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Abstract

We propose and analyse an augmented mixed finite element method for the Oseen
equations written in terms of velocity, vorticity, and pressure with non-constant vis-
cosity and homogeneous Dirichlet boundary condition for the velocity. The weak
formulation includes least-squares terms arising from the constitutive equation and
from the incompressibility condition, and we show that it satisfies the hypotheses of
the Babuska-Brezzi theory. Repeating the arguments of the continuous analysis, the
stability and solvability of the discrete problem are established. The method is suited
for any Stokes inf-sup stable finite element pair for velocity and pressure, while for
vorticity any generic discrete space (of arbitrary order) can be used. A priori and
a posteriori error estimates are derived using two specific families of discrete sub-
spaces. Finally, we provide a set of numerical tests illustrating the behaviour of the
scheme, verifying the theoretical convergence rates, and showing the performance
of the adaptive algorithm guided by residual a posteriori error estimation.

Keywords Oseen equations - Velocity-vorticity-pressure formulation - Mixed finite
element methods - Variable viscosity - A priori and a posteriori error analysis -

Adaptive mesh refinement
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1 Introduction

Using vorticity as additional field in the formulation of incompressible flow equa-
tions can be advantageous in a number of applicative problems [49]. Starting from
the seminal works [26, 27] that focused on Stokes equations and where vorticity
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was sought in H(curl, £2), several different problems including Brinkman, Navier-
Stokes, and related flow problems written in terms of vorticity have been studied
from the viewpoint of numerical analysis of finite volume and mixed finite element
methods exhibiting diverse properties and specific features. Some of these contribu-
tions include [2-4, 7, 9, 13, 24, 39, 47, 48].

The starting point is the Oseen equations in the case of variable viscosity, and
written in terms of velocity u and pressure p, as follows (see [36]):

ou —2div(ve)) + (B - Vu +Vp=f inQ, (1.1a)
divu=0 inQ, (1.1b)

u=0 onr, (1.1c)

@, 100 =0, (1.1d)

where ¢ > 0 is inversely proportional to the time-step, f € L?(£2)? is a force den-
sity, B € H'(2)? is the convecting velocity field (not necessarily divergence-free),
and v € W (Q) is the kinematic viscosity of the fluid, satisfying

O<yy<v<. (1.2)

Such a set of equations will appear, for instance, in the linearisation of non-New-
tonian flow problems, as well as in applications where viscosity may depend on
temperature, concentration or volume fractions, or other fields where the fluid flow
patterns depend on marked spatial distributions of viscosity [38, 43, 44, 46]. The
specific literature related to the analysis of numerical schemes for the Oseen equa-
tions in terms of vorticity includes the non-conforming exponentially accurate least-
squares spectral method proposed in [42], least-squares methods proposed in [50]
for Oseen and Navier-Stokes equations with velocity boundary conditions, the fam-
ily of vorticity-based first-order Oseen-type systems studied in [22], the enhanced
accuracy formulation in terms of velocity-vorticity-helicity investigated in [12], and
the recent mixed (exactly divergence-free) and DG discretisations for Oseen’s prob-
lem in velocity-vorticity-pressure form given in [5]. However, in most of these refer-
ences, the derivation of the variational formulations depends on the viscosity being
constant. This is attributed to the fact that the usual vorticity-based weak formula-
tion results from exploiting the following identity

curl(curlv) = —4v + V(divy), (1.3)

applied to the viscous term. However for a more general friction term of the form
—div(ve(u)), where €(u) is the strain rate tensor, the decomposition gives other addi-
tional terms that do not permit the direct recasting of the coupled system as done in
the cited references above.

Extensions to cover the case of variable viscosity do exist in the literature. For
instance, [28] addresses the well-posedness of the vorticity—velocity formulation
of the Stokes problem with varying density and viscosity, and the equivalence
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of the vorticity—velocity and velocity—pressure formulations in appropriate func-
tional spaces is proved. More recently, in [6] we have taken a different approach
and employed an augmented vorticity-velocity-pressure formulation for Brink-
man equations with variable viscosity. Here we extend that analysis to the gener-
alised Oseen equations with variable viscosity, and address in particular how to
deal with the additional challenges posed by the presence of the convective term
that did not appear in the Brinkman momentum equation.

We will employ the so-called augmented formulations (also known as Galer-
kin least-squares methods), which can be regarded as a stabilisation technique
where some terms are added to the variational formulation. Augmented finite ele-
ments have been considered in several works with applications in fluid mechan-
ics (see, e.g., [8, 10, 14, 18, 19, 21, 35, 45] and the references therein). These
methods enjoy appealing advantages as those described in length in, e.g., [15,
17], and reformulations of the set of equations following this approach are also
of great importance in the design of block preconditioners (see [11, 32] for an
application in Oseen and Navier-Stokes equations in primal form, [31] for stress-
velocity-pressure formulations for non-Newtonian flows, or [20, 30] for stress-
displacement-pressure mixed formulations for hyperelasticity). In the particular
context of our mixed formulation for Oseen equations, the augmentation assists
us in deriving the BabuSka-Brezzi property of ellipticity on the kernel needed for
the top-left diagonal block.

The formulation that we employ is non-symmetric, and the augmentation terms
appear from least-squares contributions associated with the constitutive equation
and the incompressibility constraint. The mixed variational formulation is shown
to be well-posed under a condition on the viscosity bounds (a generalisation of
the usual condition needed in Oseen equations, (cf. Theorem 2.1 and Remark 2).
Then we establish the well-posedness of the discrete problem for generic inf-sup
stable finite elements (for velocity and pressure) in combination with a generic
space for vorticity approximation. We obtain error estimates for two stable fami-
lies of finite elements. We also derive a reliable and efficient residual-based a
posteriori error estimator for the mixed problem, which can be fully computed
locally. In summary, the advantages of the proposed method are the possibility to
obtain directly the vorticity field with optimal accuracy and without the need of
postprocessing; moreover, differently from many existing finite element methods
with vorticity field as unknown, the present contribution supports variable viscos-
ity and no-slip boundary condition in a natural way.

The contents of the paper have been structured as follows. Functional spaces
and recurrent notation is collected in the remainder of this section. Section 2
presents the governing equations in terms of velocity, vorticity and pressure; we
state an augmented formulation, and we perform the solvability analysis invok-
ing the BabuSka—Brezzi theory. The finite element discretisation is introduced in
Sect. 3, where we also derive the stability analysis and optimal error estimates for
two families of stable elements. In Sect. 4, we develop the a posteriori error anal-
ysis. Several numerical tests illustrating the convergence of the proposed method
under different scenarios are reported in Sect. 5.
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Preliminaries. Let 2 be a bounded domain of RY, d = 2, 3, with Lipschitz bound-
ary I' = 2. For any s > 0, the notation ||-||; ; stands for the norm of the Hilbertian
Sobolev spaces H(£2) or H*(£2)<, with the usual convention HO(2) := L*(Q).

Moreover, ¢ and C, with or without subscripts, tildes, or hats, will represent a
generic constant independent of the mesh parameter /4, assuming different values in dif-
ferent occurrences. In addition, for any vector field v = (vl-)f=1 and any scalar field g we
recall the notation:

3 0,V — O3V 01q
divy = z 0v;, curly =|03v; —d\v3|, Vg=|dyq|,
i=1 01V, — 0,V 03q

whereas for dimension d = 2, the curl of a vector v and a scalar ¢ are scalar function
0,v, — 0,v, and the vector curl g = (d,g, —0,g)’, respectively.

Recall that, according to, e.g., in [36, Theorem 2.11], for a generic domain Q2 C R3,
the relevant integration by parts formula corresponds to

/curlm-v:/co-curlv+(a)><n,v)r,
Q Q

which in 2D reads as

/curlw-v=/wcurlv—(v-t,w)r. (1.4)
Q Q

2 Vorticity-based formulation

With the aim of proposing a vorticity-based formulation for (1.1), we consider the fol-
lowing identities
=2div(ve(u)) = —2vdiv(e(u)) — 2em)Vv = —vAu — 2e(u)Vv

= veurl(curlu) — vV(divu) — 2e(u)Vv.

Therefore, problem (1.1) rewrites as

cu+veurlo —2ew)Vv+ (- Vu+Vp=f inQ, (2.1a)
ow—curlu =0 in Q, (2.1b)

divu =0 1in Q, (2.1¢)

u=0 onlrl, (2.1d)

@ D=0, (2.1e)
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where we have considered the definition of the vorticity and have applied the
incompressibility condition. The equations state, respectively, the momentum con-
servation, the constitutive relation, the mass balance, the no-slip boundary condi-
tion, and the pressure closure condition.

2.1 Variational formulation for the Oseen equations with non-constant viscosity

In this section, we propose a mixed variational formulation of system
(2.1a)—(2.1e). First, we endow the space H(l)(Q)d with the following norm:

2 . 2 2 : 2
VIR ¢ = V12, + lcurlv]2 , + [ div w2 ,.

and note that for H(l)(.Q)d the above norm is equivalent to the usual norm. In particu-
lar, we have that there exists a positive constant C,, such that:

W11} o < Colllcurlvllg , + 1 divellg o) Vv € Hy(9)",

where the above inequality is a consequence of the identity

2 2 2
IVYllg o = llcarlv|[g o + [ divvlg 5. (2.2)
which follows from (1.3) and the Poincaré inequality. Moreover, in order to establish
a weak formulation for (2.1), we will use the following identity:

curl(¢v) = Vo X v + ¢ curlv, 2.3)

valid for any vector field v and any scalar field ¢.

After testing each equation of (2.1a)—(2.1c) against adequate functions, using
(2.3), and imposing the boundary conditions, we end up with the following
system:

/(au+(ﬂ~V)u)4v—2/e(u)Vv~v+/vm~curlv+/m~(Vv><v)—/pdivv:/f—v,
Q Q Q Q Q Q
/v6~curlu—/vco-9:0,
Q Q
—/qdivu:O,
Q

for all (v,0,q) € H\(2)? x L*(2)%4~D/2 x L}(Q), where L{(2) := {g € LX) :
(g Do = 0}

Contrary to what is usually found in the the standard velocity-pressure mixed for-
mulation, the ellipticity on the kernel condition for the Babuska-Brezzi theory is
not straightforward in the above mixed formulation. Here is where the augmentation
contributes to simplify the analysis. We introduce the following residual terms aris-
ing from equations (2.1b) and (2.1c):

@ Springer



44 Page 6 of 25 V. Anaya et al.

K| /(curlu —®)-curly =0, K2/ divudive=0 Vv € Hy(Q)",
o o

where k; and k, are positive parameters to be specified later on.

In this way, we propose the following augmented variational formulation for
(2.1):

Find (u, ®),p) € (H)(£2)? X L*(2)"4=V/2) X L3() such that

A((u, ®), (v,0)) + B((v,0),p) = F(v,0) V(v,0) € H)(Q2)! x LY (@)1,
(2.4a)
B((u,®),q) =0 Vg € L3(9), (2.4b)

where the bilinear forms and the linear functional are defined by

A((u, w), (v, 0)) :=/(au+(ﬁ~V)u)~v+/vco'9+/va)~curlv—/v9~curlu
Q Q Q Q

+K1/curlu-curlv+1<2/divudivv—Kl/a)~curlv
Q Q Q

—Z/e(u)Vv-v+/a)-(Vv><v),
Q Q

(2.5a)
B((v,0),q) :=— / qdivy, (2.5b)
Q
F(»,0) .= /f-v, (2.5¢)
Q

for all (u, ), (v, 0) € H{(2)? x LX(2)"@~1/2 and g € ().

As we will address in full detail in the next section, the augmented mixed
formulation will permit us to analyse the problem directly under the classical
Babuska-Brezzi theory [17].

2.2 Well-posedness analysis

In this section, we will address the well-posedness of the proposed weak
formulation (2.4).

In our analysis, we will need to invoke the following inequality, which is a
consequence of the Sobolev embedding H' () & LY(Q)

/ div f(u - v)
Qo

We will also make use of the following identity (cf. [36, Lemma 2.2])

< Clldiv Blloollell; oIVl o- (2.6)
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/ [(B-Vyul-v+ / [(B- VW] -u=— / div B - v). 27
Q Q Q

The continuity of the bilinear forms and the linear functional (cf. (2.52)-(2.5¢)), will
be a consequence of the following lemma, whose proof follows standard arguments
in combination with (1.2).

Lemma 1 The following estimates hold
<oluloalilon | [ vo 6] < vllolallg,
Q

o-/u-v
0
’/[(ﬂ-V)u]-v
Q

‘/ vO - curlv| < v |10y ollvil; o ‘/ ew)Vv -v
Q Q

/0~(Vv><v)
Q

As a consequence of the above lemma, there exist constants C;, C,, C; > 0 such that

|A((u, @), (v, 0))| < C\ ||, »)|[l|(v, O, [B(v,0). 9)| < G|, O)lllqllo, 0
|F(V, e)l S C3||(V, 0)”’

< CliBIL ol Valloolivil o

< Vil alle@llo olvllo.o-

< 2||VV||00,!2”v”(),Q”0”(),!2’ |[F(v,0)| < |lf||0,g||"||0,!2-

with the product space norm defined as
2 ._ 2 2
N0, O = lIvll{ o + 1Ol o-
The following lemma states the ellipticity of the bilinear form A(-, -).

Lemma 2 Assume that

2
MVVIIL, o

: d €‘|| div g|| i i V”io,_g Yo
> — < -—— = 3. (2
c " an ivp 0.0 <min4{ o " 2 (2.8)

v
Then, if we choose k| = %vo and k, > ?O, there exists a constant a > 0 such that
A((»,0),(,0)) > all(v. 0> V(r,0) € Hy(R)? x LA(Q)" D/,

Proof Let (v,0) € H(IJ(.Q)d x L2(£2)4@-D/2 As a consequence of Lemma 1, we have

that
‘2/ eV)Vv -y
Q

Vo 2 Vil 2
<2|IV —||V¥ + —|v
<2|| v||w,g<12”W”M|| [ Mg
6V
\% . 00,02
= < leurlvlg o+l div il o) + Ivl1Z -
0
(2.9)

@ Springer



44 Page 8 of 25 V. Anaya et al.

where we have used (2.2). Moreover, using that ||[(Vv X v)|lp o < 2(IVVlie.ollvllo.o

we get
/9-(Vv><v)
Q

K,/G-curlv
Q

v 3VVlie.0
< 2||vV||m,g<Wneuag + Tuvu@
0,02 0

3IVVIIZ,

Yo 2 L2
= J101 g+ — =2 Ib

v, 3k
<K <37°||e||3,9 +=
1

1 2
I curlv||oyg>
2

4y,
Vo 2 1 2
= _”9”0(2 + —| curlv||og.
3 » 4v, -

(2.10)
Thus, using the Cauchy-Schwarz inequality, (2.9)—(2.10), (2.7) and (2.6), we obtain

A(,0),,0) 2 olv;, + /[(,3 “Vwl-v+ / vIOP + k|| curlv|[g , + k|l divvllg ,
Q Q

—Kl/6-curlv—2/e(v)Vv-v+/9-(Vv><v)
Q Q Q

2 N di 2 2 2 : 2
2 Ul"’”o_@ - C” dlvﬁ”U,Q |”v”|1g + V()”G”()A!) + Kl” Curlv”ovg + K2|| dlvv”o‘g
2

Yo 19112 < 2 Yo 2 ivvl|?
= 100 = ol eurt v, — 2 eurlvI v )

6lIVVII,

2
AL I P =
Yo 2~ 3 1%,

02
WIE,
v, Vo o~ .
= 2116 o+ (2 = Clldiv Blloo )l cur vl
V, A . .
+ (K2 - 2 - Clldiv ﬁ||0,9)|| divvl?2,

NI, i
+( 0= ——=2 - Clldiv Blloq | IVI -
0

Now, using assumption (2.8), we have

A, 0),(,0)) > al|(v,0)]1%

where
. Vo Voo Ay Voo Ay g 9”VV”(2).!2 A0
a ;= min 3% Clldiv Bllo o, k2 — s Clldiv Bllg.o.0 — = ClldivBllpe ¢
which is clearly positive according to (2.8) and the assumptions on k| and k. O

Now we recall the following result related to the inf-sup condition: There exists
C > 0, depending only on £2, such that (see, e.g., [34])
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/ gdivy
Q
sup ———

OveH) Q) (vl 1.Q

> Cligllye Vg € L3(R).

As a consequence, we immediately have the following lemma.

Lemma 3 There exists y > 0, independent of v, such that

|B((v, 6), )|
sup _

2
9 2 7llqlloe Vg € Li(£).
0¢(v’0)eH(l)(Q)d><L2(Q)d(d—1)/2 ” (V, ) ”

We state the well-posedness of problem (2.4) in the next theorem.

Theorem 2.1 Assume that the hypotheses of Lemma 2 hold true. Then, there exists
a unique solution ((u,®),p) € (Hy(2)? x L*(2)44=D/2) x L3(Q) to problem (2.4).
Moreover, there exists C > 0 such that

@, @)l + lIpllo.q < Cllfllo,o-

Proof The proof follows from Lemmas 2 and 3, and a direct consequence of the
Babuska-Brezzi Theorem ( [17, Theorem II.1.1]). O

Remark 1 The unique solution of problem (2.4) also solves (2.1a)—(2.1e). The equiv-
alence follows essentially from applying integration by parts backwardly in (2.4) and
using suitable test functions. This is employed in Sect. 4 to prove the efficiency of
the a posteriori error estimator.

Remark 2 If the convective velocity g € H'(£2)? is solenoidal (iv.e., divp =0in Q),
2

then problem (2.4) is well-posed after choosing k; = 3

0 .
Vo, Ky > 3 and assuming

2
ovy > 9||Vv||°0’_o.

3 Finite element discretisation

Let {7,(£2)},5, be a shape-regular family of partitions of the polygonal/polyhedral
region £, by triangles/tetrahedrons T of diameter sy, with the meshsize defined as
h :=max{h; : T € 7,(£2)}. In what follows, given an integer k > 0 and a subset
S of R4, P,(S) denotes the space of polynomial functions defined on S and being of
degree <k.

Now, we consider generic finite dimensional subspaces V, C H(l)(Q)d,
W, C L*(2)4@-D/2and Q, C LS(.Q) such that the following discrete inf-sup holds

|B((v}.05). g,)]
sup  — 2 >yl llon Vg, € O G.1)
0£0,.00eV,xW, [, 0l
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where y,, > 0 is independent of .

In this way, the above inf-sup condition can be obtained if (V,,Q,) is an inf-
sup stable pair for the classical Stokes problem. Moreover, the discrete space
W, C L*(£2)4@=1/2 for the vorticity can be taken as continuous or discontinuous poly-
nomial space. Here we will consider both options.

Now, we are in a position to introduce the finite element scheme related to prob-
lem (2.4): Find ((u,, ®},), p;) € (V,, X W) X O, such that

A((u;,, @), (v, 0,)) + B((»,,.0,),p,) = F(v,,0,) V(,,0,) €V, xXW,,

B((w,, @), q,) =0 Vg, € Oy
(32)

The next step is to establish the unique solvability and convergence of the discrete
problem (3.2).

Theorem 3.1 Assume that the hypotheses of Lemma 2 hold true. Let V;, C H(l)(.Q)d,
W, C LZ(Q)"(“’_I)/2 and Q, C LS(.Q) satisfy (3.1). Then, there exists a unique
((w;,, ®,),p;) € (V,, x W,) X Q,, solution to (3.2). Moreover, there exist C,, C, > 0,
independent of h, such that

1@, @)l + llpalloe < Cillfllo.q-
and

|, @) = (uy, @)l + lp — pullo.o
< Cz (e = vyl o + llo = O,llo.0 + llp = gullo.0)
3.3)

where (u, ®), p) € (Hy(2)? x L*(2)14=1/2) x L3(€2) is the unique solution of (2.4).

inf
1:03:4n)EVXW;,XQ,,

3.1 Discrete subspaces and error estimates

In this section, we will define explicit families of finite element subspaces yielding the
unique solvability of the discrete scheme (3.2). In addition, we derive the correspond-
ing rate of convergence for each family.

3.1.1 Taylor-Hood-P,

We start by introducing a family using the generalised Taylor-Hood [37] finite ele-

ments for velocity and pressure, and continuous or discontinuous piecewise polynomial
spaces for vorticity. More precisely, for any k > 1, we consider:
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V, i ={r,€C@Q" :v,lx €P (K)Y VKeT}nH(Q)Y,
0, =1{g, € C(Q) : q,lx € P(K) VK € T,} NL}(RQ),

W! :=1{0, € CCQ"D12: 0, € PUK) D2 VK €T},
W2 = {0, e LX)V 1 9, € PK) D2 VK € T,).

(3.4)

It is well known that (V,,, Q,) satisfies the inf-sup condition (3.1) [16]. In addition,
we will consider continuous (W}l) and discontinuous (WZ) polynomial approxima-
tions for vorticity.

Now, we recall the approximation properties of the spaces specified in
(3.4). Assume that u € H'*(Q), p € H(Q) and € H*(£2)14-D/2 for some
s € (1/2,k + 1]. Then there exists C > 0, independent of #, such that

vhiggh llz = vyl o < CR|luellgis (e (3.52)

qhilelgh lp = agunlloe < CR Pl () (3.5b)
higV}, lo = 0,llpo < Ch||@|lys(qyua-nr2, (3.5¢)
inf [l@ —0,llp.o < Ch*l|@lly(gyu-vp- (3.5d)

€ h

The following theorem provides the rate of convergence of the augmented
mixed scheme (3.2).

Theorem 3.2 Let k> 1 be an integer, and let V,,Q, and W’ i=1,2 be
specified by (34). Let (w,o,p)€ Hy(2)4 x LA(Q)d-b/2 Lz(.Q) and
(w,, ®,,p,) €V, X W X Q,, be the unique solutlons to the continuous and discrete
problems (2.4) and (3. 2) respectively. Assume that u € HHS(Q)‘] o € H*(Q)4d-D/2
and p € B (Q), for some s € (1/2,k + 11. Then, there exists C > 0, independent of
h, such that

|, @) — (@, @) + 1P — pulloo < Chs(”u”H'H(g)d + ”w”H“‘(Q)d(de/Z + ”p”H“'(Q))'

Proof The proof follows from (3.3) and the approximation properties (3.5a)—(3.5d).
O

3.1.2 MINI-element-P,

The second finite element family uses the so-called MINI-element for velocity
and pressure, and continuous or discontinuous piecewise polynomials for vorti-
city. Let us introduce the following spaces (see [17, Sections 8.6 and 8.7], for
further details):
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U, :={r, € CQ)Y :v|x €P(K)? VKeT,),

B(bgVH,) : = {v), € H'(Q) : v, |x = b V(g for some g, € H,},
where by is the standard (cubic or quartic) bubble function 4, --- 4,,, € P, (K),
and let us define the following finite element subspaces:

0, :=1{q, €CQ) : q,lx €PK) VK T} nLyQ),
V,:=U,®B0gVO,)N H(l)(-Q)d,

Wi =1(0, e C(Q)" V2 : 0,y € PK)™ D2 VK €T},
W2 ={0, e L ()20, € PK)“ V2 VK eT,)}.

(3.6)

The rate of convergence of our augmented mixed finite element scheme considering
the above discrete spaces (3.6) is as follows.

Theorem 3.3 Let k > 1be an integer, and let V,, Q, and Wl’;, i =1,2be given by (3.6).
Let (u, ®,p) € Hy(2)! x L)XV x LY(Q) and (w;,, @, p;) € V), x W X 0, be
the unique solutions to the continuous and discrete problems (2.4) and (3.2), respec-
tively. Assume that u € H(Q), o € H(Q)%4V/2 and p € H (), for some
s € (1/2,k]. Then, there exists C> 0, independent of h, such that

|, @) — @, @) + lIp = prlloo < Chs(”u”}-[lﬂ(g)d + ”m”H“(g)d(d—n/Z + ”P”H‘(g))-

4 A posteriori error estimator

In this section, we propose a residual-based a posteriori error estimator and prove
its reliability and efficiency. The analysis restricts to the two-dimensional case and
using continuous finite element approximations for vorticity. Nevertheless, the
extension to 3D and to discontinuous vorticity follows straightforwardly.

For each T € 7, we let &(T) be the set of edges of T, and we denote by &, the set
of all edges in 7,,, that is

gh = gh(‘Q) U gh(r)s

where £,(2) :={e€ &, :eCc R}, and E,(I') :={e €&, : eC I'}. In what fol-
lows, h, stands for the diameter of a given edge e € £, t, = (—n,,n;), where
n, = (n;,n,) is a fix unit normal vector of e. Now, let g € LZ(Q) such that
qly € C(T) for each T € 7,, then given e € &,(£2), we denote by [¢] the jump of
q across e, that is [q] := (¢|)|, — (gl7+)],, where T" and T" are the triangles of 7,
sharing the edge e. Moreover, let v € LZ(.Q)2 such thatv|, € C(T)*foreach T € 7,
Then, given e € £,(£2), we denote by [v - £] the tangential jump of v across e, that is,
[v-f] := ((v|T,)|e - (v|T,,)|e) -t,, where T’ and 7"’ are the triangles of 7, sharing the
edge e.
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Next, let k> 1 be an integer, and let V,, 0, and W}ll be given as in (3.4) or
(3.6). Let (u,w,p) € Hy(2P xL*(2) xLi(Q) and (u,,w;,.p;) € V, x W) x 0,
be the unique solutions to the continuous and discrete problems (2.4) and (3.2),
respectively.

We introduce for each T € 7, the local a posteriori error indicator and its global
counterpart as

@2

71 =Wf — ow, —veurlw, — (B - Vu, + 2e@,)Vv = Vp,[I5 1 + llw, — curlu, || -

: 2
+ | dlvuh||0’T,
0 :=) o1
TeT,

4.1)
Let us now establish reliability and efficiency of (4.1).

4.1 Reliability

We begin by recalling that the continuous dependence result given in Theorem 2.1
is equivalent to the global inf—sup condition for the continuous formulation (2.4).
Then, applying this estimate to the error (u — u,,, @ — @, p — p;), we obtain

R(»,0,q)
|, w) — (u;, 0|l + |Ip _thO,.Q < Cglob sup T’
woger @ @xi@ 100, 9l

4.2)

where the residual functional R is defined by

R(Va 6’ C]) = A((u —Up,®— a)h)’ (V, 9)) + B((V, e)ap - ph) + B((u — Uy, ®— wh)7 q)7
4.3)
for all (v, 6, ) € H)(£2)> X L*(£2) X L3 (£2).

Some technical results are provided beforehand. Let us first recall the Clément-
type interpolation operator Z,, : H(l)(Q) — Y, where Y, ={v, € C(2)n H(l)(Q) .
Val, € P(T),VT € 7,}. This operator satisfies the following local approximation
properties (cf. [23]).

Lemma 4 There exist positive constants C, and C, such that for all v € H(l)(.Q) there
hold

v —=Zyvllor < ClhT|v|l,wT VT €7,
v =Zyvllo, < GBIy, Ve € E,(KQ),

wherewy ;=\ J{T' €T, : T'nT# B andw, :=\J{T' €T, : T'ne +# @}

The main result of this section is stated as follows.
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Theorem 4.1 There exists a positive constant C,,,, independent of h, such that
@, @) — @y, )|l + llp = pyllo.o < Cre O. 4.4

Proof From (4.3) and the continuous problem (2.4), we have that
RO.0.0)= [ 9= (A 0,).0.0) + B©.0).p,) + Bllwy.0).0))
Q
= / (f = ou, — (B Vouy, +2e(m,)Vv) -v — / v(w), — curlu,)f
Q Q

—Kl/(curluh—wh)curlv—rcz/divuhdivv
Q Q

—(/ va)hcurlv+/a)h(vav)>+/phdivv+/qdivuh.
Q Q Q Q

Using the identity curl(vw) = Vv Xv + veurly and integration by parts on the
above residual (cf. (1.4)), we obtain

R(»,0,q) = /(f —ouy — (- Vu, +2e(,)Vv) - v — / v(w;, — curlu,)o
Q Q

—K,/(curluh—co,,)curlv—lq/divuhdivv+/qdivu,l

Q Q Q

- Z (/vcurlwh~v—(v-t,vwh),3T—/Vph-v+(v~n,ph)aT>
TET, T T

=y /(f— ouy, — veurlwy, — (B - Vuy, + 26(u,)Vv — Vp,) - v
Te7;, /T

—/v(a)h—curluh)e—rcl/(curluh—a)h)curlv—xz/divuhdivv+/qdivuh,
Q Q Q Q

where we have used the fact that w, and p, are piecewise continuous functions.
Hence, since from (4.3) we have R(v,, 6,,q,) = 0, we obtain

R, 0,9) =R —v,,0 —0,,9—q,;)

=) / (f — ou, — veurlw, — (B - Vu, + 26@,)Vv — Vp,) - (v = v,)
T

TeT,
- / v(w;, — curlu,)(@ — 6,) — K, /(curluh —wy,)curl(y —v,)
Q Q
— K, / divu, div(y —v,) + /(q —qy)divu,,.
Q Q
Thus, it suffices to take v;, :=Z,(v) (cf. Lemma 4), and 6,, := I1(#) and gq;, := I1(q)
with IT being the L>-projection onto piecewise constants. And then, using the

Cauchy-Schwarz inequality, triangle inequality, properties for 7, given by Lemma 4
and [29, Lemma 1.127], and approximation properties for I1, we obtain
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R,0,9) < C, Z hrllf — ou;, — veurlw, — (B - Viu, +2e@,)Vv — Vp,llorlv| Lwy
TeT,

+ ) vy + &l — eurluyllo (G301l 7 + v = v,y 1)
TeT,

+ )0 + DIldivallo (v = v, 17+ Callgllo)
TeT,

172
<G ( Y Bf - ou, - veurla, — (B - Vyu, + 2e(,)Vv — Vphnéj) vl g

TeT,

1/2
+ Cz( Z llw, — curl uh”é;) 8llo, + VIl )

TeT,

1/2
+ 63< 2 divuhn?ﬂ) VIl + llglo.0)-

TeT,

And the proof of (4.4) follows from (4.2) and the above estimate. O

4.2 Efficiency

This subsection deals with the efficiency of the a posteriori error estimator. For
simplicity, we will assume that the given convective velocity f and the viscosity
v are polynomial functions both of degree s. The general case can be proved by
repeating the same arguments and requiring an additional regularity for the data.

A major role in the proof of efficiency is played by element and edge bub-
bles (locally supported non-negative functions), whose definition we recall in
what follows. For T € 7,() and e € &T), let y; and y,, respectively, be the
interior and edge bubble functions defined as in, e.g., [1]. Let y, € P5(T) with
support(yy) C T, wy =0 on 0T and 0 < y; < 1 in T. Moreover, let y,|; € P,(T)
with support(y,) C Q, :={T" € 7,(2) : e€ ET")}, w,=0 on 90T \e, and
0 <y, <1in £,. Again, let us recall an extension operator E : C%e) — C%(T)
that satisfies E(g) € P,(T) and E(g)|, = q for all ¢ € P,(e) and for all k € N U {0}.

We now summarise the properties of y;, y, and E in the following lemma (see
[1, 51]).

Lemma 5 The following properties hold.:
(i) ForT € T, and forv € P(T), there is a positive constant C, such that
. ||V||0T < /WTV2 dx<C, ||V||?),T, ¢! ||V||(2)’T < ||WV||(2)’T +h§|u/vlf] <C ||V||?)’T~

(il) Fore € &, andv € Py(e), there exists a positive constant, say C, such that

—1 2 2
G VIR, < [wds < bR,
e
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(iii) ForT € T,,e € &T)and forv € P,(e), there is a positive constant, again say
C,, such that

Iy EOIZ, < Cy, VI,

The following classical result which states an inverse estimate will also be used.

Lemma 6 Let k,I,m € NU {0} such that | < m. Then, there exists C>0, depend-
ing only on k, I, m and the shape regularity of the triangulations, such that for each
triangle T there holds

|q|m,T < Cth_mlc”l,T Vq € I]:Dk(T)

In order to prove the efficiency of the a posteriori error estimator, we will bound
each term defining ©; in terms of local errors.

Theorem 4.2 There is a positive constant C g, independent of h, such that
Ceff (€] < ”(u7w) - (uh7 a)h)” + “p _ph”(),.Q + h.O.t.,

where h.o.t. denotes higher-order terms.

Proof Using that @ — curlu =0 and divu = 0 in €2 (see (2.1b) and (2.1c), respec-
tively), we immediately have that

lloo, — carluy|lor + | divayllor < || carl(@ —uy)|lo 7 + || div(e —w))llo 7 + llo — @y llo 7-

On the other hand, with the help of the L(T’)?-orthogonal projection Pgi onto P, (T)?,
for £ > (s + k + 1), with respect to the weighted L’-inner product (y;f, &o.r» for
f.g € LX(T)2, it now follows that

If — ou,—v curlw, — (B - Vu, + 2e@,)Vv - Vp,ll5
= If — PL(f) + Po(f) — o, — veurlw, — (B - Vouy, + 2€(u;,)Vv — Vp,I[5
< = PrOIG , + 1P — oy, — v eurlw, — (B - Vuy, + 26(,)Vv — Vp,llg
= If = PLONG 7 + 1P — 0wy, — veurlw, — (B - Vuy, + 2e(,)Vv = Vp,)I[5 -

For the second term on the right-hand side, an application of Lemma 5 shows that
IPL(f — ou,, — veurlw, — (B - Viuy, + 2e@,)Vv — VI3
<y, Po(f = ouy, — veurlw, — (B - Viu, + 2e@,)Vv — Vp,)lI2;
= / wrPo(f — ou, — veurlw, — (B - Viu, + 2e(,)Vv — Vp,,)
T>< (f —ou, —veurlw, — (B - Vyu, +2&,)Vv — Vp,),
where we have used the fact that P’; is the L?(T)*-orthogonal projection. Thus, from

the above inequality, and (2.1a) (cf. Remark 1), we can deduce that

@ Springer



Velocity-vorticity-pressure formulation for the Oseen problem... Page 170f25 44

IPL(f = ou;, — v eurlw, — (B - Vu, + 2e@,)Vv = Vp,)llg

< / wrPof — ouy, — veurlw, — (B - Vuy, + 2e(u,)Vv — Vp,)
T
X (o(uw—u,)+veurl(w —w,) + (- V)u —u,) —2e(w —u,)Vv+ V(p — p,)).

Next, using that the viscosity is a polynomial function, the bound follows by integra-
tion by parts on the terms curl(w — w,) and V(p — p,), Cauchy-Schwarz inequality
and an inverse inequality (cf. Lemma 6). We end the proof by observing that the
required efficiency bound follows straightforwardly from the estimates above, and
after assuming additional regularity for f. |

5 Numerical results

In this section, we present some numerical experiments carried out with the
schemes proposed and analysed in Section 3. We also present two numerical
examples in R?, confirming the reliability and efficiency of the a posteriori error
estimator @ derived in Section 4, and showing the behaviour of the associated
adaptive algorithm. The solution of all linear systems is carried out with the
multifrontal massively parallel sparse direct solver MUMPS.

We construct a series of uniformly successively refined triangular meshes for
£ and compute individual errors

ew)=lu—-ull, o e@=llo—a,lloqo @) =Ip—pilloe
and convergence rates

_logle@/e@) | logle@)/E@) - log(e®)/2p)
log(h/h) log(h/h) log(h/h)
5.1
where e,¢ denote errors generated on two consecutive meshes of sizes h, fz,
respectively.

r(u)

5.1 Example 1: Convergence test using manufactured solutions

The first test consists of approximating closed-form solutions on a two-dimensional
domain £ = (0, 1)2. We construct the forcing term f so that the exact solution to
(2.1a)-(2.1c) is given by the following smooth functions

3 3
px,y) 1= ((x— )R- (v-3) )
u(x,y) 1= curl(1000x*(1 — x)*y*(1 — y)?), w(x,y) 1= curlu,

which satisfy the incompressibility constraint as well as the boundary conditions.
In addition, we take B =u, and two specifications for the variable viscosity are
considered,
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Table1 Example 1:

h — — —
Comergone teus against lu-wllio @ lo-oylle @ Ip=pilog @)
analytical solut.lons ona 0.7071 10.86 B 9.1110 B 2.5470 B
sequence of uniformly refined
triangulations of the domain £ 0.3536 4.4240 1.3 3.5500 14 15330 0.7
and using the viscosity function 0.1768 1.2540 1.8 0.9854 1.9 0.3493 2.1
v,- Scheme using Taylor-Hood  0,0883 0.3492 1.8 0.2470 20 0.0622 24
finite elements for velocity and 4 5141 1096 17 0.0613 20 00107 25
pressure, and piecewise linear
and discontinuous elements for 0.0221  0.0327 1.8 0.0151 2.0 0.0020 24
vorticity 0.0110 0.0075 2.1 0.0037 2.0 0.0004 22

Table 2 Example 1:

h — — -
convergence tests against lllzz — 1.Q rw) o wh”O,Q r(w) |lp ph”o,(z r(p)
analytical solutions on a 0.7071 1091 — 91340 - 21190 -
sequence of uniformly refined
triangulations of the domain £ 0.3536 4.489 1.3 3.6710 1.3 1.4580 0.5
and using the viscosity function ~ 0.1768 1.367 1.7 1.1200 1.7 0.2789 2.4
V- Scheme with Taylor-Hood 0.0883  0.366 1.9 02951 1.9 0.0482 2.5
finite elements for velocity and 5 o441 ¢ 113 1.7 0.0864 18 00070 28
pressure, and piecewise linear
and discontinuous elements for 0.0221 0.036 1.6 0.0220 2.0 0.0014 23
vorticity 0.0110 0.007 2.1 0.0046 22 0.0003 22

v, (6, 3) = Vo + (v = vp)xy, (5, Y) = vo + (v — vp)exp(—103((x = 0. 5)19 + (y — 0. 5)!9)),

with vy = 0. 001, v; = 1, and taking k; = %Vo’ Ky = % and o = 100. The error his-
tory of the method introduced in Section 3.1.1 with discontinuous finite elements for
vorticity (Wi) for k = 1 and for the two different viscosity functions is collected in
Tables 1 and 2, respectively. These values indicate optimal accuracy O(h?) for k = 1,
and for v, and v,,, according to Theorem 3.2.

5.2 Example 2: Convergence in 3D

The aim of this numerical test is to assess the accuracy of the method in the 3D
case. With this end, we consider the domain @ := (0, 1)® and take f so that the
exact solution is given by

Py, 2) = 1= =y =22, o(xy,2) 1= (1 —0**(1 - y)?*22(1 - 2)%,
u(x,y,z) = curl @, o(x,y,7) = curlu,

and we consider B =u, and v, (x,y,z) = v, + (v, — vy)x*y*z*>. The remaining con-
stants are vo = 0. L v; = 1, Ky = 2v, K = %, and ¢ = 1000. We observe that the
hypothesis of Lemma 2 are satisfied. Additionally, we employ finite elements with
k =1, that is, V, approximating the velocity, and piecewise linear and continuous
elements for vorticity and pressure.

In Table 3, we summarise the convergence history for a sequence of uniform
meshes. For velocity we observe the O(h) convergence predicted by Theorem 3.3,
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Table 3 Example 2:
experimental convergence
using homogeneous Dirichlet 0.866 0.01021

h lz—uyll o r@ llo-wollye r@) lp—pilloe @

e - 0.00299 - 0.04732 -
boundary conditions on a

3D domain €2 and using the 0.433  0.00858 03  0.00125 13 0.01399 1.8
viscosity function v,. Scheme 0.288 0.00665 0.6 0.00067 1.5 0.00572 2.2
using the MINI-element for 0216 0.00513 0.9  0.00043 15 000290 24
velocity and pressure, and 0.173  0.00398 1.1 0.00030 15 000171 24
continuous piecewise affine

polynomials for vorticity 0.144  0.00313 13 0.00023 1.5 0.00112 23

0.123  0.00251 1.3 0.00018 1.5 0.00079 2.2

velocity vorticity
13007 00002 00604 00006 0008 0001 12003 24005 0002 0004 0006 0008 001  13e02 lev00 -1 05 [ 05 98001
i | L n n L |

Fig. 1 Example 2: Approximate solutions computed using the MINI-element. Velocity streamlines (left)
vorticity streamlines (centre) and pressure distribution (right)

whereas the approximation of vorticity and pressure seem to be superconvergent.
Figure 1 displays velocity and vorticity streamlines as well as the approximate
pressure distribution.

5.3 Example 3: A posteriori error estimates and adaptive mesh refinement

In this numerical test, we test the efficiency of the a posteriori error estimator
(4.1) and applying mesh refinement according to the local value of the indica-
tor. In this case, the convergence rates are obtained by replacing the expression
log(h/h) appearing in the computation of (5.1) by —% log(N/N), where N and N
denote the corresponding degrees of freedom of each triangulation.

Now, we recall the definition of the so-called effectivity index as the ratio
between the total error and the global error estimator, i.e.,

e(u,w,p)

1/2
e(u,co,p):={[e(u>]2+[e(w>]2+[e<p>]2}, ef£(0) = =5

We will employ the family of finite elements introduced in Sect. 3.1.1 for k =1,

namely piecewise quadratic and continuous elements for velocity and piecewise lin-
ear and continuous elements for vorticity and pressure fields.
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The computational domain is the non-convex L-shaped domain
2 =(=1,1)2\ (0,1)?, where problem (2.1a)—(2.1c) admits the following exact
solution
1—x>—y?
(x —0.025)2 + (y — 0.025)?
o(x,y) = (1 = x)%*(1 — y)? exp(=50((x — 0.025)> + (y — 0.025)?)), u=curlgp, o = curlu,

p(xy) 1= — 12.742942014/3,

which satisfy the incompressibility constraint as well as the boundary conditions.
Convective velocity, viscosity, and other parameters are taken as

B=u v =v+ o = v =02 -, =01 v =1,
V(6 y) = v + (v = vp) exp(=102((x = 0.5)' + (y — 0.5)'0)), «x, = %vo, Ky = % o= 10,

Pressure is singular near the reentrant corner of the domain and so we expect hin-
dered convergence of the approximations when a uniform (or quasi-uniform) mesh
refinement is applied. In contrast, if we apply the following adaptive mesh refine-
ment procedure from [51]:

1) Start with a coarse mesh 7,

2) Solve the discrete problem (3.2) for the current mesh 7,

3) Compute @, := O for each triangle T € 7,

4) Check the stopping criterion and decide whether to finish or go to next step.
5) Use blue-green refinement on those 77 € 7, whose indicator @, satisfies

1 )
Or 2 3 ITnee%{@T :TeT,}.
6) Define resulting meshes as current meshes 7, and 7, and go to step 2,

we expect a recovering of the optimal convergence rates. In fact, this can be observed
from the bottom rows of Tables 4 and 5, for both v, and v,, respectively. Moreover,
the efficiency indexes are around 1 for both viscosities. The resulting meshes after
a few adaptation steps are reported in Fig. 2, showing the expected refinement near
the reentrant corner.

Fig.2 Example 3: Snapshots of four grids, I S 10 adaptively refined according to the a posteri-
h h h h
ori error indicator defined in (4.1)
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Table 4 Example 3: Convergence history and effectivity indexes for the method introduced in Sect. 3.1.1,
computed on a sequence of adaptively refined triangulations of the L-shaped domain and using viscosity
Va

N e — 2, llls r(u) llo = wllo 0 r(®) lp = Pulloe "p) eff(0)
661 49.68 - 8.821 - 6.685 - 1.133
999 32.37 2.07 5.069 2.68 3.985 2.50 1.157
1241 15.46 6.81 2.104 8.10 1.846 7.09 1.144
1881 9.058 2.57 1.396 1.97 1.057 2.68 1.098
2103 7.178 4.17 0.907 7.72 0.828 4.36 1.135
2621 5.645 2.18 0.754 1.67 0.655 2.12 1.120
3851 3.647 2.27 0.454 2.63 0.418 2.33 1.168
4267 3.243 2.29 0.401 2.46 0.365 2.61 1.156
5271 2.687 .77 0.298 2.76 0.294 2.03 1.143
7819 1.754 2.16 0.194 2.18 0.191 222 1.155

Table 5 Example 3: Convergence history and effectivity indexes for the method introduced in Sect. 3.1.1,
computed on a sequence of adaptively refined triangulations of the L-shaped domain and using viscosity

Ve

N Mz —w, r(u) lo =, llo.0 r(w) llp = pullo.o r(p) eff(0)
661 49.73 - 8.842 - 6.681 - 1.132
999 32.39 2.07 5.081 2.68 3.980 2.50 1.155
1241 15.50 6.79 2.122 8.05 1.838 7.12 1.138
1881 9.087 2.56 1.401 1.99 1.039 2.74 1.085
2103 7.213 4.14 0.914 7.65 0.806 4.55 1.114
2589 5.683 2.29 0.759 1.78 0.633 2.32 1.112
3771 3.734 2.23 0.461 2.64 0.406 2.35 1.113
5161 2.674 2.12 0.307 2.58 0.287 2.20 1.108
6867 1.946 2.22 0.207 2.77 0.205 2.36 1.116
9887 1.346 2.02 0.128 2.60 0.138 2.16 1.119

5.4 Example 4: Steady blood flow in aortic arch

We finalise the set of examples with a simple simulation of pseudo-stationary blood
flow in an aorta. The patient-specific geometry [40, 41] has one inlet (a segment that
connects with the pre-aortic root coming from the aortic valve in the heart) and four
outlets (the left common carotid artery, the left subclavian artery, the innominate
artery, and the larger descending aorta). On the inlet we impose a Poiseuille profile
of magnitude 4, on the vessel walls we set no-slip conditions, and on the remaining
boundaries we set zero normal stresses (more physiologically relevant boundary con-
ditions can be considered following, e.g., [25, 33]). The initial unstructured mesh has
46352 tetrahedral elements. The synthetic variable viscosity field is a smooth expo-
nential function v =y, + (v; —V,) exp(=103[(x — 0.1)° +y — 0.5)° + (z — 0.5)°])
with v, = 1073, v; = 10 that entails an average Reynolds number of approximately
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velocity 0-Ue‘+00 2.1e+01  vorticity 8.8¢-15 33e+02 pressure -2.5e+02 2.6e+03
= ' L -

Fig. 3 Example 4: Simulation of stationary blood flow in an aortic arch. Approximate velocity, vorticity,
and pressure (top panels), and samples of adaptive mesh after one, two and three refinement steps, and
visualising a cut focusing on the boundaries (bottom row)

60 (computed using the inlet diameter and maximal inlet velocity), while the con-
vecting velocity is computed as the solution of a preliminary Stokes problem (on
the initial coarse mesh), and we prescribe o = 1000 and f = 8. Then we compute
numerical solutions of the Oseen problem and apply four steps of adaptive mesh
refinement using a 3D version of the estimator (4.1) and the algorithm described in
the previous example. The results are portrayed in Fig. 3, plotting pressure distri-
bution, velocity streamlines, vorticity, and a sample of the resulting adaptive mesh
which shows more refinement near the boundaries of the descending aorta. For this
test we have used a conforming approximation of vorticity.
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