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Abstract We present a mimetic approximation of the Reissner—Mindlin plate bend-
ing problem which uses deflections and rotations as discrete variables. The method
applies to very general polygonal meshes, even with non matching or non convex ele-
ments. We prove linear convergence for the method uniformly in the plate thickness.

Mathematics Subject Classification (2000) 65N30 - 74K20

1 Introduction

The Mimetic Finite Difference (or MFD) method allows for the discretization of
problems in partial differential equations using very general polygonal/polyhedral
grids. The MFD schemes have been successfully employed for solving problems of
continuum mechanics, electromagnetics, gas dynamics (see for instance [24,35,40]
respectively), and linear diffusion (see e.g. [14,15,34,36,37,41] and references
therein).

Recently, a new approach to the MFD method has been proposed in [21]. Such
approach, which interprets the MFD method as a generalization of the finite element
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426 L. Beirdo da Veiga, D. Mora

method, seems to be more flexible both for developing the method and for the
convergence analysis. This last generation of MFD should be more appropriately called
Mimetic Discretization (MD) methods, since the original finite difference approach is
abandoned. From the standpoint of finite elements, the fundamental idea of the mimetic
discretization scheme becomes the following: the discrete variational problem is writ-
ten directly in terms of the degrees of freedom and the underlying basis functions are
not specified explicitly. Clearly, the differential operators and bilinear forms appearing
in the problem must be suitably discretized in such a way that certain stability and
consistency properties are satisfied. This approach allows for general polygonal/poly-
hedral meshes, even with non-matching and non-convex elements. Another remarkable
fact is that the aforementioned forms can be practically constructed in a rather simple
algebraic way.

The ideas and convergence analysis presented in [21] for the diffusion problem
have been further developed in [7,10,17,38]. As previously mentioned, this analy-
sis resulted also in new algebraic methods for building mass [22,23] and stiffness
[17] matrices on arbitrary-shaped elements for the linear diffusion problem. These
algebraic methods have been developed also for higher order MFD methods [13,33].
A-posteriori error estimators have been analyzed in [6, 12], while in [25,26] the authors
introduced a post-processing technique and generalized some previous results. More-
over, a mimetic discretization of the Stokes problem following this new approach was
presented in [8,11]. Finally, the mimetic discretization method has been shown to
share strong similarities also with the finite volume method in [29], see also [28].

The aim of the present paper is to develop a Mimetic Discretization of the Reissner—
Mindlin plate bending problem. This problem has attracted a large attention in the last
decades both in the engineering and mathematical communities, mainly due to the large
applicability of the model and the strong difficulties hidden in its numerical approxi-
mation. Nowadays there exists a large range of finite element schemes for the Reissner—
Mindlin plate bending problem, the most famous and popular ones belonging without
doubt to the Mixed Interpolation of Tensorial Components (MITC) class of methods
[2,4]. The convergence analysis of the MITC elements has been covered in several
papers from different points of view, see for instance [3,5,18,20,31,32,39,42,43].

In the present paper, we propose a MD method which applies to general polyg-
onal (even non-conforming or non-convex) meshes and which takes the steps from
the MITC philosophy. The degrees of freedom for the (scalar) displacement variable
are one for each mesh vertex, while for the (vectorial) rotation variable we adopt two
degrees of freedom for each vertex plus an additional degree of freedom on each edge.
Under certain assumptions on the mesh, such edge degrees of freedom can be dropped,
leading to a method which uses only vertex d.o.f.s. both for the displacements and
rotations. Taking inspiration from the MITC approach, the proposed scheme adopts
a reduction of the shear energy in order to avoid locking. As it happens in mimetic
discretizations, all the reduction and differential operators, bilinear forms and degrees
of freedom must be defined carefully in order to correctly mimic the properties of the
original problem.

The paper is organized as follows. In Sect. 2 we present the model problem.
In Sect. 3, after introducing the discrete spaces, operators and bilinear forms, we
describe the proposed method. In the rest of the paper we develop the error analysis.
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A mimetic discretization for Reissner-Mindlin plates 427

In order to do so, we take inspiration from the ideas of [1,18,20,39,42] which rewrite
the discrete problem as a combination of different sub-problems via a discrete Helm-
holtz decomposition. We choose such approach because, although it is perhaps less
direct than others, it has the advantage of unveiling the true structure of the prob-
lem. After introducing the equivalent discrete problem in Sect. 4, we derive the error
analysis in Sect. 5. In the main Theorem 1, we finally prove the linear convergence
of the method, uniformly in the thickness parameter ¢ and under realistic regularity
requirements for the solution.

2 The Reissner—Mindlin plate bending problem

Here and thereafter we use the following operator notation for any tensor field T =
(tij)i, j = 1,2, any vector field § = (n;)i = 1, 2 and any scalar field v:

0oV

curlv := (821) ) , divt := (31T11 + 82112) , tr(7) = Z?:l Tii.

—dv 01721 + 02722

. d01v
divy := 3191 + dam2, rOty = d1m2 — damu, Vv :=( ! )

Throughout the paper we will use standard notation for Sobolev spaces, norms and
semi-norms. Moreover, we will denote with ¢ and C, with or without subscripts, tildes,
or hats a generic constant independent of the mesh parameter / and the plate thickness
t, which may take different values in different occurrences.

Consider an elastic plate of thickness ¢ such that 0 < ¢ < diam(€2), with reference
configuration €2 x (—%, %), where Q is a convex polygonal domain of R? occupied by
the midsection of the plate. The deformation of the plate is described by means of the
Reissner—-Mindlin model in terms of the rotations 8 = (B, B2) of the fibers initially
normal to the plate’s midsurface, the scaled shear stresses ¥ = (y1, y2), and the trans-
verse displacement w. Assuming that the plate is clamped on its whole boundary 9€2,
the following strong equations describe the plate’s response to conveniently scaled
transversal load g € L2(): find (8, w, y) such that

—divCe(B)—y =0 in 9,

—divy =¢ in €,

y =kt 2Vw—pB) in Q M
B=0,w=0 on 0%2,

with the tensor of bending moduli

STy

(1 =v)r +vtr(0)D),

and where E > 0 represents the Young modulus, 0 < v < 1/2 is the Poisson ratio for
the material, I indicates the second order identity tensor, the scalar k := Ek/2(1 +v)
is the shear modulus (with k a correction factor usually taken as 5/6 for clamped
plates).
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428 L. Beirdo da Veiga, D. Mora

Let the H(} (Q)Z-elliptic bilinear form a be given by
a(B.n) = / Ce(B) - e(m)

Q
—]E . .
T 120 -2 / [(1 —v)e(B) : e(n) + vdiv Bdiva], 2)
Q

with € = (&;j)1<i, j<> the standard strain tensor defined by &;; () = %(8,-,3]- +
9ipi), 1 <i,j <2

Then, the variational formulation of problem (1) reads: Find (8, w, y) € HOl (Q)2 X
HI(Q) x L*(R)” such that

2
aB.m+ . Vv—mog=(g.vog Y@.v) € Hy (" x Hy( @), 4
(Vw — B, 800 -k 2y, 8o =0 V¥5eLX(Q) .
Using the Helmholtz decomposition for the shear term [18]
y = V¢ +curl p, “)

with ¢ € HO1 (Q) and p € HY(Q) N Lg(Q), the same decomposition for the test
function

8 = V& +curlg,

and integrating by parts, we easily infer that problem (3) is equivalent to the following:
Find (¢, B, p, w) € Hi(Q) x H] @) x H\(2) N L3(2) x H}(S2) such that

(Vr, Vo, = (g, v)o.o Yu € Hol(Q),2

a(B, m = (p,rotmog = (Vi Mo.q Vi € Hy (@), 5)
—(rot B, q)o.0 — k ~'t*(curl p, curl¢)p. o =0 Vg € H'(Q) N L),
(Vw, V&) = (B, VE)o.o + &k 112(Vy, V&) VE € H) (Q).

It can be easily checked that there is a unique solution for both variational problems
considered above. In what follows we will make the following regularity assumption.
The load term g € L2(Q), all components of the solution (v, 8, p, w) of (5) are in
H?(Q) and it holds

1V, + 1Bll2,e + Pl +tliple + lwl2,e = Cliglo.e. (0)
with C independent of 7.

The above assumption is reasonable. We recall for instance the following regularity
result (see [1]):
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A mimetic discretization for Reissner-Mindlin plates 429

Proposition 1 Let Q2 be a convex polygon or a smoothly bounded domain in the plane.
Then, for any t € (0, diam(2)] and g € L%(Q), the condition (6) is satisfied.

3 A mimetic discretization

In this section we present a mimetic discretization method for the Reissner-Mindlin
plate bending problem.

3.1 Mesh notation and assumptions

Let ), be a partition of the computational domain 2 into N'(£2;) polygons E. We
assume that this partition is conformal, i.e. the intersection of two different elements
E| and E; is either a few mesh points, or a few mesh edges (two adjacent elements
may share more than one edge) or empty. We allow €2, to contain non-convex and
degenerate elements. For each polygon E, | E| denotes its area, & g denotes its diameter
and

h := max hg.
EeQy

We denote the set of mesh vertices and edges by V), and &, the set of internal ver-
tices and edges by V,? and £, the set of vertices and edges of a particular element E
by VhE and £F, and the set of boundary vertices and edges by Vﬁ and £, respectively.
Moreover, we denote a generic mesh vertex by Vv, a generic edge by € and its length
both by &e and |e|.

A fixed orientation is also set for the mesh €2, which is reflected by a unit normal
vector ng, € € &y, fixed once for all. Moreover, te denotes the tangent vector defined
as the counterclockwise rotation of neg by 90°.

For every polygon E and edge € € £F, we define a unit normal vector n%, that
points outside of E, and by t$ the tangent vector as the counterclockwise rotation of
n$. by 90°.

The mesh is assumed to satisfy the following shape regularity properties, which
have already been used in [17].

There exist

— an integer number Ny, which is independent of /;
— areal positive number p independent of /;
— a compatible sub-decomposition 7}, of every €2, into shape-regular triangles,
such that
(H1) any polygon E € ) admits a decomposition 7 |g formed by less than Nj
triangles;
(H2) any triangle T € 7, is shape-regular in the sense that the ratio between the
radius r of the inscribed ball and the diameter 47 is bounded from below by p:

O<p§L.
hr
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430 L. Beirdo da Veiga, D. Mora

From (H1), (H2) there can be easily derived several useful properties that we list
below:

(M1) the number of vertices and edges of every polygon E of € are it uni-
formly bounded from above by two integer numbers Ny and Ng, which only depend
on Ng;

(M2) there exists a real positive number oy, which only depends on N and p, such
that

he > oshp and |E| > oshi,

for every polygon E of every decomposition €2, for every edge e of E.

(MB) there exists a constant C,, only dependent on p and Ny, such that for every
polygon E, for every edge e of E and for every function ¢ € H'(E) there holds
the it trace inequality:

W16 = Ca (RE VIR £ +helvllg).

(M4) there exists a constant C;“pp,

and for every function v € H L(E) there exists a constant Yo € R such that

which is independent of %, such that for every E

1Y — vollo.r < ChyphelWliE.

(M5) there exists a constant C,,, which is independent of &, such that for every E
and for every function ¢y € H?(E) there holds the it interpolation inequality

W — Villo.g +hely — Vilie < Capph% ¥ lo.E,

where v is the L?(E)-orthogonal projection of i over the space of linear polyno-
mials defined on E.

Note that (M4) and (M5) follow, for instance, from the extended Bramble—Hilbert
lemma of [16,30]. We make also the following assumptions on the material data [E, v.

(H3) The scalar functions E, v are piecewise constant with respect to the mesh £2y,.
Moreover, there exist two positive constants C, and C* such that C, < E < C* on
the whole domain.

The above uniformity condition on E is standard, while the piecewise constant con-
dition can be interpreted as an approximation of the data and is introduced only for
simplicity. In the general case, it is sufficient to assume that [E and v are (piecewise)
W12 and to introduce an element-wise averaging in the data of the numerical scheme.

3.2 Degrees of freedom and interpolation operators

The discretization of problem (3) requires to discretize the scalar field of displacement
and the vector fields of rotations and shears. In order to do so, we introduce the degrees
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A mimetic discretization for Reissner-Mindlin plates 431

of freedom for the numerical solution in accordance with the correspondence

w, v € HY (Q) — wy, vy € W,
2

B.n € Hy()" — By, my € H,

.8 € LX) — y,. 85 € I,

where W), represents the linear space of discrete displacement, Hy, indicates the linear
space of discrete rotations and I, is the linear space of discrete shears.

The discrete space for transverse displacements W}, is defined as follows: a vector
vy, € W), consists of a collection of degrees of freedom

. \
Vp = {v }VEV,?’

one per internal mesh vertex, e.g. toevery vertex V € MV, we associate a real number v".
The scalar v¥ represents the nodal value of the underlying discrete scalar field of dis-
placement. The number of unknowns is equal to the number of internal vertices.

The discrete space for rotations Hj, is defined as follows: a vector n;, € Hy is a
collection of degrees of freedom

— \ e
np = {n }veV;,) U {nE}EeQ;,,eeghEﬁS}E’

i.e. we assign a vector 7V € R? per each vertex vV € V,?, and, for every element
E in 2, one real number 1% € R per eachedge e € gf N 52. We make the following
continuity assumption: for each edge e shared by two elements £ and E», we have

e _ e
r}E] - _r’Ez’

so that, in practice, we have only one degree of freedom per edge. The vector n"
represents the nodal values of the underlying discrete vector field of rotations, while
the scalar 1% represents a bubble-type correction (or “deviation from linearity”) to the
tangent value of the discrete rotations on edges. The number of unknowns is equal to
twice the number of internal vertices plus the number of internal edges.

Finally, the space for the discrete shear force I}, is defined as follows: to every
element E in €2 and every edge e € Ef N &Y, we associate a number 8%, ie.

_ e
& = {SE}Eth,eegfﬁg,?'

We make the continuity assumption that for each edge e shared by two elements E
and E,, we have

e e
8g, = =9k,
The scalar 8%, represents the average on edges of the discrete shears in the tangential

direction. The number, of unknowns is equal to the number of internal edges (see
Fig. 1).
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VV}L H h F}L

Fig. 1 Degrees of freedom for transverse displacements (/eft), rotations (center) and shear force (right)

We now define the following interpolation operators from the spaces of smooth
enough functions to the discrete spaces Wy, Hj, and I, respectively. For every func-
tion v € CY(Q) N Hy (Q), we define v; € Wy, by

W i=v(v) Wel)
For every function § € [C%($2) N HOl ()12, we define Ny € Hy by

ny =) el

1 1
% 3:H/ﬂ't%—§[ﬂ¥l+ﬂ\1/2]'t% VE € Q Veeefﬂé’,?,
e

where V| and v, are the vertices of the edge e.
For every function 8§ € Hy(rot; ) N [L*()]?, s > 2, we define 811 € I}, by

1
OmE IZH/SW% VEeQ, Vee&fn§&.

For all E € ), in the sequel we will also make use of local interpolation operators
VLE, N1, g, 01, E, with values in W, |g, Hy|g, I'h| g respectively; such operators are
simply the obvious restriction of the global ones to the element E for functions which
are sufficiently regular on E.

Remark 1 Although all the discrete degrees of freedom live only on the internal ver-
tices and edges, in the sequel we will often (implicitly) consider its extension to the
boundary vertices and edges. In such case, the values associated to the degrees of
freedom living on boundary vertices and edges must always be considered zero.

3.3 Discrete norms and operators

We endow the space W), with the following norm

oalliy, = D vl e = D, 1El D [l— - Vl)]z, )

EeQy, EeQy, GESE
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where V| and Vv, are the vertices of e. Although in (7) it is irrelevant, in the following
we will always consider that vi and V3, the vertices of a generic edge e, are oriented
such that t¢. points from v; to va.

In the space Hj,, we consider the norm

2
Walllzg, = > Nl = D 1EI D ( (Il —17"2||+|n%|)) :

EeQy EeQy eEgE
®)

where V| and Vv, are the vertices of the edge €, and || - || denotes the euclidean norm
on vectors.
In the space I}, we consider the following norm

18ul1T, == D l18nllFy, 2= D IEI D 185 ©)

EeQy EeQy, eeg/{f

The norms on W, and Hj, are H'! () type discrete semi-norms, which become norms
due to the boundary conditions on the spaces. Indeed, the differences appearing in
both norms represent gradients on edges and the scalings with respect to s are the
correct ones to mimic an H'(E) local semi-norm. Note that for the edge degrees of
freedom in Hj, no difference is needed since such part represents a bubble correction.
Finally, the norm for I}, is an L%(Q) type discrete norm.

In the sequel we will also use the following norm on Hj,, which is a ||e(-)|]o,q type
discrete norm:

i, = D Il e = D, min [[[n;, — (=3, EDrelllfy, e (10)

EeQ) EGQh

where (x, y) are local cartesian coordinates on E which are null on the barycenter
of E, so that the function [—y, X] represents a (linearized) rotation around the bary-
center. Moreover, we note that

Nnpllm, e < WnplllE, e Y0, € HilE. 1D

We now introduce the operator Vj,, defined from the set of nodal unknowns Wj, to
the set of edge unknowns I7, as follows:

Vi : Wy, — Iy,

1
(Viop)$ = H(UVZ — ") VEeQ,, VYee&fnNE), Vv, ew,

where V| and v, are the vertices of e, oriented such that t% points from V| to V».
The operator V}, represents a discrete gradient on Wj,. It is immediate to check that
it holds

lvrllw, = IVavrllr, - (12)
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We consider also a reduction operator, defined from the discrete space of rotations
Hj, to the set of edge unknowns I}, as follows:

Iy, : H, — Iy,
1
(Mg = ng + 50" +071 65 VE €@y, Vec &, Vay € H,

where Vi and v, are the vertices of €, oriented such that t% points from vy to V;. Since
Vyvp € I, for all v, € Wy, we note that

I, (Vyvp) = Vv, Yo, € Wy, (13)

3.4 Scalar products and bilinear forms

We equip the space I, with a suitable scalar product, defined as follows:

80l = D v 8uln.k (14)
EeQy,

where [-, -], £ is a discrete scalar product on the element E.
Following [21], we introduce the following assumptions:

1. (S1) There exist two positive constants ¢; and ¢, independent of % such that, for

every 8, € I, and each E € Q,, we have

ctll8nllFy g < [8n. 8nlny.e < 21184117, - (15)

2. (S2) For every element E, every scalar linear function p; on E and every 8;, € I},
we have

[(curl po)u. 8nlr, e = / pi(ot, 8)e — > 8% / i (16)
E ecff e
where
1
(rotr, 8n)E = E Z s%le| VE e Q, 8, € I
eeEf

More comments on the operator rotp;, are postponed in Sect. 4. The above scalar
product mimics an L? type scalar product on the underlying space, i.e.

vh. 0nln,.E N/T’h -8,
E

where, roughly speaking, ¥, Eh denote regular functions living on E which “extend
the data” y,, §;, inside the element. In this sense, property (S1) mimics the coercivity
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of the scalar product and the correct scaling with respect to the element size, while
property (S2) is a consistency condition which asserts that the scalar product respects
integration by parts when tested with the curl of linear functions (that is, on constant
vectors).

We denote with ay(-,-) : H, x H, — R the discretization of the bilinear form
a(-, -), defined as follows:

anBu-mw) = D, ar (Bw-m4) By my € Hi, (17)
EeQy

where a,’f (-, -) is a symmetric bilinear form on each element £, mimicking
ap (Bp. ) ~ /Cé‘(ﬁh) e (7).
E

Similarly to the previous case, we introduce two assumptions for the local bilinear
form a f (-, +). The first one represents the coercivity (up to the kernel) and the correct
scaling of the local forms.

1. (81,) there exist two positive constants ¢; and ¢; independent of 4 such that, for
every 3, € Hy and each E € Q;, we have

Ellmallgy, £ < ap uny) < Elimgll, g (18)

In order to introduce the second condition, we observe beforehand that, using an
integration by parts,

/ Ce(p): e = / (Ce(ping) -1
E

ectf e

= > |(Ce@on 'n%)/n-n%+ (Ce(pyng ~t%)/n~t§

ecEf e e

(19)

forall E € Qp,forally € [H (E)]? and for all linear vector functions P1. Substituting
the two integrals in the last line of (19) with an integration rule based on the available
degrees of freedom gives our second condition

(S2,) Forevery element E, every linear vector function p; on E, and every 3;, € Hy,
it holds

af (PO M) = [(Cé:(m)n% -ng) (%[n‘“ +n"2]'neE)

E
ees,

+ (Ce(pong - t7) (|e|n% + % (7" +n"] -t%)} .0
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The meaning of the above consistency condition (S2,) is therefore that the discrete
bilinear form respects integration by parts when tested with linear vector fields.

Remark 2 The scalar product and the bilinear form shown in this Section can be easily
built element by element in a simple algebraic way. The details of such construction
can be found in [23] for the scalar product (14) and in [8] for the bilinear form (17).

3.5 The discrete method

Finally, we are able to define the proposed mimetic discrete method for Reissner-
Mindlin plates. Let the loading term

kg
. = Vi i
o= Y &g > o, @1)
EeQy i=1
where vy, ..., Vi, are the verticesof E, g|g = \ITI fE g,anda)}E, R w]fEE are positive

kg
i=1

weights such that > a)iE = | E|. The loading term above is an approximation of

(8, vin N/gf),

Q

which is exact for constant functions.
Then, the initial discretization of problem (3) reads:

Formulation 1 Given g € L*(), find (B),, wn, ¥,) € Hy x Wi, x I}, such that

an (B, ) + [¥n. Vivon — thh]rh = (& vnn Yy, vp) € Hp X Wy
[Vhwh — 4By, Sh]l"h — K_ltz[}'h, 3;,]171 =0 Vo, e}

It is immediate to check that Formulation 1 is equivalent to the following one:

Formulation 2 Given g € L*(Q), find (B, wn) € Hp x Wy, such that

K
an(Bp, ny) + P [Viwn — TBy, Vion — Ty ], = (8, vnda

for all (y,,, vy) € Hj x Wj. Formulation 2 is positive definite, see the observations
below, and it involves less variables. Therefore, it is in general more suitable for
practical implementation.

Due to assumptions (S1) and (S1,) the bilinear form appearing in Formulation 2
is clearly semi-positive definite on W, x Hj,. Moreover, again due to (S1), (S1,) and
the boundary conditions on Wj,, Hy, it is easy to check that if

K
an(mys ) + [Vivn — Tany. Vivw — Ty ], = 0

@ Springer



A mimetic discretization for Reissner-Mindlin plates 437

then 5, and vy, are null. Therefore, Formulation 2 is positive definite and has a unique
solution for all 4 and ¢ > 0. For ease of exposition, the uniform stability of the pro-
posed method with respect to /&, ¢ will be left as an implicit consequence of the error
analysis that follows.

4 A Discrete Helmholtz decomposition

As in the continuous case, we will write an equivalent formulation of Formulation 1
based on a discrete Helmholtz decomposition. With this aim, we define an auxiliary
discrete space Q) defined as follows: every discrete scalar g, € Qj, consists of one
degree of freedom per each element E in €2, e.g. to every element E, we associate a
real number g,

qn = {qE}Ecqy

satisfying the additional constraint that

> qelE|=0. (22)

EeQy
The number of unknowns is equal to the number of elements minus one. For all
E € Qp,qg can be interpreted as the (constant) value on E of a global function
Gn € L3(Q).
We define the following interpolation operator in Qj: for every functiong € L%(Q),
we define g, € QO by

1
= — VE € Q.
gn)E |E|E/q h

It is immediate to check that g, satisfies condition (22).
The space Q, is endowed with the L?(2) type scalar product

[ph-gnloy = D, |EI peqe Vpu. qn € Qn, (23)
EeQy,

and with the norm

g, = [an. qnlg,-

We now observe that, for all E € 2, and for all sufficiently regular functions §, it
holds

1 / 1 /
— [ rotd = — E §-t5.
E| |E| <~ £
E eet; e
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Consistently, we introduce the following operators which represent a discrete “rot”
operator from I}, to Qp, and from Hj, to Qy, respectively

rotp, : I'y — Qh
(rotr, 81)E = g >, dlel, (24)

ecEf

and

roty, : Hy — Qp
1
| e \ \%) e
t = o E - %) lel, (25)
(rO Hj, nh)E E]| (nE + 2[’7 + n ] E) | |

E
ees,

where V| and v, are the vertices of €, oriented such that t% points from V| to V». Note
that rot;, is the rotated version of the usual mimetic divergence operator appearing,
for instance, in [21].
Using (24) and (25) it is easy to check the following commutative diagram proper-
ties hold
rotp;, (81r) = (rotd)x, (26)
rotp, (ny) = (rot )y, 27

forall § € Hy(rot; ) N[L*(2)1%, s > 2 and n € [CO(Q) N Hj ()]*. Moreover, we
note that the operator rot;, satisfies rot;, Vjv, = 0 for all v, € Wy, In fact,

(rotr, Vyvp)g = |E| Z(vh )% lel = |E| Z (W2 —v1) =0, (28)
eetf eetf

since v and v, are by definition the vertices of the edge e oriented such that t$. points
from v to v,. Furthermore, the following identity is easy to check

roty, 0, = rotp, (thh) Vv, € Hy. (29)

Using the definition above, we define a discretization of the “curl” operator as the
adjoint to the discrete rot;, operator with respect to the scalar products (14) and (23),
i.e.

curly, : Qp — Iy

[Sh,curlh qh]Fh = [qh,rotph Sh]Qh Vg, € Qn, V&, € Iy, (30)

We have the following discrete Helmholtz decomposition.

Lemma 1 For every 8, € I, there exists a unique (&, qn) € Wy, x Qp such that

8y = Vp&p +curly g, (31)
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Proof Let 8, € I},. In order to prove the lemma, we need to show the existence of
En, qn,op) € Wi x Qp x I, such that

Sn = Vikp +ap,
[aen, vl = [rotp, vn, qnlg, Vru € I (32)

Note that, applying the operator rot;, to both sides of (32); and recalling (28), we get
that the function a;, must satisfy rotr, (o, — é,) = 0. Combined with (32),, this is
equivalent to solve the following problem:

Find (ay,, gn) € I, X Qp, such that

[ah,rh]rh — [qh,rotrh rh]Q} =0 Vr, € Iy,
' (33)
[rOch o, dh]Qh = [I‘Otph Sn, dh]Qh vd, € Qp.

This is a well posed problem as a consequence of the results in [21] for the diffusion
problem in mixed form, simply changing DZV to rot ;, and “rotating the fields 90°”.
Therefore, there exists a unique couple (&, gn) € I, x Qp which satisfies the two
equations in (33).

As already mentioned, due to (33)1, ay, satisfies (32),, while, due to (33),, it holds
rotp, (e, — 8,) = 0. Therefore, what is left to prove is that for all r;, € I}, with
rotp, rp = 0, it exists a unique v, € W, such that Vv =1y,

We will show this natural result rather briefly. We start observing that, since €2 is
convex, it is also simply connected. Given any two nodes Vi and v; of the mesh, we
call y(v1, V2) a path from Vv; to Vo made along (oriented) edges of the mesh, in such
a way that each edge is never repeated. It is immediate to check that this can always
be done, since all the vertices are connected along edges. Then, given r, € I}, we
define v, € W}, in the following way: We choose a node Vv on the boundary and set
vV0 = 0. For any other node Vv of the mesh, we define

W= D lelrp (8 -15). (34)

ecy (vo,Vv)

where t} is the tangent along each edge e oriented as the path. Note that, in (34), the
element E that appears in r§ can be chosen as any one among the two elements that
share the edge e (without changing the result).

In order to prove that the above construction is well defined, we must show that the
value v¥ does not depend on the particular path chosen, which can be done easily by
induction and is therefore not shown.

From definition (34) we get immediately

1 E
E[qu — W =r8 VE e Q,, Yeef, (35)

where Vi = vi(e) and v, = Vv, (e) have the usual meaning, simply by evaluating the
left hand side as the difference along two ad-hoc chosen paths which differ only by
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the edge e. By definition, identity (35) implies Vjv, = rp. Moreover, by selecting
a path along the boundary and recalling that the values of r, on boundary edges are
null, it correctly follows that vy, is null on all boundary nodes. Finally, the uniqueness
of vy, follows immediately from the fact that the kernel of V;, on Wj, reduces to the
trivial one. O

By using the previous lemma, we can write
Yin = Vi + curly py, (36)
with ¢, € W), and pj, € Q. By using the same decomposition for the test function
8n = Viép + curly gy,

we obtain that Formulation 1 is equivalent to the following problem:
Find (Y, By, Ph, wr) € W x Hy x Qp x Wy, such that

[Vivn. thh]ph = (g, Un)n Y, € Wy,
an(Bp. np) — [curly, py, thh][*h = [Vavm. Hhﬂh]ph v, € Hy, a7
— [Hhﬂh, curly, qh]rh — K_ltz[curlh Ph, curly qh]Fh =0 Yaqn € O,
[Viwn, Vhéh]ph = [1Bs. Vhéh]ph + k[, Vhéh]ph Vép € Wh.
Using (30) and (29) we get that for all g, € O, and 3, € Hy,
[eurly gn, Opnpln, = lqn, rotn, (Tpny)lo, = lgn, roty, 1,10, - (38)

Therefore, problem (37) finally becomes: find (Y1, B),, Ph, wn) € Wi x Hp x Qp X Wy,
such that

[Vnvn: Vivn]p, = (g vl Yoy € W,
an(Bp. ) — [ pn. rotp, "h]Qh = [Vavn, Hhilh]ph vy, € Hy,

12 (39)
— [rotHh B, qh]Qh — Kkt [curlh Ph, curly qh]Fh =0 Yqn € On,

[Viws, VhEh]Fh = [M4By,. VhSh]ph + k7 2V, Vhifh]ph V&L € Wi
Problem (39), which is the combination of two Poisson-like problems (first and last
lines) and a rotated Stokes-like problem (second plus third lines), is going to be used

in the error analysis. Due to Lemma 1 the existence of a unique solution for problem
(39) follows easily from that of Formulation 1.

5 Error estimates

In this section we estimate the error between the continuous problem (5) and the
discrete problem (39). The main result of this section is the following bound.
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Theorem 1 Let (Y, B, p, w) and (Y, By, P, wi) be the solutions of problems (5)
and (39), respectively. Let the regularity bound (6) holds. Then, there exists a constant
C independent of h and t such that

Y1 — Ynllw, + 1181 — Bullay, + 1Pz — prllg,
+tl curly px — curly palln, + llwr — wallw, < Chligllo,q-

The proof of the above result will follow by combining Propositions 2, 3 and 4
shown in the sequel.

5.1 Error estimate for the variable .

From now on, given an element E we use the subscript |g to denote the restrictions
of the involved unknowns to E. For instance W, |g will denote the restriction of W),
to the nodes belonging to E.

Let ¥, be the solution of the discrete problem (39);, ¥ be the solution of the
continuous problem (5); and v its interpolant in Wj. Let ¥¢ be a piecewise linear
discontinuous function on  which is an approximation of . The restriction of /¢ to
E,VE € @, is denoted by wé and is defined as the L?(E)-projection of ¥ onto the

polynomials of degree < 1. We will also consider the local interpolant (wg)l € WilE
and a piecewise linear discontinuous function f¢ such that

curl ff = VYt VE € Q. (40)
In the following we will need two lemmas which have been proved in [17]. The
first one is a technical bound.

Lemma 2 Let a)}s, e a)]EE be positive weights such that Zf(il a)’E = |E|, for all
E € Qj with kg vertices. For every vertex V| € Vf, and for every v, € Wy |g there
exists a constant C independent of h, such that

kg

i12 i 2 2
> 0" — vVl < Chillvallyy, £
i=1

The second lemma shows the existence of a stable lifting operator.

Lemma 3 For all E € Sy, it exists a linear operator R,f , from the space of nodal
unknowns Wy g into the Sobolev space H'(E)NCC(E), with the following properties:

(P1) (REv)(v) = 0¥ W e VE Y, € Wylg,

(P2) Rfvh|e is a linear function Ve € 5,? Yv, € WilE,

(P3) IR} wil} i < Clluallyy, ¢z Yvn € Wal,

(P4) |RFvw — Y II§ g < Chillonllyy, p W € VE Yo, € Wil
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We have the following result:

Proposition 2 Let  and yrj, be the solutions of problems (5)1 and (39)1, respectively.
Let assumption (6) hold. Then, there exists a constant C > 0 independent of h and t
such that

Y1 — ¥nllw, < Chligllo,e-

Proof Using (12), property (S1), (39); and adding and subtracting (wg)l, we get

cillvn = vallyy, = allVa@Wn — yllF, =c1 D [IVa@n — ¥llF, &

EeQy
< D Va@r — ¥m), VaGr — ¥i)ln, &
EeQ),
= > [Vt = VAW Va@Wi — ¥i)ln, £ — (g, Y1 — Yadn
EeQy
+ D IV Vi — Yl k- (41)
EeQy

We continue with the last two terms in the above estimate. First, from the definitions
of our interpolants, we have

Vi = (Vybn in Iilg, (42)

thus, using (42), (40), property (S2) and the fact that rot;, Vv, = 0, we obtain

> (@ Vil = 2 (el £E) Ve n—m]

EeQy, EeQ),
D DI wh»%/fé
EcQ \ eccf e

(43)
Let the global operator Ry, : W, — HO1 (2) be defined by (Rpvp)|E = Rf (vp|g) for

all v, € Wy, and for all E € 2. Then, for each v, € Wy, |g and each E € 2, due to
(P1) and (P2)

1 1
(Vi = 15 (0% = o) = o (R v (v) = Rfwn(vn)

1 E E E
=H/Vthh~te=Vthh-t% Ve e &F,
e
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where Vi and v, are the vertices of e, oriented such that t% points from vy to V,. Thus,
it follows

> Z(vh(wl—wh»%/fé => Z/fé(VR}?(wl—w)-t%)

EeQy \ ectf e Eey \ectf @

(44)

Using an integration by parts on each element E for the last term of (44), applying
again (40) and adding and subtracting the exact solution ¥, from (43) we get that

S W hn = e = | [ e - VRE G - v

EeQy EeQy \g

- / FETOUVRE W =) | = D / Vi - VR (Y1 = )
E

EeQ), E

=> /V(x/fé—w-VR,f(wI—w>+/w~vzeh<wl—wh>. (45)

EeQ), E Q

Therefore, using (5);, we obtain from (41) and (45)

cillvn = valliy, < D IVavt = Va (V) VaGn — vi)ln, e

EeQy,
+ > /V(wé—w)-VR,f(wI—wm
EthE
+[(g. Rn (1 — Yoo — (€ V1 — ¥w)y| =T1 + To + T.

(46)

For the first term in the above bound, a Cauchy—Schwarz inequality and (S1) give for
all E €

[Vayn — V(W1 VWt — ¥i)ln, k
< ClIVayn — Vel eIVt — vl

which, using an approximation result (Lemma 6.3 from [17]), yields

L 2 2 12
(Vi = Vawion Var = v < (ChiwBe) " Ian = vl
)
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Summing on the elements, from bound (47) it follows

Ty = ChiY . ellVa(Wn — ¥i)lln, < Chliglo.all¥t — ¥allw,, (48)

where in the last inequality, we have used (12) and (6).
For the second term in (46), by a Cauchy—Schwarz inequality and using (M5) and
(P3), we get

/V(wﬁ; — ) - VRE(1 — ¥n) < Chel¥lo.ellvn — Yallw, £
E

Summing on the elements and using again (6), the above bound yields

Iy = Chlylz.ell¥n — Yallw, = Chlliglo.ellvr — Vallw,- (49)

Now, we bound T3. It is easy to see that for each vertex v € Vf , E € Qj, we have

i=1

kE kE
Ble D= voly = gle >y~ vk = ale [ (- )
i=1 E
= [ st = . (50)
E

Thus, using the definition of the loading term (-, -); in (21), adding and subtracting
the term fE g(wlv' — V1), where vy is any fixed vertex of E, for all E € Qy,, from
(50) we obtain

kg
[erun=w = 3 gle >0 - v*al

T3 =
Q EeQy i=1
=2, /g (RE@1 =y — " —9™)
EGQhE
kg
+ O gl (" =" — @y = yY) ol
EeQy, i=1

Using the Cauchy—Schwarz inequality, we get

Ty < > lglo.ellRE (or — ) — " = ¥ lo.e

EeQy,

ke 2 )k 12
s (Zg@wz) (z [ — %) — i w]zw;—)
Eey, \i=1 i—1

@ Springer



A mimetic discretization for Reissner-Mindlin plates 445

Finally, from (P4), Lemma 2 and the fact that |E|*|g|£| < ||g||§ g, we obtain

T3 < Chlgllo,ell¥r — Yrllw,- (51

The result follow combining (46) with the above bounds for 71, 7>, T3. O

Remark 3 The proof of convergence of the mimetic elliptic problem here presented
differs from that of [17] mainly in the following. In the present paper the problem
is not written through a direct discretization of the bilinear form (V-, V-), but using
a discrete L? scalar product combined with the discrete gradient operator. The lat-
ter construction was also proposed in [17], but not for what regards the convergence
analysis.

5.2 Error estimate for variables 8 and p.

Now, let (8;,, pn) be the solution of the discrete problem given by (39),_3, and (8, p)
be the solution of the continuous problem given by (5)2—3.
The following inf-sup condition holds

Lemma 4 There exists C > 0 independent of h such that for every q, € Q, there
exists n;, € Hy satisfying:

[rotwy, n4, gnlo, = Cllgnll gy,
lmpllE, < 1.

Proof Changing DIV, torotr, and rotating the fields 90° in Lemma 4.3 of [11] prove
the result. o

We introduce the following discrete bilinear form
A5, ((Bps pr)s (> qn)) = an(By, my) — [pn, rotm, nylg,
—[rotw, Bp» qnlo, — k~'t*[eurly py, curly gilr, (52)

As a consequence of Lemma 4 and property (S1,), following standard techniques
of mixed finite element methods [19], itis easy to show the following stability estimate
for the discrete Stokes-like problem given by (39)2_3.

Lemma 5 There exists C > 0 independent of h and t such that

AL (B, pn)s ys an))
sup

mety, Mplla, + lgnllo, + tll curly gnlln,
qap€Qp

> CIBullm, + llpnllo, + 1l curly ppllr,)

for all (B, pn) € Hp x Qp, and where the sup is taken on non-null couples of
functions.
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The following lemma states the existence of a stable lifting operator also for the
rotation variable.

Lemma 6 For all E € Qy, it exists a linear operator R,f from the space Hp|g into
the Sobolev space [HY(E) N COE))? with the following properties:

(O1) RFm)(V) =1" W e Vi Y, € Hyle,

(02) leREn)IG g < Cllnyllz, g Y0, € Halk,

(03) (Rf)]hle) ~n% is a linear function Ve € Ef v, € HylE,
(anh|e) -t%. is a quadratic function Ve € Ef v, € HylE,

e
(04) / Ry my) 15 = lelnG + ol

- [p"! +”V2],t% Veegf Vn, € HylE,
e

where as usual V1 and v, are the vertices of the edge e.

The proof of the above lemma can be found in the Appendix. The lifting opera-
tor R,’f is an extension of those in [11,17], with the additional important property of
preserving linear functions.

Note that as a consequence of (O3) it holds

e
/(R;fnh) nG = %[n"l +12]-n8 Veec&F Vi, € Hylp YE € Qy, (53)
e

while, due to of (O4), we have

/ rot(REn,) = |E|(rot, mp)e Vay € Halg VE € . (54)
E

Finally, we define the global operator R, : H, — [HO1 (Q)]2 by Runp)le =
Rf (n,|g) forall ;, € Hy and forall E € ;. The image of R, is indeed in [HOl (Q)]2
due to property (O3).

Now, we are able to state and prove our second convergence result.

Proposition 3 Let (B, p) and (By,, pr) be the solutions of problems (5);—3 and
(39)2_3, respectively. Let the bound (6) holds. Then,

1By — Bullmy, + 1Pz — pullo, + tllcurly pr — curly pplin, < Chligllo..

where C is independent of h and t.

Proof We divide this rather long proof into two parts. In step 1 we bound the error as
a sum of various terms, which will be bounded separately in step 2.
Step 1. From Lemma 5, we have that there exists (1, gn) € Hp x Qp such that

lmpllay, + llgnllo, + tll curly gulln, <1 (55)
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and
CIBy — Byl + l1px — pullg, + tllcurly, pr — curly pulin,)
< AL ((By = Bps P — Pr)s (Mps qn))- (56)

Now, we can rewrite the right hand side of (56), using (39),_3 as follows:

AL ((By = By P — i)y Mps qn) = AL (B, pr)s s qn)) — [Va¥n, Ty 11, -

Therefore, from (52), we have

AL ((By — B Px — pn)s (s qn)) = an(By, mp) — [px, totg, 1,10,

—[rotm, By, qnlo, — &~ 't*[eurly px, curly gulr,
— [V, Opnyln, = A1 — Ax — A3 — Ay — As.

We also consider a piecewise linear discontinuous function 8¢ which is an approx-
imation of 8 on each element E. The restriction of ﬂz to E, E € Qp, is denoted by
ﬂ% and is defined as the L?(E)-projection of 8 onto the space of linear vector valued
functions defined on E. We also consider the local interpolant (/3%)1 € Hy|k.

In what follows, we will manipulate the terms A;,i = 1,...,5. We begin with
term Aj: adding and subtracting (ﬁ%)l, we obtain

Al = Z (alf(ﬁl - (ﬁ%)l, ny) + af((ﬁ%)l, ”h))

EeQ),

=B+ > aF (B m).

EeQy

Using assumption (S2,), we get

E ¥4 _ C ¥4 e e E A Vo e
2 a Bpum) = >, [ 2 [(Cepmg 0 ) (S (" +n") nf
EeQy EeQ \ ecEf

+ (Ce(ﬂﬁ)n% : tzes) (Ieln% + %(ﬂ“ +9"2) - t%)}

First, from (53), (O4) and then using an integration by parts, we obtain

> af By = > | > | (CeBong -ng) / (Rj'm) -
e

EeQy, EeQy eeé‘f
+(Ce(Bimg - 13) / Ry ;) - £}
e
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S / Ce(B5)ng - REm,

Eey \ectf e

> [ e eminy

EGQhE
= 3 [ ot -prie®Em+ [ Colh):eRimy)
EGQhE Q
_ Bz—l—/(CS(ﬁ)  e(Ry ). (57)
Q

Using (5)2, from (57) we get

> af @B =52+ [ pro®im)+ [ V0 R,
Q

EeQ) Q

and thus

Al = B +Bz+/prot(Rhﬂh)+/V1ﬂ~Rhilh.
Q Q

We continue with the term A;. Using the definition of [+, -]¢p, , (54) and adding and
subtracting the exact solution p, we obtain

Ao = 3 BNt e = 3 [ rot®En) (o
EeQy EeQy, E
=> /rot(R;'fnh)((pn)E —p)+/r0t(Rhﬂh)p
EeQy E Q
= By+ / ot (R ;) -
Q

Now, we rewrite A3, using (27) as follows:

Az = [(tot B)r, qnlg, = —k ' *[(rot(curl p))x, qnlo,,

where in the last equality we have used that rot § = —k~#2(rot(curl p)) which is a
consequence of (4) and (1)3. Then, using (26) and (30), we get

Az = —k e [rotr, ((curl pyn), gnlo, = —« ~'£*[(curl p)p, curly glr,.  (58)
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We now consider p’ a piecewise linear discontinuous function which is an approxi-
mation of p on . The restriction of p® to E, E € €, is denoted by p% and is defined
as the L2(E)-projection of p onto the polynomials of degree < 1. Using (58), (30)
and adding and subtracting the term (curl P%)II on each element, we get

As+ Az = 7' [ [pa. rotpy, (curly gn)lg, — D [(curl pf)u. curly gilr, e

EeQy

+ > [(eurl(p — p))u, curly gulr, &
EeQy,

From assumption (S2) and the identity

[pr,rotp, (curl, gp)lo, = Z /P rot, (curl, gp) £,
EeQy E

we obtain

Ag+ Az ="' [ D [(eurl(pl — p)u, curly gulr, i
EeQy

+ 3 | [ rhwoucutign+ X [ pheors g

EeQ | g eeShE e
= B4+ Bs + Be.
Thus, collecting all the previous bounds for terms A;,i = 1, ..., 5, we obtain the

following inequality:

AL ((By — Bus P — Pn)s ps qn)) = Al — Ay — A3 — As — As

< B+ B, — B3 — By — Bs — Bg +/V1/f “Runy, — [Vavm, My ln,. (59)
Q

Defining
By = / V¢ - Runy — [V, Opnyln,
Q
from (56) and (59) we get

7
C(IBr = Billm, + lpx — pallg, + tll curly pr — curly pallr,) < D |Bil. (60)

i=1
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Step 2. We bound each term B;,i = 1, ..., 7 with a constant C independent of &
and 7.

Estimate of | By|. Using assumption (S1,), the Cauchy-Schwarz inequality, (11),
(55), the estimates (4.31) and (4.36) from [11] and finally (6), we obtain

1Bil <C D 1Br — Bulla, £yl m, e

EeQ)
1/2 1/2
14 2 2
<C D 1B — Bl > Imallz, &
EeQy E€Q,
1/2
0 2
< DB =Bl e| il
EeQy

< Ch|Bll2,o < Chllgllo,e-

Estimate of |B,|. We apply the Cauchy—Schwarz inequality, the estimate of the
interpolation error (M5), property (O2) of the lifting operator R,’f (), (55) and (6); we
obtain

1Bal < > 1B —BLhiele®Em)lo.k

EeQy
1/2 12
< (Z = ﬂ%ﬁ,g) (Z ||e<R;?nh>||%,E)
EeQ EeQ
1/2 1/2
< (Z ca,,phéwé,,g) (Z cunhu%,,,,E)
EcQ EeQ

< ChliBllz,ellnyllm, < Chliglo.-

Estimate of |B3|. Using the Cauchy—Schwarz inequality, the estimate of the inter-
polation error (M4), the Korn inequality [27], property (O2) of the lifting operator
RE (), (55) and (6), we get

B3l < D lIp = (po)elo.ell rot®REn,)llo.

EeQy
1/2 1/2
< (Z lp— (pn)Eu%,E) (Z |R}?m,|%,5)
EecQ EcQ
1/2
< (Z C;“,,,,h%|p|%,E) IRy, 11,0
EecQ
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12
< ChlplialleRumyloge < Ch||p||1,g(z ||e(R,fnh>||%,E)
EeQ

1/2
< Chnpul,g(z cnnhn%,E) < Chliplh.alnglm < Chliglo.q.
EeQ

Estimate of | B4|. Using assumption (S1), the Cauchy—Schwarz inequality and the
definition of the norm || - ||, £, we get

1Bal < x7'1> D Icurl(py — p)ullr,. el curly gili . 2

EeQy,
1/2 1/2
<k ' D7 leurd(py — p)ully, e > leurtlygnlly, g
EeQy EeQy
1/2
=12 DB Y |(url(pf - p»u)e) Il curly gallr

EeQy eESE

Now, using the definition of the interpolant (-)j, the Cauchy—Schwarz inequality,
properties (M3), (M1) and the estimate of the interpolation error provided by (M5),
yields

2

Z ‘((curl(PeE —p))n)‘?;’2 = Z |1| /Curl(pE p) -5

E
ee&;

IA

¢ e
Z E/ ‘curl(pE -p) ~tE‘
e&f e

1 _
= > — (hp'Ieur(pf = I3
‘el
ees,;
+hil eurl(pf, = ) )
Ne

Ch_ ( Flpt =l g+ hE|I7|%,E)

IA

Ne
< € (5" Capphtlpld s +help ) = I e

Therefore, using the above estimate, bound (55) and (6) we obtain
1/2

2 D ClElphe | lcurlyguln, < Chliglog.
EeQy,

|By| < i
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Estimate of | Bs|. Due to (M2), the definitions of rot r;, and ||| r;, yield the following
inverse estimate

|E|"2(rotr;, 81)E < Chi;' 184l e Yén € T, VE € Q. (61)

Therefore, using also the Cauchy—Schwarz inequality and the estimate of the interpo-
lation error (M5), we obtain the following development:

1Bs| <« ' D lp = pello. |EIY*(rotp, (curly gn)) e
Eey

—-1.2 2 —1
<" D" hplple hp'l curly gulln, e
EeQy,
1/2 12

= DI Y D leudygullfy g | - (©2)
EeQ), EeQy
Finally, from (62), (55) and bound (6) it follows

|Bs| < Ck~'?h?|pla.ah ™| curly gu |l 5, < Chllgllo.q-

Estimate of | Bg|. Using the same argument as in Lemma 5.3 of [21], bound (55)
and (6), we can prove that

|Bs| < Cht?|plla.all curly gullr, < Chliglio.a,

where C is independent of /2 and 7.
Estimate of | B7|. In order to estimate this term, we split it as follows. Adding and
subtracting the terms Vl//é and Vj (‘ﬁﬁ;)l on each element E, we get

By=Bj+Bi+ > / VYL REm, — [Va@WpL Tyl e | (63)
EeQy E

where

Bl=3 /V(w—xpg)-anh, B3 = > (Va5 — ¥, Tamyln,

EeQy E EeQ)
(64)
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Using (40) and (42), integrating by parts and finally using assumption (S2), from (63)
we obtain

By = B71 + B72 + Z /curl fé -R,‘?nh — [(curl fé)n, Oyn,ln, E
EeQy LE
SR DY /fErot<Rh BEDIY RIS
EEQh eegE

- > / fEotr, (Mym))e — D / FEMmy)%

EeQy, ectf e

=Bl + B3+ > | | fhGot®REn,) — (rotr, (Tumy)) k)

EeQ | g
+ Z Z /fE ((Hhﬂh)E—(Rh n - t5 ))
EeQy, eegE

= B} + B3 + B3 + B5.

Thus, in order to bound the term B7, we have to bound each term Bé, i=1,2,3,4
separately.

Estimate of |B7l |. Using the Cauchy-Schwarz inequality, the estimate of the inter-
polation error (M5), the Korn inequality [27], property (O2), (55) and (6), we get

1/2 12
Bl < | D IVW — vl e > IR m,llG
EeQy EeQy,
< Chll¥ la.ele®unploe < Chlly el i, < Chlglo.q.

Estimate of |B72|. We begin this estimate by using assumption (S1), the Cauchy-
Schwarz inequality, adding and subtracting Vv, and applying the triangular inequal-
ity. We obtain

1B7| < D VAW — ¥l e | Tmyllr, e
EeQ)
1/2 1/2
< D Vi — vl e DIl
EeQy EeQy
1/2
< C{IVa@Wi=v 5+ D0 IV (@ pi=v0lT, 2| ITamyln,. (695

EeQ),
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We now note that the following inequality holds, as shown in the Appendix:

IT1.0,1r, < CllOkllH, YOi € Hy. (66)

Therefore, first using identity (12), Proposition 2, Lemma 6.3 from [17] and (66) in
(65), then applying the bounds (55) and (6) yields

1/2
1Bj| < C [ CrPlglga+ D CRAY .| limallm,
EeQy,

< Chllglo.ellnylla, < Chllglo.q.

Estimate of |B73|. From (29) and (54) it follows

Letfé:L

/rot(anh) = /(rOch(Hhﬂh))E = |E|(rotp;, (TTpmp))E- (67)

E

I ff forall E € Q. Using identity (67) it follows

BI=| > [0t foro®E|.

EeQy E

which, using a Cauchy—Schwarz inequality, gives

B3| < D IfE — fello.ellot®REm;,) o,k
EeQ)

Now, using the estimate of the interpolation error (M4), the Korn inequality [27],
the fact that |ffl1.e = [Vile < [¥ll1.e, property (O2), (55) and finally (6),

we obtain

| B3|

IA

IA

IA

IA

@ Springer

1/2 12
> Ife— Fellox > REml g
EeQy, EeQy
1/2
> Chilftie]  Ramyhe
EeQy,
1/2
D ChElVElie |  le®amplog
EeQy
12
2 —
Chlvine | D Imlla, e | = Chlviialnlm, < Chiglog.
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Estimate of |B§ |. Similarly to the previous case, from (67) and the definition of
rotp, in (24), we get

/ Ry, - t3 = / (pmy)g = lel(Mpn,) - (68)
e

e

Using this identity, the triangular inequality and the Cauchy—Schwarz inequality,
we have that

Bl =] Z/fé ((nhnh)%—mfnh-t%))
EeQ | ectf e

= z Z /(flf‘ - fé) ((Hhﬂh)% - (R;Iliﬂh . t%))
EeQy _eeShE e

IA

S5O IfE = FhlloelREmy, -8 — (Tamy) % llo.e

EeQ) eec‘f,f

1/2 1/2

S DSt - FEie > IR my - 63 — (Mam) 315 6

£ \ ecEF eeEf

IA

Using (M3), (M4), one dimensional interpolation estimates, the fact that | f §| LE =
|1//2|1,E < ||¥|l1,e and a trace inequality, gives

1/2
B _ 1/2
B < > (W1t = TR+ hel R ) [ D helREm, 1317 e
EeQ), eeShE
172 2 % nE
=2 (helfERg) " IRE w2
EeQy
<Ch > [YphelREm,lE.
EeQ),

The Cauchy—Schwarz inequality, the Korn inequality [27], property (O2), (55) and
(6) now yield

|B§| < Chl¥lLelRpn,lle < ChlvlLelleRang)llo.e
172

<Chlyiha| D, Imli, )  =Chlviialnlla, < Chlgloeo-
EeQy,
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Combining (60) with all the above bounds for the B;,i =1, ..., 7, gives the proof
of the proposition. O

5.3 Error estimate for the variable w.

Let wy, be the solution of the discrete problem (39)4 and w be the solution of the con-
tinuous problem (5)4. Using essentially the same arguments used to prove the error
estimate for ¥, one can show the following bound:

2 ¢
cillwr = wallfy, < D [Vawr = Viwi)r, Viwr — wi)ln, £
EeQy,

+ Z V(wh —w) - VRE (wy — wp)
EeQ g
+ (B, VR (w1 — wp))o,@ — [T B, Va(wr — wp)lp,
+x (VYL VR (w1 — wi))o.e
— k[, Va(wr — wi)ln,- (69)

From (69), repeating the same techniques used in Sects.5.1 and 5.2, the bounds for
the deflection variable follow.

Proposition 4 Let w and wy, be the solutions of problems (5)4 and (39)4, respectively.
Let bound (6) holds. Then, there exists a constant C > 0 independent of h and t such
that

lwr — wpllw, < Chligllo,e-

We are now in a position to prove Theorem 1.

Proof of Theorem 1 The proof follows easily by combining Propositions 2, 3 and 4.
O

Moreover, the following important remark holds.

Remark 4 The “bubble” edge degrees of freedom in the rotation space are added in
order to guarantee the validity of Lemma 4, i.e. the stability of the discrete system,
and do not enhance the approximation capabilities of Hj,. In [9] the authors show that,
under certain conditions on the adopted mesh, the nodal degrees of freedom alone are
sufficient to derive Lemma 4. Such conditions on the mesh are not very strict, and
include for example a large array of meshes made with polygons with more than 4
edges. Although the results of [9] are intended for the Stokes problem, a “rotation of
90%” allows immediate application also to our case. Once Lemma 4 is proven, the rest
of our proofs extend almost identically to the case with no edge degrees of freedom.
Therefore, under the favorable mesh conditions of [9], it is easy to check that the same
plate method presented here, but with the smaller rotation space

Hy = {ny [ = (0" ey}
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is stable, and the same O (h) error estimates hold. This is interesting since it allows to
use the same degrees of freedom both for rotations and displacement.

6 Conclusions

We presented a mimetic discretization method for the Reissner—Mindlin plate bend-
ing problem. The fundamental idea of the mimetic discretization methodology lays
in writing the variational problem directly in terms of the degrees of freedom, with-
out specifying the underlying basis functions. The present scheme adopts one degree
of freedom in each mesh vertex for the deflections, and two degrees of freedom in
each mesh vertex for the rotations, plus an additional degree of freedom on each edge
(that is not always needed). After building all the necessary tools, such as discrete
bilinear forms and operators, we presented the method and proved linear convergence
with respect to the mesh size, uniformly in the plate thickness. The latter result is
achieved rewriting the discrete problem as a combination of different sub-problems
via a discrete Helmholtz decomposition.

Finally we note that the present results open, in principle, the possibility to build
a mimetic discretization method for (Naghdi) shell problems, also taking inspiration
from the literature of MITC shell finite elements. Nevertheless we must observe that,
since the operators involved in the model of more general thin structures are much more
complex, the extension of the present mimetic method to shells is not straightforward.

Appendix

In the first part of this section we briefly show, for all E € 2y, the existence of a lifting
operator

R : Hylp — [H'(E)NCYE))?

which satisfies the conditions in Lemma 6. In the second part we will prove bound
(66).
Existence of a lifting operator. We will build the lifting operator in two steps taking full
advantage of the results in [ 11, 17]. Note that we can not use directly the (rotated) oper-
ator of [11] since it does not preserve linear functions, which is needed to prove (02).
We start with a slightly modified construction of the lifting operator in [17], which
we call ﬁf . Given n;, € Hp|g, the vector function R,’f 1, is globally continuous and
piecewise linear on the sub-triangulation 7, and defined in the following way. On the
vertices V € Vf we set R,]l’: 7,(V) = 5Y. On the remaining nodes of 7}, that lay on
the boundary, ﬁf 1y, is defined by linear interpolation of the two vertex values of the
edge. On the internal nodes of E, we do instead the following construction. Given
any internal node v of 7, we call Ey the set of nodes which share an edge with v
and are different from v. Then, it is easy to check that v, which lays in the convex
hull determined by the nodes {V}ycg,, can be expressed (in a non unique way) as a
weighted sum
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V= Z wy v (70)

VEEyY

with w non-negative real numbers such that > g,
v, we then enforce the condition

y w\‘-; = 1. For each internal node

=

Rfn, () — D wy Rfn, (V) =0.

VEEy

This set of conditions provides a square linear system which determines the value
of ﬁf 1, in the internal nodes. Indeed, it is immediate to verify that the associated
matrix is an irreducible M-matrix, which in particular implies the existence of a unique
solution and a discrete maximum principle. In addition, due to the identity (70), this
operator preserves linear vector functions, in the sense that

ﬁf (P11, = p1 for all linear vector functions p1 on E .

Following the same argument as in [17], from the maximum principle it follows that
the operator Rf satisfies the following properties

©2) Rfn,l3 p < CllinylliGy, ¢ V1 € Halg,

with C independent to the particular element E of the mesh family. Furthermore, by
definition of Rf 7, it holds

©1) REn)(V) =1 W eVF Vn, e Hylg YE € Q.
Q') anh|eisalinear(vector) polynomial foralle € 5,{5 v, € Hyle VE € Q.

We then build our final lifting operator R;f as a correction of ﬁf by the addition of
tangential edge bubbles, as done in [11]. More precisely

RE =RF + R/,

where the image of the operator R,? b lays in the span of {pet}, gr with e scalar
edge bubble functions (which are quadratic along the edge e). Briefly speaking, the
coefficients of the bubble part Rf > are chosen in order to satisfy (O4); we referto [11]
for the details.

Given the above properties (0’1)-(0’3), following the same proof shown in [11]
one immediately obtains that Rf satisfies (O1), (O3), (O4) and the bound

©°2) REn, 3 ;< Cllimy Iy, Vay € Hile VE € .

Furthermore, since the added bubble part is null on linear functions, it still holds that
R,f (P11, = p1 for all linear vector functions pj on E. Letnow A : E — R"*" n €
N be a symmetric matrix field and B : E — R™" an anti-symmetric matrix field.
Then, from the orthogonality with respect to the contraction operator A : B = 0, we
get

A + BIl5.z = IAII§ ¢ + 11BIG £ = 1Al £ (71)
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Using definition (10), property (O"2) and recalling that the operator R preserves
linear vector functions, we derive

517, £ = min [, — (=3, EDrelll, £
ceR
= C'min | VRG (g — e([=5, ¥D1e) 16,5
C

= C'min ||V Rjfn; — eVI=3, 5 ¢ (72)

for all y, € Hy|g. Splitting V Rf 1, into its symmetric and anti-symmetric part and
observing that V[—y, x] is an anti-symmetric matrix, from (71), (72) we obtain

Im4ll7, £ = C'leREMDIG.E Ya, € Hile VE €

which is property (02).

Proof of bound (66). The norm appearing on the left hand side of inequality (66) is
a discrete L? norm, while that appearing on the right hand side is a ||e(-)||;2 type
norm. Therefore, due to the boundary conditions on Hj,, bound (66) is quite natural.
Although relation (66) does not involve the lifting operator, but only the degrees of
freedom of Hj, for simplicity we will prove it making use of the lifting R, appearing
above. A more direct proof should involve in particular a “discrete Korn inequality”,
which is beyond the scopes of the paper.

By definition and due to (M2) it immediately follows

IT0AlIT, < C D IEL] D 108+ D 18V (73)

EeQy ecEf veVE
2 2 2
104117, = C D D 10517 + 116" — 6| (74)
EeQ eecf

where V| and v; are as usual the two vertices of the edge e. Therefore the bound on
the bubble part follows immediately from (73) and (74) observing that |E| < |2| for
all elements E:

D IEL D 161 < CliwllE, - (75)

E€Qy  ectf

From the definition of Ry, for all E € Qj,

[E] D 116Y11> < |E| [IRE 47 (p)- (76)

veV,‘F

Let now h%i” indicate the diameter of the smaller element of 7j|g. First applying
an inverse inequality (see for instance Lemma 4.15 of [44]), then using that due to

@ Springer



460 L. Beirdo da Veiga, D. Mora

(H1)—(H2) the ratio hg /h’gi" is uniformly bounded, we get

hE
min
hE

< CIEI"'IREO,1IT £ (77)

IREB ]y < C( 1+ log (IRFOME 5 + 1EI IRE6,11, ;)

Combining (76), (77), summing over the elements, applying the Korn inequality on
2 and finally property (O2) yields

D IEL D 116YIP < ClIRO,IIT o < ClleRiB)[5 o < ClIBAllT,.  (78)
EeQy veVE

The result follows from (75) and (78).
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