IA

hmin{r’k} (”U”Hr(Q)HXn + ”rHHr(Q)nxn + ||diV0'||Hl+r(Q)n) .

(54)
On the other hand,
12 4 1/2 1 12, 4
hz Adivy (6 —ap)}llz < lh g {divy (o —TT,0) | 7 + Az {div, (TTpo —on)} 7
(55)
and proceeding as to derive (39) in the proof of Theorem 4.1, we have that

Ih 2 divi (0 — o)}/ < CA™™ K diy o |1 0. (56)

Finally, (22), (17) and (54) yield

1 (divy, (TTyo — o)}l < Clldive(TTho — o4)llo.0

d

< C(ldiv(ITyo — 0)llo,e + | divi(oc —op)llo.)
< C(|ldiv(ITyo — o) o, + ll(@.r) — (o4, 1)llDG)
C
< ghr (HGHH’(Q)”X” =+ ||I‘||Hr(9)n><n =+ ”diVO'”H]Jrr(Q)u) .
(57)
This, combining (53), (55)—(57) and (54), we obtain (50). O

Remark 6.1 In the proof provided above for the error estimate (50), the constant C’
is not independent of 1. Indeed, according to the proof of Lemma 3.6 from [19], we
have that
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1

n
B((o,r), (0, r)= [ Clo:a>min{—, — |02 > 0.

(@0 @ = [ > {n)»+2u m}n o>
Therefore, the constant ¢ in the proof above tends to zero when A goes to infinity.
However, the numerical experiments presented below suggest that (50) holds true
uniformly in A.

Remark 6.2 We notice that in (49) and (50) there is a hidden dependence on A through
the constant d, := % dist (K, sp(T) \ {K}), because sp(T') depends on A. The constant
d, measures the deterioration of the error estimates given in Theorem 6.2 when the
eigenvalue k gets close to other eigenvalue of T'.

Remark 6.3 We point out that, thanks to Proposition 2.4, we have that £X) C
{(z,r) € [HS(Q)""]? : divt € H!T(Q)"} for all s € (0,5). Consequently, the
error estimates given in Theorem 6.2 will always hold true for any r € (0,%). How-
ever, it may happen that some eigenspaces satisfy the regularity assumption of the
theorem with r > § (see, for instance, the last tests in the following section). In such
a case, estimates (49) and (50) holds true even though r > 7.

7 Numerical results

We report a series of numerical tests to solve the elasticity eigenproblem in mixed
form with the DG scheme (20). All the numerical results have been obtained by using
the FEniCS Problem Solving Environment [17]. For simplicity we consider a two-
dimensional model problem. We choose 2 := (0, 1) x (0, 1), fixed at its bottom (I'p)
and free at the rest of the boundary (I'y). The material constants have been chosen
p = 1 and Young modulus £ = 1. We will let the Poisson ratio v take different values
in (0, 1/2]. We recall that the Lamé coefficients are related to £ and v by

Ev E
A= ————— ni=——"-:
(I+v)(1—2v) 2(1 +v)

The limit problem A = oo corresponds to taking v = 1/2. In all our tests we use
uniform meshes with the symmetry pattern shown in Fig. 1. The refinement parameter
N represents the number of elements on each edge.

In the first test we are concerned with the determination of a reliable stabiliza-
tion parameter ag. We point out that, the ~p-DGFEM analysis given in [16] for the
Maxwell source problem shows that the stabilization parameter should be sufficiently
large and proportional to k%. Moreover, the numerical tests presented in [9] confirm
this fact for DG formulations of the Maxwell eigenproblem. We conjecture here the
same behaviour in the H(div)-setting and take ag := ak’. We know that the spectral
correctness of the method can only be guaranteed if a is sufficiently large (Proposi-
tion 4.2) and if the meshsize # is sufficiently small (Remark 5.1). In a first stage, we fix
the refinement level to N = 8 and reportin Tables 1, 2, 3 and 4 the 10 smallest vibration
frequencies wp; := +/kpi — 1 computed for different values of a = 1/2,1,2,4, 8.
The polynomial degrees are given by k = 3, ..., 6, respectively. The bold numbers
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Fig.1 Uniform meshes

Table 1 Computed lowest vibration frequencies for k = 3, ag = ak? and v = 0.35

a=1/2 a=1 a=2 a=4 a=38
0.6804473 0.6804477 0.6804462 0.6804472 0.6804472
1.6988806 1.6879653 1.6988720 1.6988796 1.6988800
1.8222055 1.6916177 1.8222037 1.8222050 1.8222051
2.9476928 1.6989049 2.9476908 2.9476927 2.9476933
3.0174155 1.8222057 3.0173631 3.0174089 3.0174112
3.4432205 2.9476990 3.4432037 3.4432155 3.4432167
4.1416494 3.0174223 4.1417279 4.1417682 4.1417745
4.6308330 3.4432178 4.6307482 4.6308440 4.6308541
4.6871661 3.6678401 4.7616006 47616214 47616310
4.7614527 3.6812705 4.7878815 4.7880137 4.7880286
Table2 Computed lowest vibration frequencies for k = 4, ag = ak? and v = 0.35

a=1/2 a=1 a=2 a=4 a=38
0.6805737 0.6805734 0.6805736 0.6805737 0.6805737
1.6990333 1.6990335 1.6990325 1.6990330 1.6990331
1.8222096 1.8222095 1.8222093 1.8222096 1.8222096
2.9476922 2.9476921 2.9476918 2.9476922 2.9476922
3.0176437 3.0176229 3.0176395 3.0176427 3.0176430
3.4432474 3.4432468 3.4432456 3.4432472 3.4432472
4.1417705 4.1417583 4.1417494 4.1417709 4.1417710
4.6309442 4.4935293 4.5057494 4.6309431 4.6309435
4.7615804 4.6309218 4.6310303 47615811 47615813
4.7882418 47615802 4.6536939 4.7882397 4.7882404
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Table 3 Computed lowest vibration frequencies for k = 5, ag = ak? and v = 0.35

a=1/2 a=1 a=2 a=4 a=38

0.6806522 0.6806522 0.6806522 0.6806522 0.6806522
1.6991251 1.6991236 1.6991253 1.6991254 1.6991254
1.8222137 1.8222137 1.8222137 1.8222137 1.8222137
1.8708971 2.6889275 2.9476935 2.9476935 2.9476935
1.9500361 2.7330944 3.0177841 3.0177845 3.0177845
2.9476935 2.9476937 3.4432655 3.4432656 3.4432656
3.0177850 3.0177865 4.1417851 4.1417852 4.1417852
3.4432657 3.4432669 4.6310192 4.6310196 4.6310197
4.1417854 4.1417852 4.7615802 4.7615803 4.7615803
4.6310206 4.6310213 4.7883870 4.7883879 4.7883881

Table 4 Computed lowest vibration frequencies for k = 6, ag = ak? and v = 0.35

a=1/2 a=1 a=2 a=4 a=238

0.6807025 0.6807025 0.6807025 0.6807025 0.6807025
1.6991836 1.6991836 1.6991835 1.6991835 1.6991836
1.8222164 1.8222165 1.8222164 1.8222164 1.8222164
2.9476943 2.9476943 2.9476943 2.9476943 2.9476943
3.0178747 3.0178750 3.0178744 3.0178745 3.0178746
3.4432767 3.4432768 3.4432767 3.4432767 3.4432767
4.1417945 4.1417946 4.1417945 4.1417945 4.1417945
4.6310704 4.6310708 4.6310700 4.6310701 4.6310702
4.7615808 4.7615808 4.7615808 4.7615808 4.7615808
4.7884816 4.7884823 4.7884809 4.7884811 4.7884812

are spurious eigenvalues. We observe that they emerge at random positions when we
vary a and k and disappear when a is sufficiently large.

It can be seen from the previous results that in this particular configuration of the
problem, there is no presence of spurious eigenvalues for a > 4. Therefore, in the
forthcoming tests, we will consider a = 8 to lie on the safe side.

The subsequent numerical tests are aimed to determine the convergence rate of the
scheme. With the boundary conditions considered in our model problem, it turns out
that the regularity exponents s defined in Lemma 2.2 are those given in Table 5 for
different values of the Poisson ratio v (cf. [19] and the references therein).

We present in Tables 6, 7 and 8 (corresponding to polynomial degrees k = 2, 3, 4,
respectively) the first two vibration frequencies computed on a series of nested meshes
for Poisson ratios v = 0.35, 0.49 and 0.5. We also report in these tables an estimate
of the order of convergence « and, in the last column, more accurate values weysr
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Table 5 Sobolev regularity

exponents Y ’
0.35 0.6797
0.49 0.5999
0.5 0.5946

Table 6 Computed lowest vibration frequencies for and convergence order fork =2,a =8

v N=38 N =16 N=32 N = 64 o Wextr
0.35 0.6802582 0.6806068 0.6807466 0.6808020 1.32 0.6808396
1.6986433 1.6990669 1.6992327 1.6992969 1.36 1.6993379
0.49 0.6977449 0.6987401 0.6991833 0.6993779 1.17 0.6995361
1.8344291 1.8359932 1.8366759 1.8369722 1.20 1.8372006
0.5 0.6996601 0.7007297 0.7012091 0.7014210 1.16 0.7015956
1.8455448 1.8472376 1.8479823 1.8483081 1.19 1.8485615

Table 7 Computed lowest vibration frequencies and convergence order for k = 3,a = 8

v N =38 N =16 N =32 N =64 o Wextr
0.35 0.6804472 0.6806839 0.6807775 0.6808142 1.34 0.6808384
1.6988800 1.6991607 1.6992690 1.6993109 1.37 1.6993375
0.49 0.6982883 0.6989872 0.6992929 0.6994258 1.20 0.6995276
1.8353134 1.8363810 1.8368436 1.8370450 1.20 1.8372013
0.5 0.7002455 0.7009976 0.7013286 0.7014736 1.19 0.7015862
1.8465030 1.8476611 1.8481669 1.8483888 1.19 1.8485627

of the vibration frequencies, extrapolated from the computed ones by means of a
least-squares fitting of the model

wpi ~ w; + Cih®.

This fitting has been done for each vibration mode separately. The fitted parameters
w; and «; are the reported extrapolated vibration frequency wey and estimated order
of convergence, respectively.

Comparing with the exponents given in Table 5, we observe that our method pro-
vides a double order of convergence for the vibration frequencies. Namely, in all
cases we have o >~ 2min{r, k} ~ 23, which corresponds to the the best possible
order of convergence for this problem. Finally, we point out that the method is clearly
locking-free.

In the following test, we apply the method to a problem with smooth eigenfunctions,
so that the rate of convergence becomes @ >~ 2min{r, k} = 2k. With this end, we
consider an homogeneous Dirichlet condition on the whole boundary. We report in
Table 9 the three lowest vibration frequencies computed using different polynomial
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Table 8 Computed lowest vibration frequencies for and convergence order k = 4, a = 8

v N =38 N =16 N =32 N =64 o Wextr
0.35 0.6805737 0.6807342 0.6807973 0.6808219 1.35 0.6808379
1.6990331 1.6992195 1.6992917 1.6993198 1.37 1.6993373
0.49 0.6986578 0.6991499 0.6993638 0.6994567 1.20 0.6995287
1.8358862 1.8366281 1.8369510 1.8370917 1.20 1.8372000
0.5 0.7006432 0.7011738 0.7014060 0.7015075 1.19 0.7015872
1.8471238 1.8479310 1.8482851 1.8484407 1.19 1.8485615

Table 9 Computed lowest vibration frequencies for k = 1, 2, 3 and a = 8 on uniform structured meshes

k N =38 N =16 N =32 N =64 o Wextr

1 4.2516344 4.1966068 4.1820501 4.1783476 1.93 4.1769698
5.7081001 5.5864483 5.5529737 5.5443780 1.88 5.5408823
5.7081001 5.5864483 5.5529737 5.5443780 1.88 5.5408823

2 4.1787987 4.1772158 4.1771146 4.1771083 3.97 4.1771078
5.5478350 5.5418999 5.5415174 5.5414933 3.96 5.5414917
5.5478350 5.5418999 5.5415174 5.5414933 3.96 5.5414917

3 4.1771256 4.1771082 4.1771079 4.1771078 5.81 4.1771078
5.5415936 5.5414935 5.5414918 5.5414917 5.87 5.5414917
5.5415936 5.5414935 5.5414918 5.5414917 5.87 5.5414917

degrees k = 1, 2, 3 on uniform meshes (as in the previous tests) and v = 0.5 (for
other values of v the results are similar). The table also includes the estimated order of
convergence «, as well as the more accurate values w,y,, of the vibration frequencies
extrapolated by means of the least-squares fitting described above.

In this case, it can be clearly seen that, when using degree &, the order of convergence
is 2k as the theory predicts.

Secondly, we solve the last problem with smooth eigenfunctions using non uniform
meshes. We built these meshes with FEniCS command “generate-mesh” with dif-
ferent levels of the refinement parameter N (which, roughly speaking, is proportional
to h~1). We report in Table 10 the three lowest vibration frequencies computed using
different polynomial degrees k = 1,2,3 and v = 0.5 (for other values of v the
results are similar). The table includes the estimated order of convergence «, as well
as more accurate values w,,; of the vibration frequencies extrapolated by means of
the least-squares fitting described above. Once more, an order 2k can be clearly seen
(see Remark 6.3).

8 Conclusions

We have introduced and analyzed a DG method for the elasticity eigensystem based on
a mixed variational formulation in terms of the Cauchy stress tensor and the rotation.
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Table 10 Computed lowest vibration frequencies for k = 1, 2, 3 and a = 8 on unstructured meshes

k N =38 N =16 N =32 N =64 o Wextr

1 4.2455146 4.1950552 4.1814794 4.1782299 1.92 4.1768498
5.6900257 5.5823076 5.5515379 5.5440925 1.85 5.5405808
5.7091630 5.5829516 5.5518302 5.5441243 2.02 5.5416336

2 4.1781906 4.1771768 4.1771120 4.1771081 3.97 4.1771077
5.5452977 5.5417578 5.5415081 5.5414928 3.83 5.5414903
5.5461186 5.5417695 5.5415085 5.5414928 4.06 5.5414919

3 4.1771172 4.1771080 4.1771079 4.1771078 6.11 4.1771078
5.5415400 5.5414926 5.5414918 5.5414917 5.77 5.5414917
5.5415537 5.5414927 5.5414918 5.5414917 6.05 5.5414917

We have proved that, if the penalty parameter is large enough, the numerical scheme
provides a correct spectral approximation and error estimates of optimal order for the
eigenfunctions and eigenvalues. We have reported several numerical experiments that
validate our theoretical results. Our numerical tests have also confirmed the stability
of our scheme in the nearly incompressible case, even in the limit case A = oo.

9 Appendix: The limit problem

As was shown in the previous section, the proposed method works fine also for the
limit problem (A = +o00), namely, for perfectly incompressible elasticity. In this
“Appendix”, we will establish a spectral characterization in this case. Also, we will
prove that the eigenvalues of the nearly incompressible elasticity problem converge to
those of the incompressible elasticity problem as A — oo.

In the limit case A = +o00, the bilinear forms A and B change in their definitions,
since the term where A appears in (4) vanishes. Therefore, the limit eigenvalue problem
reads as follows: Find x € R and (o, r) € WV x Q such that

Axo((0, 1), (7,5)) =kBoo((a,r),(T,5)) V(r,5) e Wx Q (58)

with

By ((0, 1) (rs))'—L o+ [ r:t+ | s:0o
N P Q Q

and
Ax((o,r), (T,5)) = / ,0_1 divo - divt + By ((0, 1), (T,5))
Q

for all (o, r), (,5) € W x Q.
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It is easy to check that A is a bounded bilinear form. Moreover, the arguments
used in the proofs of Propositions 2.1 and 2.2 hold true for A = +00, so that A
satisfies the following inf-sup condition:

sup Aw((a’r)’(r’s))zan(a,r)n Vo.r)e Wx Q.
(T,5)EWXQ I(z, )l

In consequence, we are in a position to introduce a solution operator for the limit eigen-
value problem: T o, : [L?(Q)""]> - Wx Q, defined forany (f, g) € [L>()"*"]?
by

Ac(Too(f, 8), (T.8) = Boo((f. 8). (T.5))  V(r,5) e Wx Q.

It is easy to check that p is a non-zero eigenvalue of T, with eigenfunction
(00, F'so) if and only if k = 1/u is a non-vanishing eigenvalue of problem (58)
with the same eigenfunction.

Our first goal is to prove that the operators T defined by (8) converges to T as A
goes to infinity. To recall that T' actually depends on X, in what follows we will denote
itby T;..

Before proving the convergence of T, to T o, we will characterize the spectrum
of T ». Let KC be defined as in (10) and

[IC x Q]“*00 ={(o,r) e Wx Q: B((o,r),(t,s)) =0 V(r,5) e Kx Q}.

We observe that T« [xcx g : K x @ — K x Q reduces to the identity, so that u = 1
is an eigenvalue of T .. Moreover, its associated eigenspace is precisely IC x Q.

Let us introduce the following operator which will play a role similar to that of P
in the limit problem:

P : WxQ—>WxQ,

(o,r) —~ Pso :=(0,F).

where (&, (i1, 7)) € W x [L2(2)" x Q] is the solution of the following problem:

1
2u Jo

/v-div3+/a‘:s=/v.diva Y(v,s) € L2(Q)" x O. (60)
Q Q Q

ED:rD—i—/ﬁodivr—l—/r:?:O YT e W, (59)
Q Q

The previous problem is well posed, since the ellipticity of [, : =P in the

corresponding kernel has been established in Lemma 2.3 of [20] and the following
inf-sup condition holds true (see [5]):

- di :
up Jov-divt+ [os:T

> B(lvllo.a + lIsllo.e)  V(v,s) € L2(Q2)" x Q.
TEW I lH(aiv,2)
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We observe that problem (59)-(60) is a dual mixed formulation with weakly
imposed symmetry of the following incompressible elasticity problem with volumetric
force density — div o

—dive = —divo in 2, (61)
I p ~ .
—o- =¢(u) in €2, (62)
2p
on=0 only, (63)
u=0 onlp. (64)

Itis easy to check that (&, %) € H(div, ) xH' (Q)" satisfies (61)—(64) if and only if
(@, (@, 7)) € Wx[LE(Q)" x Q]is the solution of (59)—(60) with7 = %[Vﬁ—(Vﬁ)t].

Now, by resorting to the relation between the incompressible elasticity and the
Stokes problem, we conclude that there exists S5 € (0, 1) depending only on € and
1 (see for instance [14]) such that, for all s € (0,5) the solution # of (61)—(64)
belongs to H'**()" and the following estimate hold true

[@]l145,2 < Clldive o,
with a constant C independent of ¢ .
The following lemma is a consequence of this regularity result.

Lemma9.1 Forall s € (0,5) and (o,r) € W x Q, if (¢, (,F)) is the solution of
(59)_(60), then E c HS(Q)nX”, ’l‘l' c H1+A‘(Q)n><n’ "‘: c HS (Q)nxn Cl}’ld
19 1s.2 + l@lli+s.2 + [Flls.@ < Clldivello.q,

with a constant C independent of o. Consequently, P, (W x Q) C H* ()" x
HS (Q)n Xn .

We observe that P is idempotent and that ker (P ») = IC x Q. Moreover, being
P, a projector, the orthogonal decomposition W x Q = (KX x Q) & Poo(W x
Q) holds true. On the other hand, P (VW x Q) is an invariant space of T o, (see
Proposition A.1 in [19]).

The following is the key point for the spectral characterization of T .

Lemma 9.2 Foralls € (0,%)
Too(PocOW x Q) C {(*, r*) € H ()" x H*(Q)"™" : dive™* € H'T*(Q)"},
and there exists C > 0 such that for all (f,g) € Poo(W x Q), if (6%, r*§65=)
T (f, g), then

lo*lls.e + 1dive™[li4s.@ + Irlls.e < CI(f, @Il (66)

Moreover, T oolp . (Wx Q) : PooOW X Q) = P (W x Q) is a compact operator.
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Proof Let (f,g) € Pooc(W x Q) and (6™, r*) = T (f, g). Hence, we have

/ “ldive* leT+—/ rD—i-/r*:r
Q
/fD /g:r VT eW,
/a*:s:/f:s Vs € Q.
Q Q

Then, testing the first equation of the system above with T € D(2)"*" C W, we have
that

1 1
—p 'Vdive*) + —e™ +r* = — fP + g.
21 21

Hence, since p and y are constants, we conclude that div o * € H' 5 (Q)".

Since P (W x Q) is invariant with respect to T o, applying Lemma 9.1 we obtain
directly (65). and (66). Finally, the compactness of T «|p, (Wx Q) 1S a consequence
of the compact embedding

{(0*, r") € H'(Q)"™" x H' ()" : dive™ € H'(Q)"} > Wx Q,

which allows us to conclude the proof. O

Now we are in a position to establish a spectral characterization for T o,

Theorem 9.1 The spectrum of T decomposes as follows: sp(T~) = {0,1} U
{ictken, where:

(i) w = 1is an infinite-multiplicity eigenvalue of T ~o and its associated eigenspace
is IC x Q.

(ii) nu = 0is an eigenvalue of T o and its associated eigenspace is Z x Q, where
={teW:t°=0}={ql : ¢ eHl(Q)withq =0 on I'y}.

(iii) {uitken C (0, 1) is a sequence of nondefective finite-multiplicity eigenvalues of
T o that converge to zero and the corresponding eigenspaces lie in P (W x Q).

Proof 1t is enough to follow the steps of Theorem 3.5 from [20]. O

The following convergence result also holds true.

Lemma 9.3 There exists a constant C > 0 such that

C
175 = To)(f DI = S 1. ®loa V(. 8) € L@ "P.

Proof Let (f,g) € [L2(Q2)”? and let (0;,r;) = T, (f,g) and (000, Foo) =
T (f, g). Then, from (8) and the definition of C we have
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1 1
-1 3 . D..D
0 leU)L-leT-l——/O' T +—/tr(ak)tr(1)+/rkzt
./sz 2u o n(ni+2u) Jo Q

o e
N 4 ——— | () tr(r) + T VT e W,
21 Jg PRI A A

/akzssz:s Vs € Q,
Q Q

whereas

1 e . 1 D .._D

p divo - divt+— | o, T 4+ | reo: T
Q 2u Jo Q

1
=—/fD:rD+fg:r VT eW,

2u Jo Q

/aoo:ssz:s Vs € Q.
Q Q

Subtracting the above equations we have

1 qe . . i D_ _.Dy._ D _ .
o div(o), —0) - divt + (0, —05):T + | (r.—reo): T
Q 2u Jo Q

1
B n(nk+2u)fsz
/(ak—aoo) =0 VseO. (68)
Q

tr(f —o)tr(t) VreWw, 67)

Testing this equation with 7 := 0 — 0o and s := r, — ro we have that

_ . 1
p ! Idiv(ex —oc0)llf o + @uai’ -2 l5.0

1
= m /S;(tr(f) - tr(ak)) tr(a')L _ O'OO)

IA

C
xll(f, Zlo.allor —oxllo.q-
We observe that (6) — 6) € W is symmetric due to Eq. (68). Then,
_ 2 D__ D2 . _ 2
Cllos —oulig.g < 0} — 025, + 1 divie, — 00 5.0
with C > 0 (see [6] for instance).
Clos — ocollu@iv.ey < (167 — 02 [5.0 + 1div(o, — 000)ll5 o)/

Hence

C
05 = 0o liain.g + 105 — 0% lf0 =TI Oloalos —oxlon (69
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and, finally,
C
lo;, — 0 ollHdiv,2) < xll(f, oo, (70

with C a positive constant depending on p, x and n.
On the other hand, taking into account the inf-sup condition (7), (67), Cauchy—
Schwarz inequality, (9), (69) and (70), we have

Bliry —relloe

m Jotr(f —o)tr(r) — [ p7 ' div(oy — o) -divT — i Jo@D—03) : P

< sup
TeW Iz llHiv.2)

C -1 . . 1
iz I ®logltloe + o7 1 div(es — ooo)llo.elldivzlioe + 5107 — o llo.llT’lo.e
up

TeW 1T [l aiv, )

C
< —If. ®log- (71)
Thus, the proof follows by combining (70) and (71). O

Finally, we have the following result which is a well known consequence of the con-
vergence in norm established in the previous lemma (see [2], for instance).

Theorem 9.2 Let too > 0 be an eigenvalue of T o of multiplicity m. Let D be any
disc of the complex plane centered at |10 containing no other element of the spectrum
of T . Then, for A large enough, D contains exactly m eigenvalues of T ), (repeated
according to their respective multiplicities). Consequently, each eigenvalue (Lo > 0
of T « is a limit of eigenvalues |1 of T, as ) goes to infinity.
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